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Abstract This paper we deals with the study of a complex system which consists of two
subsystems in a series configuration. The subsystem 2 is connectdusystem 1 in a series
configuration. The subsystem 1 has two identical units in parallel coatignrand subsystem
2 has one unit connected in series with subsystem 1. A human operat@tegpthe system,
and human failure is considered to damage the entire system completebilukb rates are as-
sumed to follow exponential distribution and repairs follow two types of distidn general dis-
tribution and Gumbel-Hougaard family copula distribution. Supplementanables technique
is employed to studies the system, and the various measures of reliabilibgiage discussed
such as Availability of system, reliability, MTTF, and profit benefit by @trem of the system.
Some particular cases have been highlighted by taking different valda#uoe rates. Graphs
demonstrate results, and consequently, conclusions have been done.

1 Introduction

The system reliability plays a vital role in almost all manufacturing industnesosganizations,
where different types of equipment are being produced or manuéxt In the past, many
researchers and scientists have designed various types of mathématieds and proclaimed
their validity under reliability characteristics. The system security has axtnstudied by
various researchers including Govil]] Cui and Lin [6], Gupta and Sharmal{] and many
others using the supplementary variable and Laplace transform. Blheystudied the reliability
measures of complex systems by taking different failures and oraér iggility. It is a well-
known fact that whenever partial failure arises it degrades the eftigigystem and there is also
more possibility of complete damage to the entire system, which may harmgieization and
even it might be a risk to the human life. In the other hand, if the failed sy&terot repaired
in appropriate time it will cause a huge loss to the organization. Thus, &sgigne repair
to the failed system is not a good policy. There are many situations in realifere more
than one repair is possible between two adjacent transition states. Whendhikility arises,
the system should be repaired by employing copula. Redundancy piaysparative role in
system reliability. The system reliability can be improved by including somer@aht units
in the system together with the main operating unit. Various authors have dthdieomplex
system under the redundant unit and have established that the sy&#dilityeincreases by
adjusting some redundant units with the system. Ibrahm Yusuf etShktidied a three unit
redundant system with three types of failure, and a comparative sfuttyee different cases
have done for various failure rates. Singh etlal[examined reliability characteristics of a
complex system consisting 3 units as Super Priority, Priority and Ordinatgrupre-emptive
resume repair policy using supplementary variable technique underajeepair. Singh et
al.[15] studied availability, M.T.T.F and cost analysis of a complex system hgawo units in a
series configuration with controllers and human failure under conceptt®l-Hougaard family
copula distribution. Most of the electronic equipment consists of switchsasitdh failure have
its own importance in system configuration. In continuation to the study ofdaht systems,
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Dalah et al. P] studied reliability measure of a two unit standby system under the contept
switch failure using copula repair.Ram et alZ] ptudied the stochastic analysis of a standby
system with waiting repair strategy.

Redundancy and repair are the most important aspects of improvinglthbility of the
system. It is composed of techniques for increasing effectivenessgh reducing failure and
repair rates respectively. The researchers who extensively stsgli¢éein security and the re-
liability measures of the repairable complex system considered variduefaand one repair
policy. A system is composed of subsystem and reliability of the entire systéepends on the
reliability of subsystems and the configuration. It is a well-establishedHhatevery subsystem
must survive to survive the system. Negi and Sidghpnalyzed a non-reparable system with
weighted subsystems connected in a series configuration with the carficeptersal generat-
ing function. Singh et al. 18] studied a multi- state k-out-of-n type of system and emphasized
on 2-out-of-3: G; system for computations as special cases. Wawarthe product is a most
attractive business policy for an organization which attracts custometiatteRam Niwas and
M. S. Kadyan [L2] studied the reliability modeling of a maintained system with warranty and
degradation using supplementary variables technique. Kadyan &t atuflied availability and
profit analysis of feeding system in sugar industry using the supplemyeraables introducing
method of conversion from non-Markova process to Markova p®ice

Researchers have designed various types of system and proclaenedidity of those per-
formances. Though the authors in the past have studied differerg kinglystems and extend
the research work done by their predecessor, there arises a nededydwsther in this field.
Thinking this need in view in the present paper we decided to focusedumy sf a complex
system which consisting of two subsystems Subsystem 1, and subsysfEne 2ubsystem 2
is connected with the subsystem 1 in a series configuration. The subsy$tasntwo identical
units, but the subsystem 2 has a single unit. Initially, in sfateboth units of subsystem 1 and
subsystem 2 are in good condition. After the failure of any unit of subgsy4, the other takes a
load of failed unit, and the failed unit gets a repair. If the second unit ofystem is also failed
before replacement of the previous unit, the system will be in completedaihode. If both
units of subsystem 1 are good and subsystem 2 fail then, it will also bdire &iled state. If
one unit of subsystem 1 is in good and subsystem 2 failed then, the sydterisovbe in failed
state. A human operator operates the system then human failure mayasmabse of system
failure. Whenever the system is in partially failed state i.e. operational witheffigiency, it
is repaired by using general repair, but the entire failed state is needed tepair quickly, so
these states have been corrected by copula distribution more preciseheGHougaard family
copula distribution. The various interested and required measurestefisyeliability have been
discussed. The results have computed for different values of faihdeepair rates. The paper
is organized in following the sections: Section 1 of the paper is introductestiosn 2 of the
paper leads to mathematical modeling of the paper, while section 3 of isag®lytical section
in which the various reliability measures like Availability, Reliability, MTTF, andtanalysis
has been calculated for different values of parameters. Table apthggdemonstrate results.
Finally, in section 4 we concluded the study.

State Description

+ So: In stateSp both subsystems are in good working condition. The system is in perfect
state operational state.

«+ S1: The stateS; represents that the first unit, of the subsystem 1 fail and subsystem 2 is in
good condition. The state is under general repair, and the system isratiopal mode.

+ S,: The states, represents an entire failed state after failing both units of subsystem 1. The
system is under repair and Copula repair {Gumbel-Hougaard} famibyleois employed
to the failed state.

» S3. The state represents that the system is in the complete failed state due ® ifailur
subsystem 2. Though the both units of subsystem 1 are in good conditiensystem is
under repair using copula distribution.
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« S4: The state represents that the system is in complete failed state due to faBulesirs-
tem 2 after the failure of one unit in subsystem 1. The system is under tesirag copula
distribution.

+ Ss: The state represents that the system is in a complete failed state due to failoran

which is assumed to complete damage the system. The system is undiensempcopula
distribution.

2 Assumptions
The following presumptions have been taken throughout the study ofevettical model.

« Initially, in stateSyp the system is in good working condition. Both subsystems are in good
operational condition.

+ The system can perform a task if any one unit of subsystem 1 is in gowlitiom together
with the subsystem 2.

« Human failure fails the system, and due to human failure, the system gaesnfolete
failure mode.

+ The system fails if both units of subsystem1 fail.
« Itis assumed that repaired system works as a new and nothing is dachaggg repair.
« Only one change is allowed in one state at a time.

« All failure rates are constant and assumed to follow exponential time distib

Notations
« t: Time variable on time scale.
+ s: Laplace transform variable for all expressions.

« 2)\/A//A1/An: Failure rates for the units of subsystem 1 / subsystem 2/failure ratet® due
human failure

* ¢x)/pno: General repair rates for degraded states / complete failed states.
« Py: The probability that the system is in perfect st&ge
. P(s): Laplace transformation of state probabilit).

« P;(z,t) : The probability that a system is in stafe for j = 1to 5; the system is running
under repair and elapsed repair time:jg.

* E, ) : Expected profit during the time intervil, ¢).
+ K3, K> : Revenue and service cost per unit time respectively.

« uo(z) : The expression of joint probability failed staté to good stateS, according to

Gumbel-Hougaard family copula is given @g(uy,), uz(,))=exp[z? + log go(x)e}% where,
up = p(z), up = €* andd is a parameter X 0 < oco.
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Figure 1. state Transition Diagram

3 Mathematical Formulation of M odel

By the probability of considerations and continuity of arguments, we olatdimefollowing set
of differential equations governing the present mathematical model.

(Zr2nwn) = [ oA [ P+ (3.1)

/0 " o) Pa(, e + / " o) Palar, e + / " o) P, e

(% + % + A+ M+ o@)Puz,t) = 0 (3:2)
(&t L @) Paat) = 0 (33)
(St Lt @) Pofat) = O (3.4
Ot L) paet) = 0 (3.5)
0 0

(a + % + No(x))Ph(xat) = 0 (36)
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The Boundary conditions are as follows

Pi(0,t) = 2\P(t) (3.7)
Py(0,t) = 2)\%P(t) (3.8)
P3(0,t) = MPo(t) (3.9)
P4(0,t) = 2 \\Po(t) (3.10)
Pu(0,1) = (14 20)P(t) (3.11)

taking Laplace transform of equationsX®(211) under the assumptiori(0) = 0 one can get
the following results:

(54 20+ M) Bo(s) = 1+ /0 ~ (@) Pu(x, 5)da + /O " o) P, s)der + (3.12)

/0 " piole) P, s)d + /0 " () Pal, s)dz + /0 " o(@) Pa(a. 5)d

(s+8%+A+A1+¢<x))151(x,s) =0 (3.13)
(5 + o+ o)) Pl ) = O (3.14)

(5+ o+ po(a)) Po(a,5) = O (3.15)

(s + o+ po(a) Pala,s) = O (3.16)

(5 + -+ o)) Pula,5) = O (3.17)
Pi(o,5) = 2)P,(s) (3.18)

Ps(o,s) = 2\2P,(s) (3.19)

P3(0,s) = AsP,(s) (3.20)

Pi(o,s) = 2M\A1P,(s) (3.21)

Pu(0,5) = An(1+ 2\ Py(s) (3.22)

B - ﬁ (3.23)
FONS ;és)l_fﬁszi?gfgw 52
e 5?:)1—%10(5) (3.25)
e %1—%;0(3) (3.26)
A = 24175l o
e Ah(l];;)ZA)l—?o(S) (3.28)
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D(s) = B—2\A+48)25,,(s) + A (1+ 2))S,,o(s) Po(s) (3.29)
Piown = 1-P,, (3.30)
Py = Po(s)+ Pis) (3.31)
A = Sy, (s+ X+ Aw+ D) (3.32)

B = (s+2\+ X1+ ) (3.33)

3.1 Availability Analysis

For particular cases the study of availability is focused on the followingscagken repair
follows exponential distribution

: a8 011 __eaple’+logp(a)’]? _ s _
Settlngsﬂo(s) - Se[fl' +|ng(x) }9(8)' S,Ufo(s) - s+ezp[m9+I09w(w)9]% ! S¢ T s+ asA =
0.02 A1 =002 )\, =0.0126 = 1,z = 1, in equation (2.31), then taking the inverse Laplace
transform, one can obtain

Availability = —0.040896 1029000 _0 005358 27722 1.0.0313% 101894 1 00417 ~0.0123¢

(3.34)
For,t = 0,10,20,30,40,50, 60, 70,80, 90 units of time, one may get different values of avail-
ability as shown in table 1 and corresponding Fig.2

Tablel. Variation of Availability with respect totime

Time(t) | Availability
0 1.000
10 0.887
20 0.783
30 0.692
40 0.612
50 0.540
60 0.477
70 0.421
80 0.372
90 0.329

1.1
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Figure 2. Availability as a function of time (t)

3.2 Réliability Analysis

Taking all repair equal to zero in equati¢231) and taking inverse Laplace transform, we have
expression for the reliability of system and for given values of failutesta = 0.02,
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A1 = 0.015 )\, = 0.012 in equatior(2.31), one can get expression of reliability of system as
Reliability = —0.0727272 00320000 | 1 727272 ~0.045000 (3.35)

Table 2 Variation of Reliability with respect to time

Time() | Reliability
0 1.000
10 0.681
20 0.436
30 0.270
40 0.177
50 0.011
60 0.072
70 0.045
80 0.029
90 0.018
10 0.011
—m=— Reliability
§ .
L N
0z \'““H-H
) 20 o Time:) a0 100

Figure 3. Reliability as a function of time

3.3 Mean Timeto Failure Rate M.T.T.F

Taking all repairs zero and the limit as s tends to zero in equat@ihfdr the exponential
distribution, one can obtain the M.T.T.F. as
1 3N+ A+ Aa

MTTF = .
BN+ A A+ A1+ Ay (3.36)

Setting,\; = 0.02 )\, = 0.12 and varying\ as

0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09 in equation (33) one may obtain Table 3 whose
column 2 demonstrates the variation of MTTF with respect to failure xagetting\=0.01,
A,=0.012 and varying\; as: 001, 0.02,0.03,0.04, 0.05,0.06,0.07,0.08,0.09 in equation 33

one may obtain Table 2 in which the column 3 demonstrates variation of MTitFF@spect to
the failure rate\;. Settingh = 0.01,\; = 0.02 and varying\;, as:
0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09 in equation 33 one may obtain Table 2 and its
column 4 demonstrates variation of MTTF with respect to failure kgte
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Table 3. Variation in values of MTTF with respect to failure rates

Failure Rate| MTTFX | MTTFXA, | MTTF),
0.01 35.14 38.69 37.50
0.02 25.57 35.14 28.00
0.03 19.29 32.96 22.22
0.04 15.99 31.49 18.36
0.05 13.70 30.42 15.62
0.06 12.00 29.61 13.58
0.07 10.68 28.98 12.00
0.08 09.63 28.47 10.74
.r\\\

35 ‘\ e
] -_______.____—q
30 '———__,____‘
\\ T—e— . &,

20 -

MTTF

| .
10 - Bt q:—:—_h:=_‘“———4 A,
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3 T T T T 1
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Figure 4. Variation of MTTF with respect to failure rates

3.4 Cost Analysis

Let the service facility be always available, then the expected profit gitine interval[0, ¢) is

E,(t) = K1 fg P,p(t)dt — Kot. For the set of values of parameter of equatiodil? one can
obtain the expression for expected profit of system in the intédya) as

E,(t) = K10.039744 102 4 0.0019604 27182 (3.37)
—0.0307527 101993 _ g1 00037 012397 | 802212 K2

SettingK; = 1 andKk,=0.5,0.40,0.30,0.20, 0.1 respectively and varying= 0, 10, 20, 30, 40, 50, 60,
70, 80,90, 100 units of time, the results for expected profit can be obtain as shovabla 7 and
the graphical representation in corresponding figure 5.
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Table 4 Computation of expected profit for different values of time

Time (t) kp=05| k=04 | k=03 | kb=02| k=01
0 0.0 0.0 0.0 0.0 0.0

10 3.665 4.665 5.665 6.665 7.665
20 7.008 9.008 11.008 | 13.008 | 15.008
30 9.378 12.378 | 15.378 | 18.378 | 21.379
40 10.889 | 14.889 | 18.889 | 22.889 | 26.889
50 11.641 | 16.641 | 21.641 | 26.641 | 31.641
60 11.722 | 17.722 | 23.722 | 29.722 | 35.722
70 11.211 | 18.211 | 25.211 | 32.722 | 39.211
80 10.176 | 18.177 | 26.176 | 34.176 | 42.176
90 8.679 17.677 | 26.679 | 35.679 | 44.679

Figure5. Expected profit as function of time

3.5 Interpretation of Resultsand Conclusion

Fig.3 provides information how the availability of the repairable systemgdmmwith respect to
the time, when failure rates are fixed at different values. When faiaies rare fixed at lower
valuesh = 0.01, \; = 0.02, \;, = 0.012, availability of the system decreases and ultimately
becomes steady to the value zero after a sufficient long interval of timecey one can safely
predict the future behavior of a complex system at any time for anyhgieeof parametric
values, as is evident by the graphical consideration of the model. Ailaylads system for
which human failure is ignored is decreases up to time60, but it again start increasing
again. In fig.4 provides the variation in reliability of non-repairable systeiq.5, yields the
mean-time-to-failure M.T.T.F. of the system with respect to variatiok, iky and )\,
respectively, when the other parameters have been taken as combtamariation in MTTF
corresponding to failure rates, are almost is very high but correspondingi\to\; it is very
much close. When revenue cost per unit tilgis fixed at 1, service costs, =
0.5,0.4,0.3,0.2,0.1, profit has been calculated and results are demonstrated by gragshin
A critical examination from Fig.5 reveals that expected profit increassrespect to the time
when the service codt; fixed at minimum value @. Finally, one can observe that as service
cost increase, profit decrease. In general, for low service ceséxiected profit is high in
comparison to high service cost.
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