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Abstract. Our aim here is to prove nonexitence results for systems of the following type:

|

ug + |z|*(—An) = (anw) = f(n,t)|v|P

v+ 2l {(~8a) F (a21w) + (~Am) F (a220) } = A, ) ]

wi+ o { (~A) ¥ (a31) + (~88) F (a320) + (~8m) * (azzw) } = kn, 1) ul,

where Ay denotes the Kohn-Laplace operator on the (2N + 1)-dimensional Heisenberg group H.
Our method of proof is based on suitable choices of the test functions in the weak formulation
of the sought solutions.

1 Introduction and preliminaries

In this article, we are concerned with the nonexistence of global weak solutions of the following
system:

e + |2 (—~Ag) T (aru) = f(n,8)[of?

ve + [l {(~8) ¥ (az1u) + (~a1) F (a20) | = h(n, D]l (L1

ay

we+ [ {(~82)F (asiw) + (~8m) F (axv) + (~A) ¥ (azw) } = k(. Dlul”

where p, ¢, » > 1, with the initial data

u(n,0) =uo (n),v(n,0)=vo(n) ,w(n0)=wo(n), n=(z,y,7).

Here Ay is the Kohn-Laplace operator on the (2N + 1)-dimensional Heisenberg group H. The
fractional power of the Laplacian on the Heisenberg group (—AH)%7 0 < a; < 2 accounts for
anomalous diffusion and is to be defined later. «, 5,y > 0, a;; measurable, positive and bounded
functions and the functions f, h, k are assumed to satisfy:

|f (R®n, R*t) | ~ R, |n(R9, R*t)| ~ R*; |k(R®n, R*t)| ~ R".

Our article is motivated by the recent paper by R. Kellil and M. Kirane [4] which deals with
nonexistence of global weak solutions of a system of wave equations on the Heisenberg group.
A similar system was investigated by A. Hakem and G. Abdelkader ([7]) on (0,7") x R".

The purpose of this present paper is to investigate the nonexistence of global nontrivial solu-
tions for system(1.1). The method used to prove the blow-up result is the test function method
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considered by Mitidieri and Pohozaev ([10],[11]), Pohozaev and Tesei [9] and Kirane et al [5].
Before stating our main result and for the reader convenience, some background facts used in
the sequel are recalled.

The Heisenberg group H whose points will be denoted by n = (z,y,7), is the Lie group
(R?N*1: 0) with the non-commutative group operation o defined by

non' =(x+a"y+y,7+7" +2(x-y -2’ y)),
foralln = (x,y,7),7 = (2/,y',7') € RN xRY xR, where - denotes the standard scalar product

in RV, This group operation endows H with the structure of a Lie group.

The Laplacian Ay over H is obtained from the vectors fields

P P P P
X, = — 4Dy — Vie — —Dp.—
T o, TG, and Yi=go - 2wign

fori =1,2....., N as follows
N

AH:Z(X§+}QZ).

i=1
Observe that the vector field T = a% does not appear in the equality above. This fact makes
us presume a "loss of derivative" in the variable 7. The compensation comes from the relation

[X;,Y;] = —4T, i,j€1,2,3,....,N.

The relation above proves that H is a nilpotent Lie group of order 2. Explicit computation gives
the expression

N
2 G o Y
3= (5 * g+ Wamgr ~igygr A g )

A natural group of dilatations on H is given by
ax(n) = Az, Ay, \27),  A>0,

whose Jacobian determinant is A<, where @ = 2N + 2 is the homogeneous dimension of H.
The operator A is a degenerate elliptic operator. It is invariant with respect to the left translation
of H and homogeneous with respect to the dilations d,. More precisely, we have

Au(u(non)) = (Auu)(non'), Am(uo y) = N (Agu) o dx,m,1" € H.

The natural distance from 7 to the origin is introduced by Folland and Stein, see [8].

N 2\ 7
mle= |7+ <Z(w? +y3)> :
i=1
1.1 Fractional powers of sub-elliptic Laplacians

The representation of the fractional power of (—Ag)?® is given by the following theorem:

Theorem 1.1. The operator Ay is a positive self-adjoint operator with domain Wﬁﬂ’z(H). Denote
now by E()) the spectral resolution of Ay in L>(H). If a > 0, then

+o00 N
_ / NEAE(N),
0

R

(—Am)?

with domain e
Wi ?(H) = {v e L?(H); / A d(E(\)v,v) < oo} :
0

endowed with graph norm.
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Proposition 1.2. (/1]) Assume that the function ¢ € C§° (R2N H) then

o0” (—Au) T > (—Au) % o7, (1.2)
holds point-wise.

Lemma 1.3.( [1]) Let f € ! (RZNH) and fRZNH fdn > 0. Then there exists a test function

w0, 0 < ¢ < 1 such that
/ fedn > 0.
R2N+1

Letus set Hy = H x (0,7) and H = H x (0, c0). We also consider

Ly <’HT;f(n,t)dndt> = {u Hr — R// F(n,)|u|Pdndt < 400 for any compact K C HT}.
K

2 Main results

Definition 2.1. A local weak solution of the system (1.1) is a triplet of functions (u, v, w) such
that

u € C([0,T]; Lioe(H)) N C((0,T); Li,e(H) N Li,e(Hs k(n, t)dndt)) ,

v € C([0,T]; Lipo(H)) N C((0,T); L}, (H) N L}, (H; f (1, t)dndt)) ,

loc
and
(H; h(n, t)dndt)),

loc

we € ([0.T]: L, (H)) N € ((0.T): L, () N L]

subject to the initial data ug,vo, wo € L}, (R*V*1) satisfying the equations

7/ “satd”dH/ ayulz|®(~Ag) Fodpdt = [ f(n;t)|oPedndt
Hr Hr Hr

2.1
+A%WMMW%
- / vpudndt + / anule)?(—Am) F pdndt + / anolel® (—Au) F pdndt
Hr Hr Hr
2.2)

:/ h(n;t)\wlqwdndH/vo(n)w(n,())dm
Hr H
and
- / wiprdndt + / asvula] " (—Am) ¥ pdndt + / asyol]? (—g) % pdndt
Hr Hr H

T (2.3)

+/ mmwvmw%Mﬁ=/AmmwwMﬁ+/mmwmmm
Hr H

Hr

for any regular test function ¢ with ¢(.,7) = 0, ¢ > 0. The solution is called global if 7' =
~00.

We now state the main result in this paper.

Theorem 2.2. Let (ug, vo, wo) € L' (H) x L' (H) x L!(H) suppose that

/wwm>a /%W@>Q(/%WW>0 2.4)
H H H

If
Q < min{\;} —2, 1=1,...,6 (2.5)
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where
_ 4l —a) _ mtaqles —v) _v+plas —B)
)\1_77 A4_77 >\2_77
r—1 qg—1 p—1
_§+r(aa—9) _Etr(ae—5) _ vtplas—v)
r = Strtaamn) St = p) oy v plas =)
r—1 r—1 p—1

then the system (1.1) does not have a nontrivial weak solution.

Proof. The proof is by contradiction. For that, let (u,v,w) be a solution and ¢ be a smooth

nonnegative test function such that

L
7

.A(k‘,?”) = </H |k;_:gpg_rl|<ptlr/d’l]dt> N

T

Bk, r) = ([ 16l I o |- ¥ ol anat
H
Taking ¢?, o >> 1 instead of ¢ in (2.1), we have
*/ u(‘Pa>td77dt+/ auUII\"‘(*AH)%‘sﬁ"dndt=/ f(n.t)v[Pe?dndt
H H H

+Awwwmmm

Invoking (1.2) and (2.5), we get
/ f(n,t)v[Pe?dndt < 0[/ |ul” " i | dndt
H H

+ [ |:c“an|u|go“1|<—AH>“2‘@dndt}
H

Using the Holder inequality, we obtain

1

[ s ool oanat < C[M(k,r) T Blk.ayanr) ( / |k||uwdndt) }
H H
Similarly, we have the estimates

/H B, )l dndt < O[A(f,m + B(f,5,a3,p) ( /H |f||v|w'dndt) }

1

. C{B(k’ﬁ’az’r)) (/H k|u|mp"dndt)f }

and

[ kOl < C(A(h0) + Blh 7, 06,0) ( / |h|w|wdndt)
H H

+CB(k,v,aa,r)) (/ |k||u|”<p"d77dt) '
H

1

+0B( s ([ Irleperanat)”
M

for some constant C' > 0. For the simplicity let us set

1

2= ([ loprgranar)".
H

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

@2.11)

(2.12)

(2.13)
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7= ( / |h||wqwdndt)q, 214
H

L= (/ k|u|*¢’dndt> " 2.15)
H

Here C denotes a constant that may change in different occurrences. Then the above inequalities
may be written as

P <c [.A(k‘, r) + B(k, o, aq, r)} L (2.16)
Ji<c [(A(f, p)+ Bf. . s, p))I + Bk, B, . r))z:} 2.17)
rr<c [(A(h, 0) + Blh v, 06,0)T + Bk, v, as, ). + B(f. 7, as,p»z] AT

Using the e-Young inequality and the inequality
(a+0b)? <29"Ya® +0%); 0>1,

to the right hand side of (2.16), (2.17) and (2.18), we obtain

v <C [CE (A" (k,r) + B (k,a, a1, 7)) + s/j’“} (2.19)

J1<C [@(Aﬁ’(f, p) + BY (£, 8,03,p) + I + C.B" (k. B,a,7)) + s.cr] (220

and

£ <c [@(Aq’(h, q) + B (h, 7, a6,q)) + T4+ CB" (k, 7, o, r)}
2.21)
+C [Eﬁ + C.BY (f,v,as,p)) + eI”} .

Combining the above inequalities, we deduce the estimates

v <C {Arl(k:,T) + B (k, o, o1, 1) + Aq/(h7q)}
+C [Bq’ (hy 7y, a6, ) + AP (f,p) + BY (£, 5, ag,m} (2.22)

+C |:Br/(k7 Ba Qo, 7’) + Brl(ka’%ahr) =+ Bp,(fv s Ck5,p)j| )

and
J? < C’[.AT/(k,r) + B (k,a, o1, 7) + A7 (h, q)]

+C [BQ’ (h, v, a6,9) + A (f,p) + B (f, B, a3,p>} (2.23)

+C |:B7-/(k757 azaT) + B7.l(k777 4, T) + Bp/(f7’77 aSap):| )
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also

e [AT’(k, ¥) 4 B (ks ar,r) + A7 (b, qﬂ
+C [Bq’ (h,v,a6,9) + AP (f,p) + B¥ (£, B, 043,10)} (2.24)

+O[ (ks Bz, >+Br’<k,ma47r>+Bp’(f,v,as,p>].

Now, let us consider the test function

2 a4y + 2
p(n,t) =P ( 7 ) ,
where R > 0 and ® € D([0, +o0]) is the standard cut-off function
1, 0<r<i1
P(r)=¢ \,, 1<r<2
0, r>2.

Set
Q= {(n,t) €M x (0,00), 0<%+ [x|*+ |y|* + £ < 234}.

At this stage, we use the scaled variables
F=R%r, Z=R'2, §=R'y, T=R. (2.25)
We obtain easily the estimates

|A(k,7)] < CR™, |A(f,p)| <CR™, |A(h,q)| <CR™,
\B(k,o;a1,7)| < CR%, |B(f,8,a3,p)| < CR%, |B(k, 8,02,7)| < CR%, (2.26)
1B(h,~, a6, q)| < CR™, |B(k,~,as,7)| < CR%, |B(f,7,as,p)| < CR%,

with )
1 _
o1 = ,( —&r 2r’—|—2N—|—4>, 02:,( vp —2p'+2N+4>,
r P\ p
1
"3_q/< —1g’ —2q +2N+4>
1 / 1 /
olz,(mgrw +2N+4) (plypoz3p/+2N+4),
T T p p
1 / 1
93:/<ﬁr’—&—a2r’+2N+> (q—ﬂq a6q'—|—2N+4),
T T q q
1 / 1 '
95_,<w’—§r—a4r+2N+4> /<'yp—yp—oz5p +2N+4)
T T p P

From (2.22)-(2.24) and the above estimates, we get

7P <C [RC’IT’ + RO 4 Rosd’ 4 RO’ 4 Rowr’ | RO’ 4 R’ 4 RO 4 R*’ﬁp’] . (227

Ji<C [R“”"’ 4+ RO 4 Rosd’ y ROsd’ 4 gowp’ | RO’y pOs L posT Reﬁp’] . (2.28)
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and
L <C [RUIT’ + RO 4 Rosd’ y ROad’ 4 o’ RO’ 4 RO 4 RO R’ (2.00)

From the condition (2.5) and by letting R — oc in (2.27)-(2.29) and using the dominated con-
vergence theorem, we arrive at

/ |fl|lv|P¢”dndt =0, whereupon v =0,
H

and
/ |h||w]?”dndt = 0, whereupon w =0,
H

also
/ |k||u|"¢”dndt =0, whereupon u =0.
H

This is a contradiction. This completes the proof.
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