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Abstract. In this paper author calculate the recurrence relations and six different integral
representation of Generalized K- Mittag-Leffler function, GE,Z:ZY’ 5(2) introduced by [3]. Also
find out six different integral representation of K- Mittag-Leffler function, E,Zja, B(Z) defined by
[2] and several special cases have been discussed.

1 Introduction

The K-Pochhammer symbol was introduce by [1] in the form,
(@)n e = x(z+ k) (2 +2k)...(x + (n — 1)k), (1.1)

(@) ntrygk = (@)rg k(2 + GrE)ng b (1.2)

wherex € C, k€ Randn € N.
K-Gamma function was introduce by [1] in the form,

oo tk
Iy (z) :/ e”®t* Ytz € C,k € R, Re(z) > 0, (1.3)
0
and
The Gamma function,
I'(n) = / et at. (1.5)
0

The Beta function,

L) '(m)

B(m,n) = I'(n+m)

1
:/ "1 (1 —t)™"1dt, Re(n) > 0, Re(m) > 0. (1.6)
0

Recently in 2012, G.A. Dorrego, and R.A. Cerutti [2], introduce the K-Mittag-Leffer function
Ezaﬁ(z) defined as

nkz
1.7
Bl a2 nZOFkna—F,B )(n!)’ a7

where k € R;a, 3,7 € C; Re(a) > 0, Re(B) > 0.

Relation between classical Pochhammer symbol and K-Pochhammer symbol are given below

(cf. [1D)
Proposition 1. Let k&, s € R and v € C, then the following identity holds
Syx_ k
L) = (D), (1.8)
and particular case
() = () F'10(): (1.9)
Proposition 2. Let &k, s € R,y € C andn € N, then the following identity holds

k
(W)nq,s = (k)nq( g)nq k> (1.10)
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and particular case

(Mg = (K)o (111)

The Generalized K- Mittag-Leffler function, introduced by [3], as

Definition 1: Let k € R;«, 8,7 € C; Re(a) > 0, Re(3) > 0, Re(y) > 0and g € (0,1) UN
the Generalized K- Mittag-Leffler function denoted by GE;’? 5( z) and defined as,

oo

a (=S Dngrz"

where() 4,k 18 the K- pochhammer symbol given by equation (1.1) and I' () is the K-gamma
function given by equation (1.3).
([6], page 22), gives the generalized Pochhammer symbol as,

Fy+n9) o1 7+r+1 .
(V)ng = ) - = ¢ ]:[l — )n, if q € N. (1.13)

Particular cases : For some particular values of the parameters
q,k,a, B, we can obtain certain Mittag-Leffler functions, defined earlier:
(a) For ¢ = 1, equation (1.12) reduces in K- Mittag-Leffler functions defined by [2].

E) = (,}/)"—’kzn — E7 1.14
G kaﬁ( ) z;) Fk(na+ﬂ)(n‘) k,a’ﬁ(z)’ ( )
(b) For k = 1, equation (1.12) reduces in Mittag-Leffler functions defined by [8].
E74 = M — 1 1.1
Gl p(?) = nzo Tlna+ )y~ Las(2) (1.15)

(c) For ¢ = 1 and k = 1, equation (1.12) reduces in Mittag-Leffler functions defined by [5].

v _ = (7)7712:" Y
GEI a,B( ) HZOW = Eaﬁ(z), (1.16)

(d) Forq = 1,k = 1 and v = 1, equation (1.12) reduces in Mittag-Leffler functions defined by
[9].

GE" (1.17)

laﬁ Z F noz—|—ﬂ) Ea,ﬂ(z)v

e Forg=1k=1,v=1land g = 17 equatlon (1.12) reduces in Mittag-Leffler functions
defined by [4].

1(xl Z F TLOZ—F E(x(z)- (118)

2 Recurrence Relations:

In this section we calculate the recurrence relations of GE,Z o.5(#), and deduce some particular
cases.

Theorem 2.1 For k € R; R(a+p) > 0,R(B+s+k) > 0,R(y) >0,q € (0,1) UN, we get
GElS  prsin(?) —kGENL 5 () = (a+ p)*2* GE} o prsiak(®)
Hla+p)?+(a+p)2B+2s+k+ D2GEVL, 5. 3 (2)

+(B+s)(B+s+k+ )GEZ§+,, ﬁ+s+3k( z), (2.1)

d .. d?
TGEL 5(2) and GEYY 5(2) = S5 GELE 5 (2).

Proof: The Generalized K- Mittag-Leffler function, from equation (1.12)

where GE' 5(2) =

GE;

Z )nqkz
Ratp stk (7  Ii(n(or+p) + B+ s+ k)(n!)’
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using equation (1.4), we have

GE}

(7)71q,k z"
k a+P ﬂ+s+k Z Fk (a+p) _|_ﬂ_|_ s){n(a _|_p) +B+ S)}(?’L'), (22)

and

GEz,,g+p,B+s+2k (Z)

= (7>nq,k z"
a ,LZ:O I(n(a+p)+B8+s+k){nla+p)+B8+s+k)}n!) (2.3)

using (1.4), we have

o0

v.q _ (’V)nq,k 2"
GE arp,prssan(2) = nz::() Iy(n(a+p) + B+ s)(n!)

1
“Tnlatp) + B+ Hnatp) +B1st R}

=1 1 1
.4 — _ _
GEL S ppesian(2) = ;0 LY o e ey el o o iy pragprays |
(’y)anc z"
Ii(n(a+p) + B+ s)(n!)’
1
GEZ’g+p Bisian(2) = E[GEIZ}Zer ,3+€+k(z) -],
S = GElc ,a+p, ﬂ+s+k( ) k GEIZ ;Ierp ,8+s+2k( ) (24)
where
S (V)nq k2"
S = : 2.5
nZ:OFk(n(a—l—p)+ﬂ+s){n(a+p)+ﬁ+s+k)}(n!)’ 2.5)

k n 1
w(u+k) u+k’

1
applying the simple identity = ; for u = n(a + p) + 6+ s + k to equation

(2.5),we obtain,

_ k(YV)ng,k
5= nzzo Ii(n(a+p) + B+ s)(n!)

1
“Tnlatp) + B+ s+ kHnlatp) + B+ s+ 2k

(V)nq,k 2"
+7; Ii(n(a+p) + B+ s){n(a+p)+ B+ s+2k)}Hn!)’

k{na+p + B+ 5} Vngk 2"
o= Z:: n(a+p) + B+ s)(n!)

1
“Tnla+p) +B+sHn(atp) +B+stEkn(atp) +5+s+ 2k

{n(a+p) +ﬁ+s}{n(a+p)+6+s+k}( Yng.k 2"
+Z Ti(n(a+p) + 6+ 5) ()
1
“Tnla+p) B+ s{nla+p)+B+s+kHn(a+p)+B+s+2k}

using (1.4) we obtain

k{?’L +p +B+5}( )nqkz
5= Z n(atp) 1B+ s+ 3k)(n)

{n(a+p) +B+s}{n(a+p)+ﬁ+s+k}( Yng.k 2"
+Z To(n(a+p) + B+ s+ 3k)(n) ’



180 Kuldeep Singh Gehlot

N U R ),
Iy(n(a+p) + B+ s+ 3k)(n!)

n=0

Z{n a+p)28+2s+k+ 1)}V ngr 2"
n(a+p)+ B+ s+ 3k)(n!)

+Z{ 5"‘5 (B+s+k+ DY) ngr 2"

nlatp)+B+s+3k)(n) (2.6)

we now express each summation in the right hand side of (2.6) as follows:

] D} 2"
E’Y ng,
dZ[ZG Moot p.gtstak(Z ka a+p + B+ s+ 3k)(n!)’

ZGE/Z}ZH) B+s+3k( z) + GEy a+p,,6’+s+3k( z)

+ D}(V)ng.k 2
_ka a+p + B+ s+ 3k)(n!)’

{n}(V)ng,k 2
E ) 2 2.
G ka+p/3+s+3k ka n(a+p)+ B+ s+ 3k)(n!)’ 2.7)

Again

., v.q D(n+2)HV)ngk 2"
el 2.
dzz[z G ka+pB+9+3k ka a+p +ﬂ+s+3k)(n‘) (2.8)

and
d2 Y.q
dz ) [ k’a+p ﬁ+a+3k( )]
= zZGE,Z La+p, B+e+3k( z) + 4ZGEk ,a+p, [—3+9+3k( z) +2GE]] La+p, 5+s+3k( z), (2.9)

from equation (2.8) and (2.9) we have

3 {1} (W) " g "
- I(n(a+p)+B8+s+ 3k)(n!) k,a+p,B+s+3k

+42GE)

32 {1} ()i 2
batpsror3n(2 « Iv(n(or+p) + B+ s+ 3k)(n!)’

using equation (2.7), we have

Z (W)nq,k <
Fk a—l—p + B+ s+ 3k)(n!)

= ZZGE/Z,’Z+p,5+s+3k( ) +2GE: aipgrsian(2) (2.10)
applying equation (2.7) and (2.10) to (2.6), we get

S=(a+p)LCEL,, 5y (2) + [(a+p) + (a+p)(26+2s +k+1)]z

XGEIZ:Z+p.ﬂ+s+3k(Z) + (5 + 5)(5 +s+k+ )GEZthp [5+s+3k( )
Hence.

Corollary 2.1.1 For k € R; R(a+p) > 0,R(B+s+k > 0,R(y) >0andputg = 1 in
equation (2.1), we get

5 5 i
Elz,a+p,/3+s+k( z) — kEk ,a+p, ﬁ+s+2k( z) = (a+p)z Ez,a+p,ﬁ+s+3k(z)

+(a+p)’ +(@+p)2B+2s+k+ D]zE) . 5.0 5(2)
+(B+s)(B+s+k+DEND, 500(2); @.11)
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. d d?
WhereEiZ,a,B( z) = dz EIZQB( )andEkaﬁ( z) = dz 2Eka[3( 2)
which is the new recurrence relation for K-Mittag-Leffler function £ , 5(2), definded by [2].

Corollary 2.1.2 For R(ov +p) > 0,R(8+ s+ k) > 0,R(y) > 0,¢ € (0,1) UN, and put
k = 11in equation (2.1), we get
Eli&-p B+s+1( ) GEafp ,8+s+2( ) (a + p) ngp B+S+3( )

+(a+p)*+ (a+p)(28 + 25+ 2)]2El+p 1sq3(2)
+(B+5)(B+s+2ELE, 50015(2), (2.12)

. d d?
where E%(2) = d—Eg’q( z) and E”’q( ) = 2 —E5(2).
' 2 b Z
Remark: The result (2.12) is well known result obtained by ([7],equation (2.1, page 134).

Theorem 2.2 For r € N,k € R;a,8,v € C;R(a) > 0,R(8) > 0,R(y) > 0 and g €
(0,1) U N, then

Y+qrk,q _ e v,q . ('ﬂqu z"
(FY)QTJ‘" GEk:,a,,@+aT(z) - dzr [GEk:,a7ﬂ(Z) RZ:O T (ﬂOé T B)(n')] (213)

Proof: Consider the right hand side,

n+r

_dr - ('7)(n+7’)q,k z
A= [Z Fk((n+r)a+ﬁ)(n+7“)!]’

— d’ - (7)Tq,k('7 + qu)nq,k 2"
A= [Z Iy(na+ B+ ar)(n!) )

_ rk,
A= (Vgra GEL 1500, (2).

Hence.

Corollary 2.2.1 For r € N,k € R;a,8,v € C;R(a)) > 0,R(8) > 0,R(y) > 0, then
equation (2.13) gives the result for ¢ = 1,

d’“ — 2"
Btk _ ez 2.14
(’)/)T‘,k k.,oz,BJrar(Z) er ,a, g na—i—ﬂ nl)] ( )

which is the new recurrence relation for K-Mittag-Leffler function E,Z’a’ 5(2), definded by [2].

Corollary 2.2.2 Forr € N;«, 3,7 € C; R(a) > 0, R(8) > 0, R(~y) > 0, then equation (2.13)
gives the result for k = 1,

r—1

, d” o, (V)gn 2"
(Var BL G0 (2) = T2 [EVE(2) —;m], (2.15)

which is the new recurrence relation for Mittag-Leffler function E,3(2), definded by [8].
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3 Integral Representation:

In this section we calculate six different integral representations of Generalized K- Mittag-Leffler
function, GE]'S 5(2). Also evaluate six different integral representations of K- Mittag-Leffler
function, E,Z’a’ 5(,2) defined by [2] and several special cases have been discussed.

Theorem 3.1 For k € R; R(a+p) >0, R(B+s+k) >0,R(y) >0,g € (0,1) UN, we get

1
/ tﬂ+s+k—1GE’Y,q (ta+p)dt
0

k,o+p,B+s

= GEIZ,Vg+p,5+s+k(l) —k GE/Z,,Z+p,5+s+2k(l)' (3.1)
Proof: Put z = 1 in equations (2.4) and (2.5), we have

5= GEIZ:Z+p,/3+s+k(1) —Fk GEz,’§+p,ﬁ+s+2k(1)

= 3 (V)nq,k
_,;)Fk(n(a+p)+ﬂ+s){n(a+p)+ﬁ+8+k)}(n!)a (3.2)

now consider the integral,

z
_ +sth—1 : +
A= /0 P IGEY (1) d

= (V)ng,k /Z (a+p)B+s+k—1
A= ) tnlatp +s+ dt,
2 Talatp) £ O 00 Jo

A= > ('Y)nq,k Zn(a+p)+ﬁ+s+k
- nZ:O Iy(n(a+p)+ B8+ s){n(a+p)+B+s+k)}n!)’

forz =1

— c- (V)nq,k
A= nzzo Iy(n(a+p)+ B+ s){n(a+p)+B+s+k)}n!)’
from equation (3.2), we have

A=GElS, pran(D) —kGEL, 50 0 (1)

Hence.

Corollary 3.1.1 For k € R; R(a+p) > 0,R(8+ s+ k) > 0, R(v) > 0, then equation (3.1)
gives the result for ¢ = 1,

1
s+k—1 a
/0 tBJr * El;y,a-‘rp,ﬂ—&-s(t +p)dt = Elz,a-ﬁ-p,ﬁ-&-s-&-k(l) —k El;y,a+p,ﬁ+s+2k(1)' (33)

which is the new Integral representation for K-Mittag-Leffler function E,Z,o“ ﬁ(z), definded by
[2].

Corollary 3.1.2 For R(a+p) > 0, R(8+s+k) > 0,R(y) > 0,q € (0,1)UN, then equation
(3.1) gives the result for k = 1,

1
/o tmsElfp,ms(tMp)dt = E;fpﬁ+s+l (1) - ngp,msu(l)- 3.4

Remark : Which is well known result obtained for Mittag-Leffler function E(Zg(z), by ([7],
equation (3.1), page 137).

Theorem 3.2 Fork € R; o, 8,7,0 € C; R(«) > 0, R(3) > 0, R(vy) > 0, R(§) > Oandg € N,
then 8

1 1
5 s _
k GEIZ,Z,B+6I§(Z) - F(5)/0 uk

(0%
(1—w)’'GE ! (2 uk )du. 3.5)
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Proof : Consider the right side integral and using equation (1.12), we have

1 1 é—l 9
A= m/o uk (1 —u)‘s_lGEZ:gé’B(zuk)du,

, an+p |
= nqkz k N 1— Sfld
= ZFk (o + B0 n')/ U (1 —w) U,

using the definition of Beta function (1.6), we have

(55 r)

an+ f3 ’
— 40
PR

_ i nq,k z"
!
0) == I'n(na + B)(n!) I(
applying equation (1.9), we have
= k° (V)nq,k 2"

A= 2 Flna+ B+ oR)l)

k6 GEk @ 6+6k( )
n=0

Hence.

Corollary 3.2.1 For k € R;«, 3,7,8 € C; R(a) > 0, R(8) > 0, R(y) > 0, R(§) > 0, then
equation (3.5) gives the result for ¢ = 1,

B e
| _ -
K B o prsi(2) = F(é)/o uk (1 —u)’""E}, s(zuk)du. (3.6)

which is new integral representation of K-Mittag-Leffler function Ek o ﬁ( z), definded by [2].
Corollary 3.2.2 For o, 3,7, € C; R(a) > 0, R(8) > 0,R(y) > 0,R(§) > 0and ¢ € N,
then equation (3.5) gives the result for £ = 1,

1 1
Ehis(2) = F(<5)/0 w1 =)’ B (2 u®)du. (3.7)

Remark : Which is well known result obtained for Mittag-Leffler function El%(z), by ([8],
equation (2.4.1), page 803).

Theorem 3.3 For k € R; 8,y € C; R(3) > 0, R(v) > 0and o, q € N, then
q

>4 — 1 - F(bj>
S kes) = 7 UL mre, —a

i=1j=1

kla—)ga
: (o Juz
x/ w1 —w)iaile ao du, (3.8)
0
Thri-1 B

where a; = k and b; = k
q «

Proof : Using definition of Generalized K-Mittag- Leffler function, from equation (1.12),

A=GE]} Vg 2"
ka2 ZFk (nka+ B)(n!)’

Iy (z + nk)

, we have
I(x)

using relation ([1], page 183);(z)n.x =

oo

A= Z Vnak 2" Z D—" Fk (3.9)

naka
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(Vngk
(ﬁ)na,k ’

using equation (1.11), we have

where D =

v
('Y)nq,k _ k‘qn(g)qn

(ﬂ)”a’k an é ’
k (k)an

D

using the relation given by equation (1.13), we have

- Ti-l

kqfocnqqn ?7 n

L(E——)
é-i-j*l

aon TT5 (B——),

«

D

Thio Zyj-1
letal-:k —_—

_ kgt (b)) I'(a; +n)I'(bj — ai)
b=(—73") Hqu T —a) (@) (o —ai+ai+n)

using the definition of Beta function, equation (1.6), we have

k(q @) a

«a 1
n a;+n—1 1— bj—a;—1
HHF b — a;) F(al)/ “ (1 =) du,

=1 j=1 0

D

from equation (3.9) and (3.10), we have

LR ) ! a;—1 bj—a;—1
HHFb —a)I( )/“ (1 —w)

z=1 7=1

Hence.

(3.10)

Corollary 3.3.1 For k € R; 3,7 € C; R(3) > 0,R(y) > 0 and « € N, then equation (3.8),

gives the result for ¢ = 1,

(3.11)
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gl §+j_1
where a; = T and b; = ~—o,

«
which is new integral representation of K-Mittag-Leffler function E/ , ;(z), definded by [2].

Corollary 3.3.2 For 8,y € C; R(3) > 0, R(v) > 0 and a,q € N, then equation (3.8) gives
the result for k = 1,

1 — uz
><_/ w1 (1 —wpete o g, (3.12)
0
where a; = yre— 2 and 0; = BL

q
which is new integral representation of Mittag-Leffler function E (=), definded by [8].

Theorem 3.4 For k € R;«, 3,7 € C; R(a) > 0, R(8) > 0, R(y) > 0 and g € N, then

7

1 o0 —
CEL0) = 1 /0 etk GEL (atrkat (3.13)

Proof: Using definition of Generalized K- Mittag-Leffler function, equation (1.12), we have

GEY Y)ngk 2"
koo ka (na+ B)(n!)’

using equation (1.11), we have

2
n k(-
GE4 Z < (k +an)
a2 « I, (na+ B)(n!) p(l)
k
using equation (1.5), we have
GE () =N Z" kan x)-%t(%+“”’”dt
1856 =Y Frora B0 s /0 c ,
n=0 L
™ gam gan
7,4
GEya s / ka (na+ B)( n‘)dt
e
G@iAQZAﬁT/)e%tk GE 5(2tk7)dt
F(E) 0

Hence.

Corollary 34.1 For k € R;«a, 3,7 € C;R(a) > 0,R(3) > 0,R(y) > 0, then equation
(3.13) gives the result for g = 1,

.,
1 e (7.-1)

B () = —— / etk VB (ath)dt, (3.14)

k,a,B F(l) 0 k,o,B

which is new integral representation for K-Mittag-Leffler function E,Za 5 (z), definded by [2].

Corollary 3.4.2 For «, 8,y € C; R(a) > 0, R(8) > 0,R(~y) > 0 and ¢ € N then equation
(3.13) gives the result for k = 1,

1 X e 0
56) = 75 /0 OV B (2 p9)ar, (3.15)
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which is new integral representation for Mittag-Leffler function quﬂ (z), definded by [8]

Theorem 3.5 For k € R;«, 3,7 € C; R(a) > 0, R(8) > 0, R(y) > 0 and q € N, then

& . Rt
/ uk  (1—u) k W2 qy, (3.16)
) 0

k
B—

k
GE’qu ( )_
i

Proof: Using definition of Generalized K- Mittag-Leffler function, equation (1.12), we have

V59 Ing.k 2"
A=0mg 0 =3 bt

using relation ([1], page 183);<I)"’k - W
EZ

S (V)Hq 2"
o S

n—0 nq,ka

, we have

A

where D = (7)"‘1”“,
(ﬁ)nq,k

using equation (1.11), we have

neY
b= Dngs _ K"
(B)nae knq(g)nq
Y B B Y B v
b (E+nQ)F(E): F(E) F(%+WJ) (E_?
r@+ngr@)  rrG -0 r@d v+t -
using the definition of Beta function, equation (1.6), we have
B 8-
e (N 7
D=— (’“ﬂ) - /uk” "a—w)E Va, (3.18)
rhr=)
using equation (3.18) in (3.17), we have
8 5
> INED ) 2Ty,
AEZ k /ukﬁ (1—u) k du,
— I ( B—7
n=0 (k)F( k )
B _
r L B—7 | "
A= <’€)5 /uk (Il S Ci
rerr*) o =
B
1= 7 P—v_
L=

Hence.
Corollary 3.5.1 For k € R;«a, 3,7 € C;R(a) > 0,R(8) > 0,R(y) > 0, then equation
(3.16) gives the result for g = 1,

1—§ Y B—~
ko k = ( -1)
El4z) = ——————— [ uk (1-u) k equ, (3.19)
k,k,B v -7 Jo
LT (=)
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which is new integral representation for K-Mittag-Leffler function E,Za 5 (z), definded by [2].

Corollary 3.5.2 For o, 3,7 € C; R(a)) > 0, R(3) > 0, R(v) > 0 and g € N, then equation
(3.16) gives the result for k = 1,

1 1
I Y1 (1 = ) B=r=D(u2) g, 3.20
TG, T T o

which is new integral representation for Mittag-Leffler function E]'%(2), definded by [8].

Theorem 3.6 For k € R;«, 3,7 € C; R(a) > 0, R(8) > 0, R(y) > 0 and g € N, then

B u a

o) _ k
Pk kGELY (2 a):/ A D GES ,(u k k>) (3.21)
0

Proof. Consider the right side integral

i (g)k (g)
AE/O ule 'z GE}'% 5(u® k k7)du,

using definition of Generalized K- Mittag-Leffler function equation (1.12), we have

an
u

A= Z nq Kk k /00 uﬂ-&-anfl ef(g)kdu
« Lo (na + B)(n!) ’

put (%)k = t, we have

an _ Btan

) nqkk k Zﬂ+om/ 1 .
t ok dt
z:: Iiy(na+B)(n!) Kk Jo o

from definition of Gamma function, equation (1.5), we have

an
k ko ftan B4+ an
A= na.k r
kana—i-ﬁ )(n!) k ( k )
using equation (1.9), we have
A= P& (Vg 22" _ ] 7% V.4 (o
=Ly ORI
k% n=0

Hence.

Corollary 3.6.1 For k € R;«a, 3,7 € C;R(ar) > 0,R(8) > 0,R(y) > 0, then equation
(3.21) gives the result for ¢ = 1,
p u @

-7 o * s " o ()
Pk KEL (2 ):/0 e 2 EY L s(u® kK )du, (3.22)

which is new integral representation for K-Mittag-Leffler function E,Za 5 (z), definded by [2].

Corollary 3.6.2 For «, 3,7 € C; R(a) > 0, R(8) > 0, R(y) > 0 and ¢ € N, then equation
(3.21) gives the result for k = 1,

u

ﬁEglq( )—/0 uP ! e_(;)Ez:qﬂ(ua)du, (3.23)

which is new integral representation for Mittag-Leffler function E'}(2), definded by [8].
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