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Abstract In this paper, we introduce the conceptge®-absorbing primary elements in mul-
tiplicative lattices as a generalization ¢f2-absorbing elements. Let: L — L U {@} be a
function. We will say a proper elementof L to be a¢-2-absorbing primary element df if
whenever, b, ¢ € L with abe < g andabe £ ¢(q) implies eitherab < g or ac < /g orbe < ,/q.
We give some basic properties of this new type of elements and estabtighcéaracterizations
for ¢-2-absorbing primary elements in some special lattices.

1 Introduction

Throughout this papeR denotes a commutative ring with identity ah@R) denotes the lattice
of all ideals of R. An elementa of L is said to be compact if whenever< v Jda implies

a < vI a,, for some finite subsefy of 7. By a multiplicative lattice we mean a complete

lattice L with the least element0and compact greatest element dn which there is defined

a commutative, associative, completely join distributive product for whjcis a multiplicative
identity. By aC-lattice we mean a (not necessarily modular) multiplicative lattice which is
generated under joins by a multiplicatively closed sulisetf compact elements. Throughout
this paperL denotes &’ -lattice andL, denotes the set of all compact elementd.ofWe note
that in aC-lattice, a finite product of compact elements is again compact.

The study of generalizations of prime and primary ideals are carriethddf - [18]. We
generalize these concepts and study their properti€slattices. An element € L is said to
beidempotenif a = . For anya € L, L/a = {b € L | a < b} is a multiplicative lattice with
the multiplicationc o d = ¢d V a. An elementa € L is said to beproperif a < 1.. A proper
elementp of L is said to be prime ifib < p implies eithera < p orb < p. If O is prime, then
L is said to be alomain A proper elemenin of L is said to bemaximalin L if m < z < 1p
impliesz = 1. It can be easily shown that maximal elements are prime. akbre L, we
denote(a : b) = V{z € L | b < a}. Fora € L, we define,/a = A{p € L | pis prime and
a < p}. Recall thata is said to be a radical element bfif \/a = a. Note that in aC-lattice L,
va=N{pe L|a<pisaminimal prime ovet} = V{z € L, | 2" < a for somen € Z*}.

A proper element is said to beprimaryif ab < ¢ implies eithera < g orb < /g for every pair
of elements:, b € L. Recall from [L2] that a proper element of L is said to be a 2-absorbing
element (resp. 2-absorbing primaryyifc < g implies eitherab < g or be < q or ac < q (resp.
ab < gorbe < \/gorac < ,/q) foranya,b,c € L. Let¢ : L — LU {@} be a function. A
proper elemenp of L is called asp-prime (p-primary) if ab < p andab £ ¢(p) implies either
a<porb<p(a<porb< /p)forallabec L A properelemen of L is said to be a
¢-2-absorbing element df if whenevera, b, c € L with abc < ¢ andabe £ ¢(g) implies either
ab < gorac < qorbe < gasitis defined in10].

A multiplicative lattice is called &loether latticef it is modular, principally generated (every
element is a join of some principal elements) which satisfies the ascerfuiiny @ondition. A
Noether latticel is local if it contains precisely one maximal prime elementL it aNoether
lattice and @ is prime, thenL is said to be &Noether domainin [19], J. F. Wells studied the
restricted cancellation law in a Noether lattice. An elemeimt a Noether latticd satisfies the
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restricted cancellation law ifb = ac # Or impliesb = ¢ for anya, b,c € L.

2 ¢-2-absorbing primary elements
Throughout this papet; denotes a function defined fromto L U {&}.

Definition 2.1. A proper elemeny is said to bes-2-absorbing primary element éfif whenever
a,b,c € L with abc < g andabe £ ¢(q) implies eitherab < g orac < /g orbe < /3.

The special functiong,, can be defined as following: Letbe a¢,.-2-absorbing primary
element ofL. Then we say

bz(q) =9 = q¢Iis a 2-absorbing primary element,

$o(q) =0 = g¢is aweakly 2-absorbing primary element,

b2(q) = ¢° = ¢is an almost 2-absorbing primary element,

bn(q) = q" = ¢is ann-almost 2-absorbing primary element for> 2,

bu(q) = N2 1¢™ = qis aw-2-absorbing primary element.

Observe that for an elemeats L with a < g buta £ ¢(q) implies thata £ ¢ A ¢(q). So
without loss of generality, throughout we assugte) < q.

Remark 2.2.For any two functions)y, v, : L — LU {@}, we sayy; < i if 11(a) < 2(a)
for eacha € L. Thus clearly we have the following ordefy < ¢g < ¢, < ... < Ppi1 < ¢ <
o <o < 91,

Lemma 2.3.Let ¢ be a proper element df and s, v» : L — L U {@&} be two functions with
Y1 < by, If ¢ is a1-2-absorbing primary element df, thengq is a ¢,-2-absorbing primary
element of..

Proof. Leta, b, c € L such thatube < g andabe £ ¢»(q). Hence we havebe £ ¢1(q). Sincegq
is avy1-2-absorbing primary element éfandabc < ¢, we are done. |

Theorem 2.4.Letq be a proper element df. Then the following statements are satisfied:

(i) ¢isa2-absorbing primary element bf= ¢ is a weakly 2-absorbing primary elementiof
= ¢ is aw-2-absorbing primary element éf=- ¢ is an(n + 1)-almost 2-absorbing primary
element ofL = ¢ is ann-almost 2-absorbing primary elementofor all n > 2 = ¢ is an
almost 2-absorbing primary element f

(ii) ¢ is ag-prime element of. = ¢ is a¢-2-absorbing element df = ¢ is a¢-2-absorbing
primary element of..

(i) If qis ag-primary element of., thengq is a¢-2-absorbing primary element éf

(iv) If a proper elemeny is an idempotent element df, thenq is aw-2-absorbing primary
element ofL andq is ann-almost 2-absorbing primary elementfor all n > 2.

(v) Suppose thajis a radical element af. Theng is a¢-2-absorbing primary element éfif
and only ifq is a¢-2-absorbing element df.

(vi) ¢ is ann-almost 2-absorbing primary element bffor all n > 2 if and only if ¢ is a
w-2-absorbing primary element &f

Proof. (i) From Remark2.2we get the ordety < ¢o < ¢, < ... < Ppi1 < Op < P2 < 1.
Hence the resut follows from Lemn2a3.

(i) Suppose thay is ag¢-prime element ofL anda,b,c € L such thatube < g, abe £ ¢(q).
Assume thatib £ g. Hence we get < ¢, thatisac < ¢q. Thusg is a¢-2-absorbing element
of L and also it is a-2-absorbing primary element éfasq < ,/q.

(iii) Suppose thay is a¢-primary element of. anda, b,c € L such thatube < g, abc % ¢(q)
andab £ ¢. Then we have < ,/g. This followsac < /g, SO we are done.
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(iv) If ¢ is idempotent, then observe that= ¢™ for all n > 1. Henceg,,(¢) = A2 1¢" = gq.
Thusgq is aw-2-absorbing element df. Moreverg is ann-almost 2-absorbing element for
all n > 2 from (1).

(v) Suppose thaj = /g andq is a¢-2-absorbing primary element éf Leta,b,c € L such
thatabe < ¢, abe £ ¢(q). Hence we get eithetb < g orac < /g = gorbc < \/q = ¢, we
are done. The converse is clear from (2).

(vi) Chooseu, b, c € L such thatube < g butabe £ A2 1¢™. Thusabe < q butabe £ ¢™ for
somem > 2. Sincegq is n-almost 2-absorbing primary for all > 2, we obtain eithend < ¢
orbe < /g orac < ,/q. The converse is seen easily by (1).

O

The converses of (i), (i) and (iii) are not true in general as it is showthéfollowing
example.

Example 2.5.Let R = Zy4. ThenL := L(R) = {(0), (1), (2), (3), (4), (6), (8), (12)}. Consider
the proper element = (8) of L. Since,/g = (2) is a prime elemet oL, ¢ is a 2-absorbing
primary element by Theorem 2.7(1) ih7]. But it is not 2-absorbing sincg)(2)(2) < (8) but
(2)(2) £ (8). Next we show that8) is an almost 2-absorbing element. Indeed, sin¢8)) =

(8), (8) is obviously a 3-almost 2-absorbing element, and sifices ¢,, (8) is an almost 2-
absorbing element by Lemnia3 So (8) is also an example of almost 2-absorbing element
which is not 2-absorbing.

Theorem 2.6.Let ¢ be a¢-2-absorbing primary element @f. If ¢(q) is a 2-absorbing primary
element of_, theng is a 2-absorbing primary element &t

Proof. Suppose thai is ¢-2-absorbing primary and(q) is a 2-absorbing primary element of
L. Leta,b,c € L such thatabc < g andab £ q. If abc £ ¢(q), then we are done asis a
¢-2-absorbing primary element @f. So suppose thatbe < ¢(q). Sinceab £ ¢(q), we get
eitherbe < \/¢(q) orac < \/é(q). So we concludéc < /g or ac < ,/q as there is an order

Vv o(q) < /q. This completes the proof. m

Before giving a condition for &-2-absorbing primary element to be a 2-absorbing primary,
we introduce the concept gftriple primary zero of; as the following:

Definition 2.7. Let ¢ be a¢g-2-absorbing primary element éfanda, b, c € L. If abc < ¢(q) but
ab £ q,bc £ \/q, ac £ /g, then(a, b, c) is called ap-triple primary zero of;.

Remark 2.8.1f ¢ is a ¢-2-absorbing primary element d@f which is not 2-absorbing primary,
then there existéu, b, ¢) a ¢-triple primary zero of; for somea, b, c € L.

Lemma 2.9.Let ¢ be a¢-2-absorbing primary element df and suppose thaia, b, ¢) is a ¢-
triple primary zero ofy for someu, b, ¢ € L. Then the followings hold:

(i) abq, beg, acq < ¢(q).

(i) aq?® bg?, cq® < ¢(q).

(i) 4> < ¢(q).

Proof. (i) Assume on contrary thathg £ ¢(g). Thenab(c V q) £ ¢(g). Sinceab £ ¢ andg
is ¢-2-absorbing primary, we havéc Vv q) < \/gorb(cV q) < ,/q. Hence we have either
ac < (/g orbe < ,/q, a contradiction. Thusbg < ¢(q). Similarly it is easily shown that
beq < ¢(q) andacq < ¢(q).

(ii) Suppose thatq? £ ¢(q). Thenwe geti(bVq)(cVq) % ¢(q) implies that either(bvq) < ¢
ora(cVq) < /qor(bVa)(cVq) < /q. Soeitherb < g orac < /g orbe < ,/q, which is
a contradiction. Thusg?® < ¢(q). One can easily show tha#?, cq® < ¢(q).

(iii) Suppose that® £ ¢(g). So we can writéaV q)(bV q)(cVq) < gbut(aVq)(bVq)(cVq) £
#(q). As q is ¢-2-absorbing primary, we gét. \V ¢)(bV q) < g or (aV q)(cV q) < \/qor
(bVq)(cVq) < /g, whichmeansib < g orac < /g or be < ,/q, a contradiction. Thus

3
¢ < ¢(q).

O
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Corollary 2.10. Let ¢ be a¢-2-absorbing primary element df such thatp < ¢4. Theng is a
¢n-2-absorbing primary element @f for everyn > 2. Morevergq is a ¢,,-2-absorbing primary
element of..

Proof. If ¢ is a 2-absorbing primary element bf then clearly it isp,,-2-absorbing primary for
all n > 2 and¢,,-2-absorbing primary element @f by Theorem2.4. So assume that is not
a 2-absorbing primary element 6f From Lemma2.9 (3), we have;® < ¢(q). Hence we get
¢ < ¢(q) < q*asg < ¢q. Itfollows ¢2 = ¢ = ¢(q) for everyn > 3. Thusq is a¢,,-2-absorbing
primary element of. for everyn > 2. Since¢,(¢) = ¢" = ¢ = #3(q), q is a¢,,-2-absorbing
primary element of.. ]

The following corollary gives a condition for a-2-absorbing primary element to be 2-
absorbing primary.

Corollary 2.11. Letq be a proper element df.

(i) If ¢ is ag-2-absorbing primary element @f such thaty®> £ ¢(q), theng is a 2-absorbing
primary element of..

(ii) If ¢ is a¢-2-absorbing primary element @f that is not a 2-absorbing primary element of

L,then,/q = \/¢(q).
Proof. (i) We conclude directly this result by Rema2k8 and Lemma2.9 (iii).

(i) Suppose thay is a¢-2-absorbing primary element @fwhich is not 2-absorbing primary.
Hence we get® < ¢(g) by Lemma2.9 (iii). So we haveg < \/¢(q), which means /g <
v/ ¢(q). On the other hand, sinegq) < ¢, we have,\/¢(q) < \/q. Thus,/q = \/¢(q).

O

Theorem 2.12.Letq be a proper element df such that,/¢(q) is a primary (prime) element of
L. Then the followings are equivalent:

(i) qis ag-2-absorbing primary element éf

(i) ¢is a2-absorbing primary element bf

Proof. (i) =(ii) Suppose that is a¢-2-absorbing primary element @fthat is not 2-absorbing
primary. Then,/q = \/¢(q) by Corollary2.11(ii). Hence,/q is a primary(prime) element.
Thusgq is a 2-absorbing element @f by Theorem 2.7 in12], a contradiction. Consequently,
is a 2-absorbing primary element bf

(i) = (i) Itis clear. ]

Theorem 2.13.Let ¢ be a proper element df. If ¢ is a ¢-2-absorbing primary element df
such that,/¢(q) = ¢(,/q), then,/q is a ¢-2-absorbing element df.

Proof. Letp = ,/g. Suppose thatbc < p andabe £ ¢(p) butab £ p for somea, b,c € L. Then
there is a positive integer such that(abc)” < g. Also, (abc)™ £ ¢(q) for every positive integer
n by hypothesis. Sinceis a¢-2-absorbing primary element éfand(ab)™ £ ¢ for all positive
integern, thenb™c" < /g or a™c™ < /g. Thusbe < \/\/g = /g = pOrac < \/\/q = p.
Thereforep is a¢-2-absorbing element df. O

Theorem 2.14.Let L be a local Noether domain. dfis a ¢,,-2-absorbing primary element @f
for all n > 2, theng is a 2-absorbing primary element &f

Proof. Let abc < ¢ for somea, b, ¢ € L. If abc £ ¢,,(q), then we have eithetb < q orbc < /g
orac < ,/q asq is a¢,-2-absorbing primary element @&f. So assume thaic < ¢, (¢). Since
A 1q"™ = 0O, from Corollary 3.3 of 4], we haveabc < 0. SinceL is a domain, we get either
a<0p0rb<0po0rc<0g. Thusab < g orbc < g orac < q, we are done. O

Recall that for anys € L, L/a = {b € L | a < b} is a multiplicative lattice with the multi-
plicationc o d = ¢d vV a. Now we conclude the following properties ¢f2-absorbing primary
elements in quotient lattices.
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Theorem 2.15.Letq be a proper element df. Then the following statements are equivalent:

(i) qis ag-2-absorbing primary element éf
(i) qV ¢(q) is a weakly 2-absorbing primary elementiofo(q).

Proof. ()= (ii): If ¢(q) = @, then itis clear. Assume tha{q) # @. Let¢(q) # (a V ¢(q)) o
(bV ¢(q)) o (cV ¢g(q)) = abcV ¢(q) < qV ¢(q) for somea, b, c € L. Observe thag v ¢(q) = q
as¢(q) < q. Thenabe < ¢, butabe £ ¢(q). Thus eitherab < g or be < /g orac < /q. SO
(aVé(g)o(dbVa(g) <qgor(bVe(g)o(cVdlg) < /gor(aVe(g)o(cVd(q) < /34
Consequentlyg is a weakly 2-absorbing element bf ¢(q).

(i)= (i): Let abc < g andabc % ¢(q) for somea, b, c € L. Theng(q) # (aV ¢(q)) o (bV
¢(q)) o (cV ¢(q)) < g. Thus we geta v ¢(q)) o (bV ¢(q)) < gor(bV ¢(q)) o (cV¢(q) < a
or(aV¢(q)) o (cVélg) < 4/q. SO we obtairub < g orbe < /g or ac < |/q. o

Observe thay is a primary element of. if and only if ¢ is a weakly primary element of

L/¢(q).

Corollary 2.16. A proper elemeng of L is ¢,,-2-absorbing primary if and only if is a weakly
2-absorbing primary element @f/¢™ for all n > 2.

Recall from [L2] that if abc < ¢ butab £ ¢, ac £ /g, be £ ,/q for somea,b,c € L, then
(a, b, c) is called a triple zero of.

Proposition 2.17.Let g be a¢-2-absorbing primary element df anda, b, c € L. Then(a, b, ¢)
is a¢-triple primary zero of if and ony if(a vV ¢(q),bV ¢(q),c V ¢(q)) is atriple zero of.

Proof. Suppose thata, b, ¢) is a ¢-triple primary zero ofg. Thenabe < ¢(q) butab £ g,
ac £ /qandbe £ \/q. ThusabV ¢(q) £ ¢, acV ¢(q) £ /g andbe V ¢(q) £ /q. Sincegis a
weakly 2-absorbing primary element bf ¢(¢q) by Theoren2.15 (a Vv ¢(q),bV ¢(q),cV ¢(q))
is a triple zero of;. Conversely, suppose that Vv ¢(q),bV ¢(q),cV ¢(q)) is a triple zero of;.

Henceabe < ¢(q) with ab Vv ¢(q) £ q, acV ¢(q) £ /g andbeV ¢(q) £ \/q. S0ab £ q, ac £ \/q
andbc £ /q. Therefore(a, b, ¢) is a¢-triple primary zero of;. O

Theorem 2.18.Let z, y be proper elements df with z < y and letn > 2. If y is a ¢,,-2-
absorbing primary element df, theny is a ¢,,-2-absorbing primary element @f/x.

Proof. Lety be a¢,,-2-absorbing primary element @f Suppose thata V) o (bVz)o(cVz) =
abcVz <yand(aVz)o(bVaz)o(cVa)=abcVz %y forsomea,b,c e L. Asy € L/x,
theny” = yoyoyo..oy =y"Vz. Sincex < yandabeVz £ y* = y" V z, then we have
abc < y andabe £ y". Henceab < y or ac < y or be < y. Sincez < y, we conclude that either
(avz)o(bVz) <yor(aVz)o(cvz) < /yor(bvz)o(cvz) < \/y. Thusyis a¢,-2-absorbing
primary element of_/z. ]

Corollary 2.19. Let x and y be proper elements df with x < y. If y is a ¢,,- 2-absorbing
primary element of., theny is a ¢.,- 2-absorbing primary element @f/x.

Proof. The proof is obtained easily similar to the proof of Theor2ig O

Definition 2.20.Let = be a proper element di/q such thaty < x. Thenz is called a¢,- 2-
absorbing primary element df/q if whenevera, b,c € L/q with abc < z andabe £ ¢(z) V ¢
impliesab < z or ac < y/z orbe < \/x.

Theorem 2.21.Letp and ¢ be two proper elements df with ¢ < p. If p is a ¢-2-absorbing
primary element oL, thenp is a ¢,-2-absorbing primary element @f/q.

Proof. Assume thataV ¢)o(bVg)o(cVq) < pandabeVg = (aVg)o(bVg)o(cVq) £ ¢(p) Vg
for somea,b,c € L. Then we getubc < p andabe £ ¢(p). As p is ¢-2-absorbing primary
element ofL, we have eithetb < p orac < ,/p orbe < /p. SO we obtaina Vv ¢)o (bV q) <p

or(aVvg)o(cVvq) < /por(bVvq)o(cVyg) </p. o

Theorem 2.22.Let p and ¢ be two proper elements df with ¢ < ¢(p). Then the following
statements are equivalent:
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(i) pisa¢-2-absorbing primary element éf
(i) pisag,-2-absorbing primary element @f/q.
(iii) pis apyn-2-absorbing primary element @f/¢".

Proof. (i)= (ii): Suppose thap is a ¢-2-absorbing primary element @. Thenp is a ¢,-2-
absorbing primary element @f/q by Theoren2.21

(i) =(iii): Let n > 1. Observe that" < ¢ < ¢(p). Now suppose thatz v ¢") o (bV ¢") o
(evg®)<pand(aVq®)o (bVq™)o(cVq™) £ ¢(p)V q" for somea,b,c € L. Soabe £ ¢(p).
As ¢ < ¢(p) andabe £ ¢(p), we getabe £ gq. Thus(aV g) o (bV g) o (¢V¢) < pand
(aVgq)o(bVq)o(cVq) £ ¢(p)Vgq.Sincepis ¢,- 2-absorbing element df/q, we obtainab < p
orac < \/porbe < /p. Consequentlyzb Vv g™ < poracVq® < /porbeVvg® <. /p(inL/q").

(i) =(i): Let a,b,c € L with abc < p andabc £ ¢(p). Sinceq™ < ¢(p), one can see
abc £ ¢". As ¢" < ¢(p) < p, we get(aV ¢®)o (bVqg")o(cVqg") = abcV¢g" < pand
(aVg®)o(bVgr)o(cVqg™) £ ¢(p)Vq". Aspis agp.-2-absorbing element df /¢", we
conclude thatib < p orac < ,/p orbc < ,/p. O

Corollary 2.23. Letg be a proper element df which is not a weakly 2-absorbing primary. Then
the following statements are equivalent:

(i) qis ag-2-absorbing primary element éf
(i) ¢qis a¢,:-2-absorbing primary element @f/ ¢°.
(iii) ¢ is a¢,n-2-absorbing primary element @f/¢" for everyn > 3.

Proof. Assume thag is not a weakly 2-absorbing primary elementofSoq is not a 2-absorbing
primary element of.. Hence we get® < #(q) by Lemma2.9 (iii). Thus the results are clear by
Theorem2.22 ]

Definition 2.24.Let ¢ be a proper element df andn > 2. Theng is said to ben-potent 2-
absorbing primary if whenever, b, c € L with abc < g™, thenab < g orbec < /g orac < ,/q.

Theorem 2.25.Let ¢ be ann-almost 2-absorbing primary element for some> 2. If ¢ is k-
potent 2-absorbing primary for sonie< n, theng is a 2-absorbing primary element &f

Proof. Assume thay is ann-almost 2-absorbing primary element. Let,c € L such that
abe < q. If abe £ ¢, then clearly we havebce £ ¢™. Sinceq is ann-almost 2-absorbing primary
element, we conclude eitheb < q or be < /g or ac < ,/q. Now suppose thatbc < ¢*. Since
q is k-potent 2-absorbing primary, we conclude that eitiiex ¢ or bc < /g or ac < /g, which
completes the proof. O

Recall that/(L) = A{m € L | m is a maximal element of }.

Theorem 2.26.Let L be a Noether domain. Then an elemenif L with ¢ < J(L) is a 2-
absorbing primary element df if and only ifq is a ¢, -2-absorbing primary element @f for all
n> 2.

Proof. Assume that is ¢,,-2-absorbing primary for alt > 2. Leta, b, c € L such thatube < q.
If abe £ ¢* for somek > 2, we get eitheb < g or be < /g or ac < ,/g. Now suppose that
abc < ¢" for all n > 2. From Corollary 1.4 in 4], we concludeabc < A°,¢" = O asL is
a Noether domain. Hence we get eithie= 0 or b = O or ¢ = 0r. Without loss generality
assume that = 0. Thus we getib = O, < ¢. The converse is clear from Theoren. O

Theorem 2.27.Let L be a Noether lattice and a non-zero non-nilpotent proper elemeft’
satisfies the restricted cancellation law. Theis a ¢-2-absorbing primary element df for
somey < ¢,, and for alln > 2if and only ifq is a2-absorbing primary element df.

Proof. Suppose that is a 2-absorbing primary element bf Thusgq is a¢-2-absorbing primary
element ofL for all . Thereforey is ¢-2-absorbing primary for somg < ¢,, and for alln > 2.

Conversely, we assume thais a¢-2-absorbing primary element éffor some¢ < ¢,, and
forall n > 2. Theng is a¢,,-2-absorbing primary element @ffor all » > 2 by Lemma2.3. Let
abc < g for somea, b, c € L. SO we have two cases:
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Case 1: Letibc £ ¢" for somen > 2. Then we obtaimb < ¢ orbe < /g orac < /g by the
hypothesis.
Case 2: Letbe < ¢" for all n > 2. Note thata(b V ¢)(c V q) = abe V abq Vacq V ag® < q. If
a(bVq)(cVq) £ ¢", thena(bV q) < gor(bVg)(cVq) < /gora(cVq) < ,/q. We get that
eitherab < gorbe < \/gorac < ,/q. If a(bV q)(cV q) < g™, thena(bV q)(cV q) = abc V abg
VacqVag? < ¢ < ¢%. We conclude eithetb < g orac < ¢ by [19, Lemma 1.11]. Consequently,
q is a 2-absorbing primary element bf O

Proposition 2.28.Let ¢ be a¢-2-absorbing primary element df and ¢(q) < ¢(p) for some
radical elemenp of L with p < ¢. Theng is a 2-absorbing primary element &f

Proof. Assume on the contrary thais not a 2-absorbing primary element. Henge= \/¢(q)
by Corollary2.11 Since we have the ordei(q) < ¢(p) < p andp is a radical element, we
conclude,/g = /¢(q) < /é(p) < p which means; < p, a contradiction. Thusg is a 2-
absorbing primary element df. O

3 ¢-2-absorbing Primary Elements of Cartesian Product ofC-lattices

Let L = Ly x Ly x ...L, whereLy, Ly, ..., L,, are multiplicative latticegn > 1) and lety =
1 X Pp X ... X ¢, Wherey; : L, — L;U{@} (i = 1,...,n) be afunction. Let = (a1, az, ..., an)
be an element of. Observe that if); (a;) = @ for somei = 1, ..., n, then there is no element of
¢(a) and vice versa. Thug(a) = @ if and only if¢;(a;) = @ forsomei = 1,....n

Lemma 3.1.Let L = L1 x L, whereLs, L, are C-lattices. Then/(a1,a2) = (/a1, /az) for
any(ay, az) € L1 X L.

Proof. Let (z,y) < +/(a1,a) for some(z,y) € L1 x L. Then(z,y)" = (2™, y™) < (a1, az)
for some posmve integet. Thusz™ < a; andy™ < ap. Soxz < ,/a; andy < ,/ay, that is,

(z,y) < (a1, +/az). Conversely, letz,y) < (y/a1,/az2). Thenz < \/ag andy < /ay. There
= (z,

are two positive integers, m such thatt™ < a; andy™ < ap. Then(z™™, y™™) y)nm <
(a1,a2) and so(z, y) < +/(a1,az). i

Theorem 3.2.Let L = Ly x L, whereL,, L, are C-lattices andp = 11 x v», wherey; : L; —
L; U{@} (: = 1,2) is a function such that»(1.,) # 1.,. Letq; be a proper element df;.
Then the following statements are equivalent:

() ¢ = (q1,1.,) is a¢-2-absorbing primary element &f
(ii) ¢q1is a 2-absorbing primary element bf.
(i) ¢ = (q1,1r,) is a 2-absorbing primary element bf

Proof. Lety1(q1) = @ ory»(1, ) = @. Then we obtairy(q) = @. So itis clear from Theorem
2.21in [12). Hence we suppose thai(q1) # @ andy»(1,,) # @.

@) = (ii): Let ¢ = (q1,1.,) be a¢-2-absorbing primary element df. First we show
that ¢; is a ¢1-2-absorbing primary element df;. Assume on the contrary that is not
y1-2-absorbing primaryThen there exist, b, c in L1 such thatabe < ¢; andabe £ ¥1(q1)
butab £ ¢ andbec £ /g1 andac £ /q1. Hence(abe,1z,) = (a,1z,)(b,11,)(c,11,) <
q and (abcv 1L2) = (aa 1Lz)(bv 1L2)(Cv 1L2) ﬁ (wl(Qﬂvd)Z(le)) = ¢(Q) This |mpI|es ei-
ther (ab, 1L2) = (a, 1L2)(b, 1L2) < g or (bC, 1L2) = (b, :].LZ)(C7 1L2) < \/a or (ac, 1L2) =
(a,11,)(¢,1L,) < \/q. Thus eitheub < g; or be < /g1 or ac < /g1, a contradiciton. Hence
is avy1-2-absorbing primary element @f.

Next we prove that; is a 2-absorbing primary element &f. If ¢; is not a 2-absorbing
primary element ofL;, then there is a)i-triple-zero (z,y, 2) of ¢, for somez,y,z € L.
Sincey(1L,) # 1z,, then we ge{zyz,1.,) = (z,1.,)(y,11,)(2,11,) < g and(zyz,1.,) =
(fL’, 1L2)(y, 1L2)(Za 1Lz) ﬁ ¢(Q) Then(xa 1Lz)(yv 1L2) <qor (y, 1Lz)(za 1Lz) < \/a or
(2,11,)(2,1L,) < \/q. Thus we havery < ¢1 oryz < /g1 or zz < ,/q1, a contradiction.
Thereforey, is a 2-absorbing primary element bf.

(iiy=> (iii) It is obvious by Theorem 2.21 inl2].

(i) = (i) It is clear from Theoren2.4. O
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Theorem 3.3.Let L = L; x L, whereL,, L, are C-lattices andp = 1 x 1, wherey; : L; —
L;u{o} (i =1,2)is afunction. Then the following statements hold:

() If ¢ is a proper element of; with ¢;(¢;) = ¢; (: = 1,2), theng = (q1,q2) is a ¢-2-
absorbing primary element df.

(i) If q1 is ¢1-2-absorbing primary element @f; and«,(1.,) = 1z,, theng = (g1,1.,) is a
¢-2-absorbing primary element &f

(iii) If ¢ is ay,-2-absorbing primary element @ and1(1.,) = 1;,, theng = (1,,¢2) is a
¢-2-absorbing primary element @f

Proof. (i) Let+1(q1) = q1 andy,(q2) = q2. Then we know that there is no an eleméntb)
such that(a,b) < (¢q1,¢2) and(a,b) £ é(q1,¢2) = (q1,¢2). Thus the proof is completed.

(i) Suppose that);1(q) = @. Theng = (q1,11,) is a¢-2-absorbing primary element @f by
Theorem3.2 (2 = 1). So assume that;(q) # @. Letabe < g andabe £ ¢(q) for some
a = (al, az), b= (bl, bz), c= (Cl, 62) e L. ThUSalblcl <q andalblcl ﬁ L/Jl(ql). Since
q1 is ¢1-2-absorbing element af;, we get either b1 < q1 Or bicy < \/q1 Or azcr < \/q1.
Then we have either < g orbc < /g orac < ,/q. Therefore; is a¢-2-absorbing primary
element ofL.

(iii) 1t can be easily seen similar to (ii).
O

Theorem 3.4.Let L = L, x L,, whereL,, L, are C-latticesq; and ¢, be elements of.q, Lo,
respectively. Lep = 1 x 1o, wherey; : L; — L;U{@} (i = 1,2) is a function withy; (¢;) # q:
(i=1,2). If g = (q1, q2) is a proper element af, then the following statements are equivalent:

(i) qis a¢-2-absorbing primary element @f

(i) ¢ = 1., andq, is a 2-absorbing primary element bf or ¢ = 1;, andq; is a 2-absorbing
primary element of.; or g1, g2 are primary elements dfy, L,, respectively.

(i) ¢ is a 2-absorbing primary element bf

Proof. (i)=- (ii): Suppose that is a¢-2-absorbing primary element éf From Theoren®.15
(g1 V¥1(q1), g2V 12(q2)) is a weakly 2-absorbing element bf /11(q1) x L2/12(q2). Hence we
conclude eithery Vv 1(q1) = 1, V ¥1(q1) andgz V ¢2(q2) is a 2-absorbing primary element
of Ly/12(q2) Or g2 V 2(q2) = 11, V 11(q2) andqy V 41(q1) is a 2-absorbing primary element
of L1/v1(q1) or g1 V ¥1(q1) andgz V 12(q2) are primary elements dfy/11(q1) andLz/v2(q2),
respectively by Theorem 2.22 ia]. Therefore from Theorer.15 we get either; = 1, and
q2 is a 2-absorbing primary element b or ¢ = 17, andgq; is a 2-absorbing primary element
of L, or ¢; andg, are primary elements df; andL,, respectively.

(iiy= (iii): It is clear from Theorem 2.22 in1[2).

(iii) = (i): Suppose thag is a 2-absorbing primary element 6f Thengq is a 2-absorbing
primary element ofL by Theorem 2.21 of]2], so we are done. ]

Theorem 3.5.Let (L1,0r,) and (L, 0r,) be quasi-localC-lattices which are not field and =
Ly x L. Then the followings are hold:

(i) Every proper element df is a 2-absorbing primary element bf

(i) Every proper element of is a¢-2-absorbing primary element @f,

Proof. (i) Let ¢ = (q1,¢2) be a proper element df. Then,/q; = /O, (i = 1,2) as Q,,
and Q,, are maximal elements df; and L,, respectively. Hence; andg, are primary
elements of., and L, respectively. S@ = (q1, ¢2) is a 2-absorbing primary element bf
by Theorens.4.

(i) Since every 2-absorbing primary element ig-2-absorbing primary element @f, we are
done from (i).
O



144 Ece Yetkin Celikel, Gulsen Ulucak and Emel A. Ugurlu

Theorem 3.6.If L = L, x L, whereL,, L, are C-lattices, then the following statements are
equivalent:

(i) Every proper element df is a 2-absorbing primary element bf

(i) Every proper element of; is a primary element of, and every proper element &% is a
primary element of_,.

Proof. (i) = (ii) Let ¢; is a proper element of; andab < ¢ for somea,b € L;. Then
(q1,0z,) is a 2-absorbing primary element affrom (i). Hence(a,1.,)(b,11,)(11,,01,) <
(ql, OLz)- Since(ab, 1L2) ﬁ \/ (ql, OLZ), we have Eithe(a, OLz) = (a, 1L2)(1L17 OLz) < (ql, 0L2>
or (b,0z,) = (b,1r,)(1£,,0,) < +/(q1,0z,). This means that < ¢ orb < ,/q1. Thusqy
is a primary element of.. Similarly one can easily show that every proper element.ois a
primary element of 5.

(i3) = (i) Itis clear from Theoren3.4. i

Lemma 3.7.Let L = L; x L, x Lz whereL1, Ly, L3 are C-lattices. Letp = 1)1 X 1 X 13,
wherey; : L; — L; U{@} (i = 1,2,3) is a function withy; (11,) # 1.,. If ¢ = (¢1, 92, q3) is a
¢-2-absorbing primary element df andq # ¢(q), theng is a 2-absorbing primary element of
L.

Proof. The resultis clear if)(q) = @. Suppose that(q) # @ andq # ¢(q). So(a, b, c) < q but
(a,b,c) £ ¢(q) for some(a,b,c) € L. Hence(a,b,c) = (a,1r,,11,)(1r,,b,10,) (11, 1r,,¢) <
q implies that eithefa, 1.,,1z,)(12,,0,1z,) < qgor (1z,,b,11,)(1z,, 11,,¢) < (/g oOr

(a,1r,,11,)(1z,,11,,¢) < /q. Without loss of generality assume ttiat,,, b, 1;,)(1z,, 1z,,¢) <
q. Thengy = 11, which means thaj® £ ¢(q). Thusg is a 2-absorbing primary element bfoy
Corollary2.11 O

Theorem 3.8.Let L = L x L, x LywhereL1, Ly, Lz are C-lattices. Letp = 1 X 1 x 13,
wherey; : L, — L; U{@} (i = 1,2,3) is a function withy; (11,) # 1.,. If ¢ # ¢(q), then the
followings are equivalent:

(i) qis ag-2-absorbing primary element éf
(i) ¢is a2-absorbing primary element bf
(iii) ¢isin one of the following type:
) ¢ = (11,, 92, q3), whereq, is a primary element of., andgs is a primary element of 5.
) g = (q1,1r,,q3), whereq, is a primary element of ; andgs is a primary element of.3.

) ¢ = (q1,92,11,), whereg; is a primary element of.; andq, is a primary element of
Lo.

IV) For somei € {1,2,3}, ¢; is a 2-absorbing primary element 6f andq; = 1., for
everyj € {1,2,3}\{:}.

Proof. ()= (ii): If ¢(¢) = @ andq is a¢-2-absorbing primary element, theris a 2-absorbing
primary element of.. Assume that)(q) # @. Letq = (q1, 42, q3) be a¢-2-absorbing primary
element ofZ, thenq is a 2-absorbing primary element bfby Lemma3.7.

(i) = (iii): Suppose thay is a 2-absorbing primary element bf Sinceq # ¢(q), there is
a compact elemeniay, az, a3) € L such that(ay, az,a3) < q and (a1, az,a3) £ ¢(q). Since
(a1,a2,a3) = (a1,11,,11,)(1L,,a2,11,)(1,,11,,a3) @andq is ¢-2-absorbing primary, we have
(a1,a2,1p,) < qor(1g,,a2,a3) < \/q0r (a1,1z,,a3) < ,/g. It means that eithey; = 1., or
@2 =1, 0rqg3=1p,.

Case |. Suppose that= (1.,, q2, q3) Whereq, # 1., andgs # 1.,. We show thay, is a
primary element of,. Letzy < ¢2. Hence
(1L17 x, 1L3)(1L1; 1L2; OL3)(1L17 Y, 1L3) <gq and it ImpIIeS thal(lLl, x, 1L3)(1L1; 1L2; OL3) <gq
or (1L17x7 1L3)(1L17y’ 1L3) < \/a or (1L1’ 1sz 0L3)(1L1a Y, 1L3) < \/5 SinCGQS is proper, we
get(1r,,zy,1r,) = 1z, 2,1,)(1e,,v,1z,) £ /q. Thusz < g2 ory < /g2, which shows that
g2 is primary. By the similar argument one can easily show ¢had a primary element of 5.

Case ”q = (QL 1L2’ (]3), Where(h,:% 7é 1L1,3 and Case ”Iq = (QL q2, 1L3>! Whe"eﬂﬂ,z 7é 1L1,2
can be easily obtained similar to Case I.
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Case IV. Leti = 1. Theng = (q,1r,,1.,) Whereg; is a proper element of;. Then
x1, 72,13 € L1 for somezrizox3 < ¢1. Hence
(.231.132.2?3, 1L27 0L3) = (.131, 1L27 0L3)(.2?27 1L2, OL3)($37 1L2, OL3) < q and (.231332333, 1L27 0L3) £
¢(q). Sinceq is ¢-2-absorbing primary, we have eithefz, 11,,0.,) < g or (z223,11,,0r,) <
V/q or ((Ell'g, 1., 0L3) <4 Sox1x < g1 OF 2p23 < Va1 Or zoxz < \/q1.

(i) = (i): Suppose that, andgz are primary elements df, and Lz, respectively and =
(1L17 q2, Q3). Let (al, ap, ag), (bl, bo, bg), (Cl, c, 63) € L such that
(al, az, ag)(b]_, bo, bg) (C]_7 c2, (33) <q and (a]_, ay, a3) (b]_, bo, bg)(cl, c2, (33) ﬁ ¢(q) Assume that
(bl; bo, bg)(cl, c2, (33) ﬁ \/a and (al, az, ag)(cl, c2, (33) ﬁ \/a Henceb,co ﬁ \/q_z or bzcs ﬁ \/q_g,
andazca £ \/q2 Orazcs £ (/qa. If baco £ (/g2 @andazca £ /g2, then sincey is a primary element
of Ly andazbacz < g2, this is a contradiction. Similarly the caselgts £ /g3 andascs £ /g3
gives again a contradiction. So without loss of generality assumeéifatt /g2 andazcz £
/@3- Sinceg, andgs are primary, we have; < ¢, andbz < ¢3. Thus(ay, az, a3) (b1, b2, b3) < q,
which shows thag is a¢-2-absorbing primary element éf Similar to this way, one can easily
obtain thaty is a¢-2-absorbing primary element &fif it is in type of ¢) orii).

Last suppose that is in type ofiv). Let: = 1. Thenq = (q1,1,,1.,) Whereq; is a 2-
absorbing primary element dfy, then it can be seen thais a 2-absorbing primary element of
L. Thereforeg is a¢-2-absorbing primary element éfby Theoren?.4. |

Theorem 3.9.Let L = L x L, x LywhereL1, Ly, Lz are C-lattices. Letp = 1 X 1 x 13,
wherev; : L; — L; U{@} (i = 1,2,3) is a function. If every elemeat= (a1, az, az) of L
wherea; € L, with \/a; proper for alli = 1,2, 3 is ¢-2-absorbing primary, them (a) = @ or
P(a) = a.

Proof. First observe that if)(a;) = @ for some: = 1,2, 3, then+(a) = @. So suppose that
vi(a;) # @. Assume on the contrary that (a1) # a;. From our hypothesis we can say that
a = (a1,0r,,0r,) is ag-2-absorbing primary element. Hence

(al’ 1Lz’ 1L3)(1L17 OLz’ 1L3)<1L17 1sz 0L3) <a, bUt(al’ 1Lz’ 1L3)(1L17 OLz’ 1L3)<1L17 1L27 0L3) £
¢(a). So we get either

(a1,1r,,1r5)(1L,, 01,5, 10,) < a@or(1r,,0z,,1r,) (11, 11,,0r,) < V/a OF
(a1,1r,,11,)(11,,1;,,0r,) < a. It follows either 1, < azor 1,, < \/ajor 1,, < \/az
by Lemma3.1, which is a contradiction. Thereforg;(a;) = a; for everya; of L;, and thus
P(a) = a. i
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