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Abstract. In this paper the degree of approximation to functions belonging to Lipschitz class
is estimated by C'x-method obtained by deleting a set of rows from the Cesdro matrix C; under
the some conditions.

1 Introduction

Assume that f is a 27— periodic function and f € L, := L, [0, 2x| for p > 1 where L,, consists
of all measurable functions for which the L,,— norm is defined as follows

1

1 27 P
||pr = {27’1’/0 f(:r)|pdx} < 00.

On the other hand, the partial sum of the first (n + 1) terms of the Fourier series of f € L, at
a point x is denoted by

sp(fix) = %ao + Z(ak coskx + by sinkx) = ZAk(f;x).
k=1 k=0

Furthermore, a function f belongs to the Lip(«, p) class if w, (4, f) = O(6*), where

wp(0, f) = ‘tlug\lf(- +) = fOll 0<a<ly p>1,
is the integral modulus of continuity of f € L.

One of the basic problems in the theory of approximation of functions and the theory of
Fourier series is to examine the degree of approximation in given function spaces by some certain
methods. In this sense, one of the important results encountered belongs to Quade in [8]. He
solved a problem related with approximation by trigonometric polynomials on conjecture stated
without proof by G. H. Hardy and J. E. Littlewood in 1928. In subsequent years, Chandra gave
some attractive results including sharper estimates than some results of Quade by No6rlund and
Riesz methods. In 2005, Leindler[5] weakened the conditions of monotonicity given by Chandra
according to Norlund and Riesz methods. We know that Norlund and Riesz methods generalize
the well known Cesédro method which has an important place in this theory. Naturally, there arises
the question how we can generalize these approximation methods. There are two possibilities in
this way. First it can be generalized by taking into account summability methods. The other one
can be weakened the conditions of monotonicity. In this work we shall consider both of these
conditions and move this direction. Accordingly, let F' be an infinite subset of N as the range of
a strictly increasing sequence of positive integers, with ' = (X (n))22 . The Cesdro submethod
() is defined as

1 A(n)
(C)\:U)n == W ;xk, (n = 172, ),

where (zy) is a sequence of a real or complex numbers. Therefore, the C-method yields a
subsequence of the Cesdro method C|, and hence it is regular for any A. Note that C) is obtained
by deleting a set of rows from Cesaro matrix. The basic properties of Cy-method can be found
in [1] and [7]. By considering this method the following definitions was given in [3]:

1

Ny (frz) = Py

Aln)
Z p/\(n)—msm(f’ 33),
m=0
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RMfix
where
1 27
sn(fix) == f(z+1t)Dy(t) dt,
™ Jo
and |
sin(n + 3)t
Dy (t) = 273
sin (%)
Also,

Py)y =po+p1 +p2+ . +Pxn) 70 (0 > 0),

and by convention p_; = P_; = 0.
In case A(n) = n, the methods N;)(f;z) and R)(f;z) give us classicaly known Nérlund and
Riesz means. Provided that p,, = 1 for all (n > 0) both of them yield

on(fiz) = +1Zsmf:c

m=0

In addition to this, if A(n) = n for o) (f; z), then it coincides with Cesaro method Cj.

Moreover, let t,, be a trigonometrical polynomial of order n. Then, it is 27- periodic and
Lebesgue integrable. If s,,(t,;2) denotes partial sum of the first (m + 1) terms of the Fourier
series of ¢,, at z, then

sm(tn;x)—{ im(), if m<m (L.D)

to(x), if m>n.

We shall also use the notations
Aa, = ap —any1, Apaln,m)=a(n,m)—a(n,m+1).

While taking into account these methods, the monotonicity conditions on the sequence (p;,)
are important. So, let’s recall the definitions of some classes of numerical sequences discussed
in detail in [4], [5] and [6]. Let u := (u,) be a nonnegative sequence and C' := (C,) =
e S s

A éequence u is called almost monotone decreasing (briefly u € AM D.S) (increasing (briefly
u € AMIS)), if there exists a constant K := K (u) which only depends on u such that

Up < Kup, (Kun > um)

forall n > m.

If C € AMDS (C € AMIS), then we say that the sequence u is almost monotone decreas-
ing (increasing) mean sequence and denoted by C € AMDM S (C € AMIMS).

A sequence u tending to zero is called a rest bounded variation sequence (RBV.S) (rest
bounded variation mean sequence (RBV M S)), if it has the property

Z |Aty,| < K (u)ug (Z |AC,| < K(u)Cy)
m=k m=k

for all natural numbers k. Leindler first raised the rest bounded variation condition in [4].
A sequence u is called a head bounded variation sequence (H BV S) (head bounded variation
mean sequence (H BV M S)), if it has the property

k‘

™ Al < K (i (3 JACh] < K (u)C)

0 m=0

3
I

for all natural numbers k, or only for all £ < N if the sequence u has only finite nonzero terms
and the last nonzero term u .
It is clear that the following inclusions are true for the above classes of numerical sequences:

RBVS C AMDS, RBVMScC AMDMS
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and
HBVS cC AMIS, HBVMSC AMIMS.

Moreover, Mohapatra and Szal showed that the following embedding relations are true in [6]:
AMDS Cc AMDMS

and
AMIS Cc AMIMS.

It is clear that the class of nonnegative and nondecreasing (nonincreasing) sequences is a
subset of the class of almost monotone decreasing (increasing) sequences. Taking into these in-
clusions, both we will extend the results given in [5] by weakening the monotonicity conditions
and we will give the degree of approximation of functions by C\-method of their Fourier series
of functions that belong to the class L, for p > 1. Especially, we consider the degree of approx-
imation of f € L, by trigonometrical polynomials N} (f;z) and R)(f;z) under the perspective
of [5, 6]. We see that the results obtained in this paper strongly generalize the results in [2]-[5].

2 Main Results

The following results are important in the theory of Fourier series for both the creation and
acceleration of convergence of a Fourier series and also for the acceleration of convergence in
approximation theory.

Theorem 2.1. Suppose that f € Lip(a,p) and let (py,) be positive. If one of the conditions,
M)p>1,0<a<l,(p,) € AMIMS with

(A(n) + 1)pa@m) = O(Pag)), 2.1

(i)p>1,0<a<1land (p,) € AMDMS
satisfies, then

1f = N2 (D], = O(A(n)~*).

Since AMDS C AMDMS and AMIS C AMIMS, we can derive the following result
from Theorem 2.1.

Corollary 2.2. Suppose that f € Lip(«, p) and let (p,,) be positive. If one of the conditions,
(i)p>1,0<a<, (p,) € AMIS and (2.1) holds,
(i)p>1,0<a<1and (p,) € AMDS

satisfies, then

1F = NX(£)], = OAm) ).

This corollary also generalizes the cases (i) and (ii) of Theorem 1 given in [5] with respect
to both monotonicity condition and Cesdro submethod C'y. Therefore the results of Chandra [2]
are generalized. Moreover, the last corollary can be also written in accordance with the classes
HBVMS and RBVMS.

A subsequent result is related to [5, Theorem 1] for sequences that are more general than
monotone sequences in case p > 1, « = 1. Accordingly, it is easy to see that if (p,,) is nonde-
creasing and (2.1) satisfies, then

A(n)—1

> 1Apk] = O(Pygy/A(n))

k=0
holds. On the other hand, if (p,,) is nonincreasing, then
A(n)—1
> klApk| = O(Pyn))
k=1

is also true. Therefore, the following result is implied under the weaker assumptions. In this
way, we write the next theorem.
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Theorem 2.3. Let f € Lip(1,p) and let (p,,) be positive. If one of the following conditions is
satisfied
A(n)—1
(D)p>1, > |Ape| = O(Pyn)/A(n)) and (2.1) holds,
k=0
A(n)—1

(ii)p>Tland Y KlApy| = O(Pym),
k=1

then

| =NXH)| =0m™). 2.2)

Remark 2.4. Let (p,) € RBV S with condition (A(n) + 1) = O(Py,)). Then it is clear that

p

A(n)—1
> ElApk| = O(Py)
k=1

is true. Therefore, keep in mind the Theorem 2.3-(ii), we can write the next corollary:
Corollary 2.5. Let f € Lip(1,p), p > 1. If (p,) € RBV'S and the condition (A\(n) + 1) =
O(Py(n)) holds, then

[f =N (N, = 0. (2.3)

The following two results give us the results of Leindler forp = 1 and 0 < o < 1in [5] in
the event of A\(n) = n.

Theorem 2.6. Let f € Lip(c, 1), 0 < o < 1, and let (p,,) be positive. If the condition

A(n)—1
> 1Apkl = O(Pyy/A(n))
holds, then
1F = N2 (D], = O((Am) ™).

Remark 2.7. N)\(f, z) gives the method of o) (f, ) in the Theorem 2.6 in case p,, = 1. So, we
have

[f = on (D], = O((A(n))~*). (2.4)

Theorem 2.8. Let f € Lip(a, 1), 0 < a < 1, and let (p,) be positive. If (p,,) satisfies (2.1) and
the condition

A(n)—1
Z |Apy| = O(P)\(n)/)‘(n))
k=0
holds, then
17 = Ba (D, = OAm) ™). @5)
Remark 2.9. Let (p,,) € HBV S with condition (2.1). Then it is easy to observe that

Aln)—1
Y 1Ape = O((A(n) ™' Pay).
k=0

Hence, we can write the following corollary due to Theorem 2.8:

Corollary 2.10. Let f € Lip(a,1), 0 < o < L. If (p,) € HBV S with the condition (2.1), then
(2.5) holds.

Moreover, we can write with the following way the analogy of Theorem 2.1 for generalized
Riesz method.

Theorem 2.11. Assume that f € Lip(«,p) and let (p,) be positive. If one of the conditions is
satisfied
()p>1,0<a<1,(p,) € AMDMS and (\(n) + 1) = O(Py()) holds,
(ii)p>1,0<a<1and (p,) € AMIMS,
then

If = RAD, = 0O(rw) ).
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In [6], we know that class of head bounded variation mean sequences(HBVS) includes the
class of non-decreasing sequences(NDS). Therefore, taking into account this fact, we write the
following result that generalizes Theorem 3 given in [2] by motivation in [6, Theorem 5].

Theorem 2.12. Let f € Lip(1,1) and (p,) with (2.1) be positive. If (n+1)""p,) € HBV S
for some n > 0, then
17 = B2, = 0. (2.6)

3 Some Auxiliary Results

In this section, we shall give some auxiliary results requiring to prove the theorems given in
Section 2.

Lemma 3.1. Let
(pn) € AMDMS

or
(pn) € AMIMS and satisfy (2.1).

Then, for 0 < a < 1,

An)
D+ 1) prym = O((A(n) + 1)"*Pyn)).

m=0

Proof. We shall use the analogy technique in [6] in proof of this lemma. Let us denote integer
part of =~ ’\ by r. So,

A(n) r A(n)
Z(m + 1) 7pA(n)—m = Z(m + 1) 7" patn)—m + Z (m 4+ 1)""Pr(n)—m
m=0 m=0 m=r+1

< (M4 D) prgy—m + (1 + 1) Pyg).

First by using Abel’s transformation for the sum in the right sight of inequality in above and then
by applying Lagrange’s mean value theorem to function f(z) = 7%, 0 < a < 1 on interval
(m + 1,m + 2), we conclude that

A(n) m
p)\ (n)—m < Z{ m+ (m+2)7a}zp>\(n)—k+(r+ 1)7ap>\(n)
m=0 m=0 k=0
r—1 (m+ m
= 1)~ *P
m:O( m+2ak2:;)p,\ =k + (1 + 1) 7Py
r—1 1 1 m
< 4+ (r4+1)"%Py,-
f;( T2)e <(m+ gp,\ > (r ) A(n)
If (p,) € AMIMS and satisfies (2.1), then we have
A(n) r—1
Z(m+1) p/\ (n)—m = Z m+2 1)7QP)\(n)
m=0 0
DPx(n —a —a —a
— O(+=2" )14+ A(n) = + (r+ 1) Py = O(A(n) + 1) Py (B.D)

1+ A(n)
If (p,) € AMDMS, then

A(n) r r—1
—a 1 1 —
( 1) Px(n)—m < ((T T 1) E pA(n)—k) E (m I 2)a + (T + 1) P)\(n)

g
E
:

3
I

ZP,\ k(P + 1) 7Py = O((A(n) + 1) Pyn))- (3.2)

Hence, the required result is obtamed from (3.1) and (3.2). O
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Lemma 3.2. Let
(pn) € AMIMS

or
(pn) € AMDMS and satisfy (A(n) + 1) = O(Py(,)) -

Then, for 0 < a < 1,

A(n)
D (m+1)"pm = O((Mn) + 1) 7 Py)).

m=0

We will omit here the proof of Lemma 3.2 because of the fact that its proof is similar with
the proof of Lemma 3.1.

The proof of Corollary 2.2 is obvious from Theorem 2.1. However, we can also prove this
corollary by using the following Lemma whose proof is slightly different from the proof of the
above lemma.

Lemma 3.3. Let
(pn) € AMDS

or
(pn) € AMIS and satisfy (2.1).

Then, for0 < a < 1,
A(n)
> M Py m)—m = O(M(n) ™" Pyn)).- (3.3)
m=1

Proof. Let us denote integer part of # by r. So,

A(n) r A(n)
Z m_ap)\(n)fm = Z m_ap)\(n)fm + Z m_ap)\(n)fm' (34
m=1 m=1

m=r+1

If (p,) € AM DS, then

r A(n)
Z miapk(n)—m < Kp)\(n)—r Z m-* = O(nlia)pk(n)—r (35)
m=1 m=1
and
Aln) Aln)
Z m_ap)\(n)fm < (T + 1)—a Z Px(n)—m = (T + 1)_aPA(n)' (3.6)
m=r+1 m=1

From (3.4), (3.5) and (3.6), we obtain (3.3). If (p,) € AMIS and satisfies (2.1), then

r A(n)
—« —« P>\ n —«
Z M~ “Paxtn)—m < KDPx(n) Z m~* = O( /\(;)) A(n)'=). 3.7
m=1 m=1
Taking into account (3.6) and (3.7), therefore we get (3.3). O
Lemma 3.4. The following inequalities are valid:
A(n) A(n)—1
Ay = A {m T (Pyn) = Pay—m) } 1 = O(1) > [Apy| (3.8)
m=1 m=0
and if
A(n)—1
Z m|Apy,| = O(PA(n))
m=1
then

AX=0 (PA(")> . (3.9)
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Proof. With a simple analysis, we get

!

‘P)\(n) - P)\(n)fmfl + P)\(n)fmfl - P)\(n)fm ’

m(m + 1) m
1 A(n)
- | - 1
m(m+ 1) k_)\(z; Pk (m+ )pA(n)—m

where U,?L(") := Px(n) = Px(n)—m- It is easy to show by induction, similar to [4, p.134], that

A(n) m
{ Z pr — (m+ 1)p } Z IPA(m)—k+1 = PA(n)—k|-
k=1

k=X(n)—m

Hence, we have

A(n) A(n) A(n) 1
A - < —_— -
2 m > 2 m(m + 1) ;kIpMn)le p)\(n)fk|
A(n) oo 1
< klp — Da(n)—k| —
o A(n)—k+1 A(n 72 m(m ¥ 1)
A(n)—1

Therefore the first part of the lemma has been proven. Now let’s verify the second part of the
lemma. We know that

An)
1
Ay < Z 72’4@,\ (m)—k 1~ PA(n)—k|
kakm =TT (3.10)
m= m= r+1
where 7 is integer part of 2 F1rst1y let’s estimate [.
I < Zk|Akp,\ —kl Z Z |AkPA(n)
k=1 k=1
A(n)—1 A(n)—1 P)\(n)
< k|Apy| = 7) k|Apy| = O( \ ) (3.11)
- = An)" = (n)

On the other hand, we have

=

n

1 m
< —_ k|A
J < m+ 1) ; | EPA(n)—k

a2

3
[

<
3
< 3

= m( <Z+ > ) k|AkpAm)—&| =2 J1 + 2. (3.12)

=r k=1 k=r+1

3

Taking into account our assumption for .J; and .J,, respectively, we get

)\(n) r
1
J1 < 75 k|A n)—
1= 2 m(m+1) £ | EPA(n)—k
A(n) n)—1
< = E k|A
>~ P ()\(n _r)k/\ = ‘pk‘|

Aln
= o)™ Y kApk|:O(§AZL))> (3.13)
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and
J < mZ::T m+1 {ZkAkp)\ }
1 A(n) m
= 0 <>\(n> m:T; |AkpAm) k]
Aln)—1
Py
= 0O 3 e Dlaml =0 (4. (.14
k=0
By combining the (3.10)-(3.14), we confirm (3.9). O

The following auxiliary results have been given by Quade in [8].
Lemma 3.5.. If f € Lip(a, 1), 0 < a < 1, then
If = on(f)ll = On™).
Lemma 3.6. . Let f € Lip(a,p) for0 < a < landp > 1. Then
1f = sn(Hl, = O(n™%).

Lemma 3.7.. If f € Lip(a,p) for 0 < a < 1 and p > 1, then for any positive integer n, f may
be approximated in Ly, - space by a trigonometrical polynomial t,, order n such that

If —tullp, = O(n™?).
Lemma 3.8.. If f € Lip(1,p) for p > 1, then

lon(f) = sn(H)llp = O(n_l)-

In the next part, we shall present the proofs of the theorems by using the analogy technique
given in some references such as [5]-[6].

4 Proofs of the Main Results

Proof of Theorem 2.1. By the definition of N(f, x), we have

Ny (f @) =

m{sm I ) f( )} 4.1

From hypothesis, Lemma 3.1 and Lemma 3.6, we obtain

A(n)

Z Pxx(n)—m ||Sm(f) - f”p

m=0

A(n)
o(1) _ _
= n—mm+1)7"%=0(A(n)"%).
Pt D P (m+ 1) = O )

)\ —_—
N =11, = 5

m=0
Therefore, the proofs of the cases (i) and (ii) have been completed together. O

Proof of Corollary 2.2. Proceeding as above, from Lemma 3.3 and Lemma 3.6, we get

N2 () = £, < }jm o llsm(F) = 11,

so(f) = fll,

= 5 —OM) ™" Pym)) + O(An) ™) = O(A(n) ™).
An)
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Proof of Theorem 2.3. First we consider the case (i). Let p > 1 and o = 1. It is clear

A(n)
1
N’r)L\(f7x): P/\n—mAnL
P ;) ()
that -
n Aln
1
5n<f7 ) NA f7 Z T Z P)\(n)fmAm
(n) m= ") m=n+1

A(n)

Denoting 7, := Py(y)—m and I :=
A(n) P)\(m

m=n+1
1
sn(fax)_Nr/L\(fﬂx): P)\( ) ZA ZkAk
n m=1
_ Pl ZA ZkA +omtl "*‘ ZkAk
A(n)
and hence
lsa () = N2, < Z ZkAk
US‘;? I
+ P)\(n) n—+ 1 + ”IHP
p
By using Abel’s transformation we have
1 A(n) 7 m
I = ——( > Am(E)ZkAk
An) m=n+1 k=1

A(n)
M) A TA(n) 77n+1
! [A(n) A(A(n))]zk Z’“‘

m n

_ nm Tn+1
m=n+1 k_l k=1
and hence
1 A(n) ot
11, < + 5
" B m:znzﬂ o
Since
1 n
Sn(fax) _Un(f7$) = n+ 1 ZkAk
k=1
by Lemma 3.8 we get
(n+ 1) Isn(f) — on( I, = =0(1)
P
So, combining (4.2),(4.3) and (4.4) we have
1 n U)\(n) UMn)
Sn _ N,i‘ - 0 A, m Y| 4 “ntl
lsnl0) = NXDN, = 0l =) 3 A1)+ b O
1 A(n) 7
+ 0(5—) 3 [An()|+ 0
Py(n)

Z NmApm. By Abel’s Transformation we have

4.2)

4.3)

4.4)

4.5)
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If we consider A, (=) = Ay, (=95 ) 4 Py () A (L) then

A(n) 0 A(n) A(n) A(n) 1
> || = An(ZE) [+ Pay D A=)
m=n+1 m=n+1 m=n+1
A(n) A(n)
U Py
= A (2| + O(22) (4.6)
m=n+1
Due to (3.8) of Lemma 3.4, we know that
A(n) U)\(n) ) —1
D A=) =001) Y |Ap (4.7)
m=n+1 k=0
and
n U (n) A(n)—1
> A =0(1) > |Apgl. (4.8)
m=1 k=0
Taking into account (4.5)-(4.8) and the condition (i) of Theorem 2.3 we obtain
[sn(f) = N2 (N, =Om™H). (4.9)

Therefore, by using (4.9) and Lemma 3.6 we get (2.2) for the case (i).

Similarly, we prove the case (ii). Namely, by considering Lemma 3.6, (3.9) of Lemma 3.4,
(4.5) and (4.6) we obtain (2.2) under the condition (ii) of Theorem 2.3. Accordingly, the proof
of Theorem 2.3 is completed. O

Proof of Theorem 2.6. By using (4.1) and Abel’s transformation, we have

Ny (f.x) = fz) =

)—m {sm - f(x)}

A(n)
1
= m+1)An, Sk —
P 3 0t Dbl ) g 3
1 A(n)
= 5> M+ DAu@sp)-m) (om(f,2) = f(2).
An) m=0
If the norm || - ||; of each side is taken and by using the result of Quade [8] for p = 1 and
0 < a < 1, Lemma 3.5, we get
1 A(n)
IN2CH) = fll < 5 22 0m o D Am sy lom (D) = S
") m=0
T
(m + l)m_a |Am(p>\(n)7m)‘
Pam) g::o
—any M)
(A(m) +1)! "‘)
= O|—F—— A (PA(n)—m
< Py Z:\ (Pam)-m)]
) ) SR
= o(BF— )Z|Apm|— (A0)™)
by suitability p_; = 0 under the condition of theorem. O

Proof of Theorem 2.8. Since

fa) = Ry(fiz) =

= sm(f, 7)), (4.10)
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therefore, in view of Abel’s transformation, we obtain

n A(n)—1 m
D oon(f(@) —sm(fix) = D (m+1D)(f(2) = om(f32)Apm > _(f(2) = sm(fs2))
m=0 m=0 k=0

+A) + Dpa) (F(2) — o (F12)).

After continuing with the norm from here, by considering (2.4) and Lemma 3.5, we have

A(n)—1
If = R < Pl( > (m+ DG~ oD
") m=0
“*?} DB~ (£l = A1 = ool Dl
Aln )\(n)
A(n)—1 n
DA = o)+ I gy
m=1 An)

n

l—aq Mn)=1
—o<“;j()) ) D 1A + 0@ ™) = O(Am) ™)
n m=0

Thus, this yields (2.5). O

Proof of Theorem 2.11. Letp > 1 and 0 < o < 1. We have

f(@) = R)(fi2) =

) = sm(f,@)).

Accordingly, we get the expected result from Lemma 3.2 and Lemma 3.6 by combining the
conditions (i) and (ii):

I1F = B ()l <

Pl

O

Proof of Theorem 2.12. If t,(x) is a trigonometric polynomials we have s,,(t,,z) = tm(z)
when m < n. Hence,

sm(fy2) —tm(x) = s (f, ) — sm(tn,x) = s (f — tn, ).
From integral representation of partial sum of Fourier series we have

2w

sl = tnsa) = & [ {1+ 0) = talar + 1)} D (u)d

0

and
Rz f» - nv )
|
. ;Opm /{fz—i—u ) — tn(2 + )} Dy (w)du
27
= %/{f(eru)—tn(eru)}Ké(u)du 4.11)

0
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where D, (u) is Dirichlet kernel and

K/\

Let us take ||.||, norm of (4.11) and by general form of Minkowskii inequality we have

27

_ / /{f W)= oz + w)} K (u)du|de
| 27 1 2w 1 27T
< (W/|K,§(u)|du) <%/|f(x)—tn(a?)|dl‘> :;Ilf—tnlll/lKé(U)ldu
0 0 0
, 7/A(n) n 5
=217 = tall / | KX (u)| du + / (Ko ()| du | = = || f = tall, (1 + 1),
0 m/A(n)

After this, by considering the method in [6, p. 13], we will complete the proof. Let’s estimate /.
For 0 < t < 7/A(n) < 7/n, from Jordan’s inequality, (sin(t/2))~! < n/t, and sin(n + 1)t <
(n+ 1)t, we have

7/A(n) /A(

O(l) m/A(n) A(n)
I = / |Kﬁ‘(u)|du: Prm / E pm(m+1)|du = O(1). 4.12)
A(n

We know that if ((n+1)""p,) € HBVS, then ((n+ 1)""p,) € AMIS and hence (p,) €
AMIS. Therefore, by using again Jordan inequality and taking into account (2.1), we get

s s )\(n)
Jp = / | K ()] du = g(l) / 1 me sin(m + ;)u du
An
7/A(n) R R
oy [ 1
Pan / DA U du=0(1) (4.13)
w/A(n)

On collecting the above results (4.12) and (4.13) we thus get

- )”.f thl' (4-14)

m=0 1

By using (4.14) and Lemma 3.7 in the case p = o« = 1 we have

If = Ba(N], =00 +||f

(4.15)
1

In view of Lemma 3.7, (p,) € AMIS and (2.1), we see that the norm on the right of (4.15) is

1 A(n) 1 A(n)
— 5 2 Pmtm| < 5= pullf ~ tul:
A(n) =0 | A(n m—0

=t +0( 20 I = bl

>

(n)

1)_1pm+0(n_1)'

m=0
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By applying Abel’s transformation on the last sum, we observe that
Aln)—1

>

1
P(n)

pm
A+ 1)

If =Ry, =00~ +

> (k+ 1)

0

m
k=

A ()

it D)7 +0(n™"). (4.16)

m=0

Since ((n + 1)~"p,) € HBV S, it follows that

A

—~

n)—1

At

(m 1)77 =0 (()\(TL) + 1)77727)\(71))

S

and owing to (2.1), from (4.16), we get (2.6). Therefore, Theorem 2.12 is proved. O

The proofs of Corollary 2.5 and Corollary 2.10 are clear from Theorem 2.3 and Theorem 2.8,
respectively.
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