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Abstract In this paper we introduce the growth rate of x> defined by modulus function and
study general properties of these spaces and also establish some inclusion results and duals
among them..

1 Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single sequences,
respectively.
We write w? for the set of all complex sequences (,,,), where m,n € N, the set of positive
integers. Then, w? is a linear space under the coordinate wise addition and scalar multiplication.
Some initial works on double sequence spaces is found in Bromwich [3]. Later on, they were
investigated by Hardy [4], Moricz [8], Moricz and Rhoades [9], Basarir and Solankan [1], Tri-
pathy [15], Turkmenoglu [16], Tripathy [40], Tripathy and Dutta([45],[56]), Tripathy and Sarma
([48]1,[501,[52]) and many others.

Let us define the following sets of double sequences:

M, (t) == {(mmn) € w?: SUDm neN |Tmn bmn oo} ,

Cp (t) = {(l'mn) S ’U}2 p— lzmm,n_)oo Ixmn _ L|tmn — lfOT somel € (C} ,
COP (t) = {(x’mn) € w? D — lian,n—)oo |$mn|tmn = 1} ,

Lo ()= {(xm,,,) SEULED DWERD Dt A P OO} )
Cop (t):== Cp (t) Y M., (t) and Cobp (t) = Cop (t) N M (1);

where ¢t = (t,,,) is the sequence of strictly positive reals ¢,,,, for all m,n € N and p —
limy, n— oo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1 for all m,n €
N; M., (t),Cp (t) ,Cop (t) , Lo (t) , Cpp (t) and Copy, (¢) reduce to the sets M., Cp, Cop, Ly, Cp and
Coup, respectively. Now, we may summarize the knowledge given in some document related to
the double sequence spaces. Gokhan and Colak [18,19] have proved that M., (t) and C,, (t) , Csy, (¢)
are complete paranormed spaces of double sequences and calculated the o—, f—,v— duals of
the spaces M, (t) and Cy,, (t) . Quite recently, Zelter [20] has essentially studied both the the-
ory of topological double sequence spaces and the theory of summability of double sequences.
Mursaleen and Edely [21] and Tripathy [15] have recently introduced the notion of statistical
convergence and statistically Cauchy for double sequences independently and proved a relation
between statistical convergent and strongly Cesaro summable double sequences. Mursaleen [22]
and Mursaleen and Edely [23] have defined the almost strong regularity of matrices for double
sequences and applied these matrices to establish a core theorem and introduced the M —core for
double sequences and determined those four dimensional matrices transforming every bounded
double sequences = = () into one whose core is a subset of the M/ —core of . Altay and Basar
[24] have defined the spaces BS, BS (t),CS,,CSwy,CS, and BY of double sequences consisting
of all double series whose sequence of partial sums are in the spaces M,,, M, (t) ,Cp, Cpp,C, and
L., respectively, and also examined some properties of those sequence spaces and determined
the a— duals of the spaces BS, BY,CS, and the 3 (¢) — duals of the spaces CSy, and CS, of
double series. Basar and Sever [25] have introduced the Banach space £, of double sequences
corresponding to the well-known space ¢, of single sequences and examined some properties
of the space £,. Subramanian and Misra [26] have studied the space x3, (p, q,u) of double se-
quences and proved some inclusion relations.
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Spaces are strongly summable sequences were discussed by Kuttner [28], Maddox [29], and
others. The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox [7] as an extension of the definition of strongly Cesaro summable
sequences. Connor [30] further extended this definition and introduced the notion of strong A—
summability with respect to a modulus where A = (a,, %) is a nonnegative regular matrix and
established some connections between strong A— summability, strong A— summability with re-
spect to a modulus, and A— statistical convergence. In [31] the notion of convergence of double
sequences was presented by A. Pringsheim. Also, in [32]-[33], and [34] the four dimensional
matrix transformation (Az), , = >> 7 327 | afy T, Was studied extensively by Robison and
Hamilton.

We need the following inequality in the sequel of the paper. For a,b,> 0and 0 < p < 1, we
have

(a+b)? <aP + 0P (1.1)

The double series >~ | &y, is called convergent if and only if the double sequence (s,,,,) is
convergent, where s,,, = Z:n]z“ zij(m,n € N).

A sequence * = (x,,,)is said to be double analytic if sup,, |a:mn|l/ M < 0. The vector
space of all double analytic sequences will be denoted by A2. A sequence 2 = (x,,,,,) is called
double gai sequence if ((m + n)! |xmn|)1/m+” — 0 as m,n — oo. The double gai sequences

will be denoted by x2. Let ¢ = {all finite sequences} .

Consider a double sequence = = (;;). The (m,n)"" section 2] of the sequence is defined
by zlmnl =37 i imowij Sy for allm,n € N where 35 denotes the double sequence whose only
non zero term is a ﬁ in the (i,j)th place for each i, j € N.

An FK-space(or a metric space).X is said to have AK property if (S,,,,) is a Schauder basis
for X. Or equivalently z[™" — z.

An FDK-space is a double sequence space endowed with a complete metrizable; locally
convex topology under which the coordinate mappings © = (zx) — (Tmn)(m,n € N) are also
continuous.

Orlicz[11] used the idea of Orlicz function to construct the space (L) . Lindenstrauss and
Tzafriri [6] investigated Orlicz sequence spaces in more detail, and they proved that every Orlicz
sequence space ¢j; contains a subspace isomorphic to ¢, (1 < p < co) . Subsequently, different
classes of sequence spaces were defined by Parashar and Choudhary [12], Mursaleen et al., Bek-
tas and Altin [2], Tripathy et al. [43], Rao and Subramanian [13], and many others. The Orlicz
sequence spaces are the special cases of Orlicz spaces studied in [5].

Recalling [11] and [5], an Orlicz function is a function M : [0,00) — [0, c0) which is con-
tinuous, non-decreasing, and convex with M (0) = 0, M (z) > 0, for x > 0 and M (z) — oo
as x — oo. If the convexity of Orlicz function M is replaced by subadditivity of M, then this
function is called the modulus function, defined by Nakano [10] and further discussed by Ruckle
[14] and Maddox [7], Tripathy and Chandra [53] and many others.

An modulus function M is said to satisfy the A;— condition for small « or at O if for each
k € N, there exist R, > 0 and u, > 0 such that M (ku) < RyM (u) for all u € (0,uy].
Moreover, an modulus function M is said to satisfy the A;— condition if and only if

. M(2
lzmu_,oJrsup% < 00

Two Modulus functions M) and M, are said to be equivalent if there are positive constants
a, 8 and b such that

M (au) < M, (u) < M (Bu) forall u € [0,b].
An modulus function M can always be represented in the following integral form
M (u) = [y n(t)dt,

where 7, the kernel of M, is right differentiable for ¢t > 0,7 (0) = 0,7 (¢) > 0 for ¢ > 0,7 is

non-decreasing and 7 () — oo as ¢ — oo whenever @ 1 oo as u T oo.
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Consider the kernel n associated with the modulus functionM and let
p(s)=sup{t:n(t) <s}.
Then p possesses the same properties as the function 7. Suppose now
D= [ p(s)ds.

Then, & is an modulus function. The functions M and & are called mutually complementary
Orlicz functions.
Now, we give the following well-known results.
Let M and & be mutually complementary modulus functions. Then, we have:
(i) For all u,y > 0,
uwy < M (u)+®(y), (Young's inequality) (1.2)

(i1) For all v > 0,
un (u) = M (u) + @ (1 (u)) . (1.3)
@iii) Forallu > 0,and 0 < A < 1,
M (Au) < AM (u) (1.4)
Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct Orlicz sequence space
by = {x cw: Z;O:l M ('%’“‘) < oo, forsomep > 0},
The space ¢,; with the norm
ol = inf {p>0: 505, () <1},
becomes a Banach space which is called an Orlicz sequence space. For M (¢) =7 (1 < p < c0),

the spaces ;s coincide with the classical sequence space £,,.
If X is a sequence space, we procure the following definitions:

X '= the continuous dual of X;
{)Xe = {a = (amn) : =1 |@mnTmn| < 00, for each z € X};
(i XP = {a = (@mn) : D0 | AmnTmnis convegent, for each x € X} ;

m,n=1

. M,N
(IV)X’Y = {CL = (amn) D SUPmn = 1 me:] AmnTmn

< oo, for each J;EX};

Wlet X be an FK —space D ¢; then Xf:{f(%mn):feX/};

Vmin o, for each xeX};

(Vi}X& = {a = (amn) L SUPmn |amnxmn|
X XP X7 arecalled a — (or Kothe — Toeplitz) dual of X,3— (or generalized —
Kéthe — Toeplitz) dual ofX,v— dual of X, & — dual ofX respectively. X
is found in Gupta and Kamptan [17]. It is clear that X® C X? and X* C X7, but X*? c X7
does not hold, since the sequence of partial sums of a double convergent series need not to be
bounded.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz
[27] as follows

Z(A) ={x=(zx) ew: (Azg) € Z}

for Z = ¢, ¢y and ¢, where Az, = xj, — xpy forall kK € N.
Here ¢, ¢y and /., denote the classes of convergent,null and bounded sclar valued single se-
quences respectively. The difference space buv,, of the classical space ¢, is introduced and studied
in the case 1 < p < oo by Bagar and Altay in [37] and in the case 0 < p < 1 by Altay and Basar
in [38]. The spaces ¢ (A), ¢o (A) , £ (A) and bv, are Banach spaces normed by

1
]| = |zx1] + supis1 [Azy| and [Jall,, = (52 laxl”)! ", (1 < p < o0).



20 N. Subramanian and Ayhan Esi

Later on the notion was further investigated by many others. We now introduce the following
difference double sequence spaces defined by

Z(A) ={z = (zmn) €W : (Azpy,) € Z}

A2 2 _ _
where Z = A » X and Az, = (xm,n - xm,nJrl) - <$m+l,n - xm+1¢n+l) = Tm,n —LTm,n+l —
Tm+1,n + Tm+1,n+1 for all m,n N.

2 Definitions and Preliminaries

2.1 Definition

A modulus function was introduced by Nakano [10]. We recall that a modulus f is a function
from [0, 00) — [0, c0) , such that

(1) f(z) =0ifand only if 2 = 0

Q) flz+y) < f(z)+ f(y),forallz >0,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0. Since |f (z) — f (y)| < f (Jx — yl|) , it follows from here
that f is continuous on [0, o) .

2.2 Definition

Let A = (awl) denote a four dimensional summability method that maps the complex double
sequences z into the double sequence Az where the &, /— th term to Ax is as follows:

(Ax)ké = Eyono=1 ZZO=1 A" Tmn

such transformation is said to be nonnegative if a};" is nonnegative.

The notion of regularity for two dimensional matrix transformations was presented by Silver-
man [35] and Toeplitz [36]. Following Silverman and Toeplitz, Robison and Hamilton presented
the following four dimensional analogue of regularity for double sequences in which they both
added an adiditional assumption of boundedness. This assumption was made because a double
sequence which is P— convergent is not necessarily bounded.

2.3 Definition

A sequence ¢ is called a growth gai sequence of modulus, for a set X of sequences if x,,, =
1/m+n
o(tmn)@f((m+n)! )

Tmn
tmn

— 0 as m,n — .

2.4 Definition

A sequence t is called a growth analytic sequence of modulus, for a set X of sequences if
1/m+n

Tmn

< oo Vm,n.

tmn

3 Main Results

3.1 Theorem

If x* has a growth sequence of modulus then X§c7r has a growth sequence of modulus
) 1/m+n

"I‘.m/ n

Proof: Let x7, be a growth sequence of modulus. Then f ((m +n)!

—0 as m,n —

tmn

< F (4 0)! o) 1 <

Tmnlmn

1/m+n
oo.LethXiﬂ.Then{%} exﬁ.Wehavef<(m+n)! >

|Tmntmn| = 0 as m,n — oo, which means that

f((m—+n)! \xmn|)l/m+" < |Tmntmn] = 0 as m,n — oo. Thus {mntmn} is a growth se-
quence for Xﬁﬁ. In other words, X?vw has the growth sequence t.

3.2 Theorem
Let X? be a BK metric space. Then the rate space X?‘w has a growth sequence of modulus.

Proof: Let z € x7,. Then {I—“} € X}-

m
Tmn



The growth rate of x> 21

Put P, () = 222z € Xffﬂ. Then P,,,, is a continuous functional on X%. Hence |Py,,,| — 0
as m,n — 0o.

Tmn

1/m+n
) = |Pnn (x)| <

Also for every positive integer m, n, we have f ((m +n)!

| Prn (@) T £ (M 4 1) [ @40n]) — 0 as m,n — oo. Hence zp, = 0(PrnTmn) -
Thus { Py Tmn + 1S @ growth sequence for Xﬁﬂ.

Tmn

1/m4n

3.3 Theorem

2\ 2
(XTF) = A]/‘ﬂ'
Proof: Let z € A%/ﬂ. Then there exists M > 0 with |7, Tmn| < M™  Vm,n > 1. Choose
€ > 0 such that e M < 1.

If y € x2, we have ((m +n)!

Therefore > |ZmnYmn| <D (é\frfj;;r < 00, Hence

Ymn

Tmn

) < €™t Ym,n > mong depending on e.

[e3

Aijr C© (x7) 3.1)
On the other hand, let # € (x2). Assume that z ¢ A? /- Then there exists an increasing
sequence {pngmn } of positive integers such that

|7TPanmn xpmn‘]nzn| > (m + n)! (m + n)2<p""”+q7””) vm? n > mono. Take Take y = {ymn} by

Ymn = { (m+n)!(rrz::;;b)g(p"””+qmn)7 for (p’ Q) - (pm’ q”) 3.2)
0, for (p,q # pman)
Then {Ymn} € X2, but 3 |Zpn¥Ymn| = 00, a contradiction. This contradiction shows that
()" <Aty (33)

From (3.1) and (3.3) it follows that (x2)" = A%/ﬂ.

3.4 Theorem

w3 = [ = M) = e

mmtn NmAn
where 773, = Nyen_ (1 {x =Zmn ' Domm <f <“’""’"S|)> < oo}.

B
Proof (1) First we show that 773% C [Aﬁﬂ}

Let x € nffﬂ and y € Azﬂ. Then we can find a positive integer N such that <|ymn|l/ m*”) <
mazx (1, SUPm n>1 (lymn‘l/m+n)) < N, for all m, n.

Hence we may write

‘Zm,n xmnymn‘ < Zm,n \xmnymn| < Zmn (f (W))

Tmn Nmtn
<5, (s ().

Since = € 77%”. the series on the right side of the above inequality is convergent, whence

B B
2 2 2
T € [Afw} - Hence ny, C [Afw]

B
2 2
Now we show that {A fﬂ} C Nfp-

B
For this, let x € {A?W} , and suppose that z ¢ A% _. Then there exists a positive integer

e
N> lsuchthat}: . (f[==me—o | ) = o0.
If we define Y, = (N /Tontmn) Sgn (Tmy) myn =1,2,--- , theny € A?W.

But, since



22 N. Subramanian and Ayhan Esi

= S (f (o)) = 5, (1 (FelE ) ) e

B B
getx ¢ {A?Tr] , which contradicts to the assumption = € [Affﬂ} . Therefore x € nJ%ﬂ. There-

B
2 |72
fore {Afﬂ} = Nfp-

|5 Eonntin

(ii)and (iii) can be shown in a similar way of (i). Therefore we omit it.

3.5 Theorem

Let f be an modulus function which satisfies the A, —condition and if Xﬁcﬂ is a growth sequence
then X2 C x7.
Proof Let

T € er 3.4
Then (((m + ) [ Ton/ Tmntmn|) 1/ m+"> < e for sufficiently large m, n and every € > 0.
But then by taking p > 1/2,

(f <((m+n)!|zmn/7rmntnmD'/W")) < (f (%)) (because M is non-decreasing)

< (f(2¢))

1/m+n Pmn
= (f ((lx’""/”"‘"lfm"‘) ! )) < K f (€) (by the Ay— condition, for some %k > 0)

< ¢ (by defining f (¢) < ¢/K)

1/m+4n Pmn
(f ((|£L'mn/7rmnptmn) )) — 0asm,n — oo. 3.5)

Hence
T E Xfp- (3.6)

From (3.4) and (3.6) we get x> C X%,
3.6 Theorem
B C
If X7, is a growth sequence then 77, C [chﬂ} # N2
. B
ProofCasel:First we show that 77, C [X}w} :
We know that x3, C A,
2 1° B 2 18 2
A%,]" € bosl” But [A3,]7 = 12, by Theorem 3.4.

Therefore
Mr C Xin- (3.7)

B C
case2: Now we show that |:X?’7r:| # A2,

B
Let y = {ymn} be an arbitrary point in (X?eﬂ> . If y is not in A2, then for each natural
number ¢, we can find an index m,n, such that

(mq+nq)! :"’Lq"bq/Tr'lnqnqt'rnqnq /matng
(f(( Y . ) >q,(1,2,3,)

Define * = {z,n} by (f (W)) = W for (m,n) = (mgy,n,) for some

g € N; and (f (M)) = 0 otherwise.

p

Then z is in x3,, but for infinitely mn,

<f ('ym";m”|>>pm > 1. (3.8)
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Consider the sequence z = {z,,}, Where (f (2'2”/+1t“)> = (f (M“/+‘t“)) — s with
s=Y (f (7@”’3”""")) ; and
(f ((m+n)!zm;,/7rmntmn)> _ <f ((m+n)!wm;,/wmntmn)) (mn=1,2,3,-)

Then z is a point of chﬂ. Also > (f <(m+")!z”;/”m"t'"“ )) = 0. Hence z is in chﬁ.

But, by the equation (3.8), > (M (%)) does not converge.

= Y TmnYmn diverges.

B
Thus the sequence y would not be in (Xﬁﬂ) . This contradiction proves that

(3.)" € A2 3.9)

If we now choose f = id, where id is the identity and (1 4+ n)!y1, /Tintin = (1 +n)z1, /Tinti, =
1 and (m + 1) Wmn/Tmntmn = (M + 1) Zmn/Tmntmn = 0(m > 1) for all n, then obviously
x€xGyandy € A2, but Y377 | ZnYmn = 00, hence

v () (3.10)

From (3.9) and (3.10) we are granted
B C
(XFr) # AL (3.11)

B C
Hence (3.7)and (3.11)we are granted 3, C [Xic,r] Z A2,

3.7 Proposition

x?w ol i
Proof: Let z € x5,

Tmn

1/m+n
) — 0asm,n — oo.

Then we have ((m +n)!
1/m+n
— 0asm,n — co. Thus we have z € I';,and so x3, C ['},.

Tmnlmn

Tmn
Tmnlmn

Here, we get

3.8 Theorem

IfI2 i th then n3 I’ ’ S A2
% is a growth sequence then 7}, C [T, | # A2
B
ProofCasel:First we show that 77, C [chﬂ} .
We know that 7, C A%,
2 17 B 2 1° 2
A%, € Irya]” But [A3,]7 = 12, by Theorem 3.4,

Therefore
M C TG, (3.12)

B C
case2: Now we show that {Fﬁﬂ} # AL

B
Let y = {ymn} be an arbitrary point in (F?W) . If y is not in A2, then for each natural
number ¢, we can find an index m,n, such that

mgng /7r7nq7Lq tmgng I/mg+ng
(f((y - ) >q,(1,2,3,--)

Define © = {2, } by (f (M)) = g for (m,n) = (mg,n,) for some ¢ € N;

p

and (f (7”“””’;"%")) = 0 otherwise.
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Then z is in '}, but for infinitely mn,

(f (W))pm > 1. (3.13)

Consider the sequence z = {z,}, Where (f (W)) = (f (W)) — s with s =
Sf <7(m+"3!m""">> ; and
(o (o)) s () =123

Then z is a point of I'_. Also Y (f (W)) =0.Hence zisin % .

But, by the equation (3.13), > ( f (%)) does not converge.

= Y TmnYmn diverges.

B
Thus the sequence y would not be in (F% Mﬂ) . This contradiction proves that

(12,)" c A2. (3.14)

If we now choose M = id, where id is the identity and y1,/Tint1n = T1n/Tint1n = 1 and
Ymn/ Tmntmn = Tmn/Tmntmn = 0 (m > 1) for all n, then obviously € I3, and y € A2, but
> mmm—1 TmnYmn = 00, hence

B
yé (Chn) - (3.15)
From (3.14) and (3.15) we are granted

c
() £ A2, (3.16)
C
Hence (3.12)and (3.16)we are granted 3, C [I5,,] P Z A

3.9 Proposition
The f— dual space of x7, is A%,

B B
Proof: First, we observe that x7, C I';,, by Proposition 3.7. Theorefore (F}ﬂ) C (x?w) .

B C
But (1"3%) # A3, by Proposition 3.8. Hence

A2 (0G)” (3.17)
2\’ 2 2 )’ . ) )
Next we show that (xfw) C Ajq-Lety = (ymn) € (Xfﬂ> .Consider f (z) => " 1 > | TymnYmn

with 2 = (zymn) € Xffﬂ
= [(Smn — Smnt1) = (Smttn = Smrint1)]

0, 0, ...0, 0, .. 0 0, 0, .0, 0, .. 0
0, 0, .0 0, .. 0 0, 0, .0 0, .. 0
Tmntmn —Tmntmn Tmntmn —Tmntmn
07 O’ t (m+n)! Y (m+n)! 0 07 0’ t (m4n)! (m+n)! 0
0, 0, .0 0, .. 0 0, 0, .0 0, .. 0
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0, 0, .0, 0, 0

0, 0, .0, 0, 0

1/m+4n .
{((m—i—n)! —tmn ) } = o o Fonton Tt ol Hence con-
mnEmn ) 9 CRRY (7'L+n)! ) (m+n)! Pl cee
—Tmntmn Tmntmn
0’ O’ ©(mAn)! (m+n)! 0
0, O, .0, 0, .. 0

verges to zero.
Therefore [(Smn — Smnt1) = (Smttn — Smiini1)] € X
Hence d ((gmn - %mn+l) - (%erln - gm+1n+1) 70) = 1. But

|ymn| S Hf” d((%mn - %anrl) - (%erln - %m,+1n+l) ,0) § Hf” -1 < oo for each m,n. Thus
(Ymn) 18 a double growth rate of an bounded sequence and hence an growth rate of an analytic

B
sequence. In other words y € Azﬂ. But y = (Y ) 18 arbitrary in (X?pﬂ) . Therefore
B
(X7r) CAFx (3.18)

B
From (3.17) and (3.18) we get (X%T) =A2.

3.10 Proposition

X7 has AK

Proof: Let z = (znn) € X7, and take the [m, n]"™ sectional sequence of z. We have d (z, z!"*]) =
1/m+n

SUDmn {((m +mn)!|tmn ) tm>rn > 8} — Oas [r,s] — oo. Therefore (" —

in x3, as r,s — co. Thus 7, has AK.

3.11 Proposition
X7 1s solid
Proof: Let |2, | < [Ymn| and let y = (ymn) € x%r We have

N 1/m+n Y 1/m+n Yo, 1/7ﬂ+n
(4t )7 < (2 ) B (et 2 |) T e

. 1/mtn 1/min
X7 because y € x7,. Thatis ((m +n)l| e ) - 0= <(m +n)l| e ) —

0asm,n — oo. Therefore © = () € Xicﬂ.

3.12 Proposition

A— dual of x7, is A,
Proof: Let y € A— dual of Xﬁﬂ. Then |ZpnYmn| < M™™ for some constant M > 0 and for
each z € chﬂ. Therefore |y,,| < M™*" for each m, n by taking

0, 00 .0, 0 .. 0
0,00 .0 0 .. 0
T = SQpmn =
Tmntmn
0, O, ...W’ 07 e 0
0,00 .0 0 .. 0
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This shows that y € A3_. Then
(Gr)" C A2, (3.19)

On the other hand, let y € Agcﬂ. Let € > 0 be given. Then |y,,,| < M™*™ for each m,n

Tmn

Tmntmn

and for some constant M > 0. Butz € X?r Hence ((m +n)!

) < €™ for each m, n

m+n

and for each € > 0. i.e |y, | < e(”w Hence

m+n)!

m+n
T T tmn 7‘1M+’n _ (eM) Tmnlmn

|xmnymn| = |$mn| ‘ymn‘ < e(mT)v = (mtn)!
5 A
A
Ajx © (XGx) (3.20)

A
From (3.19) and (3.20) we get (x3,) = A3,

3.13 Proposition

Let (X}w) denote the dual space of x7,. Then we have (X}W) = A},
Proof: We recall that

0, 0, .0, 0 .. 0
0,00 .0 0 .. 0
T =SQpmn =
Tmntmn
0, O, ...W’ 07 e 0
0,00 .0 0 .. 0

. . th .. . .
with Zmalma in the (m,n)"" position and zero other wise, with

(m+n)!
1/m+4n
xz%mn,{((m—i—n)! ) }:
02, 0, .0, 0, .. 0/t

Tmn

Tmntmn

. 1/m+n

1/m+1 (mAn) ! Tmntmn 1/m+n+1
0l/m+1 ...(<m+n)!ﬂmtmn) , 01/mnt
ol/m+2 (), .0, 0, .. QY/mint2

0, 0, .0, 0, 0

0, 0, .0, 0, 0

0, 0, ..1Y/mt 0 .. 0

0, 0, .0, 0, ... 0

which is a double growth rate of x sequence. Hence S, € chﬂ. Letustake f (z) = > > 0% TmnYmn

*
with 2 € x3, and f € (x3,) - Take & = (2yn) = Sun € X3, Then
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Ymn| < |1l d (Smn,0) < oo for each m, n

Thus (y,n) is a growth rate of bounded sequence and hence double growth rate of an analytic

sequence. In other words y € A% . Therefore (X%) =A2_.
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