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Abstract: In this paper, we introduced the new notion of cubic weak bi-ideals of near-rings,
which is the generalized concept of fuzzy weak bi-ideals of near rings. we also investigated
some of its properties with examples.

1 Introduction

Zadeh [17] initiated the concept of fuzzy sets in 1965. Abou-Zaid [1] first made the study of
fuzzy subnear-rings and ideals of near-rings. The concept of bi-ideals was applied to near rings
in [14]. The idea of fuzzy ideals of near-rings was first proposed by Kim et al.[5]. Jun et al.[6]
defined the concept of fuzzy R-subgroups of near-rings. Moreover, Manikantan [7] introduced
the notion of fuzzy bi-ideals of near-rings and discussed some of its properties. Yong Uk Cho
et al.[16] introduced the concept of weak bi-ideals applied to near-rings. N. Thillaigovindan et
al.[15] introduced interval valued fuzzy ideals of near rings. Chinnadurai et al.[4] introduced
fuzzy weak bi-ideals of near-rings. Jun et al.[10] introduced the concept of cubic sets. This
structure encompasses interval-valued fuzzy set and fuzzy set. Also Jun et al.[12] introduced the
notion of cubic ideals of semigroups. Chinnadurai et al.[3] introduced the notion of cubic ring.
In this paper, we defined a new notion of cubic weak bi-ideals of near-rings, we also discussed
some of its properties with examples.

2 Preliminaries

In this section, we listed some basic definitions related to cubic weak bi-ideals of near-rings.
Throughout this paper R denotes a left near-ring.

Definition 2.1. [1] A near-ring is an algebraic system (R, -+, -) consisting of a non-empty set R
together with two binary operations called + and - such that (R, +) is a group not necessarily
abelian and (R,-) is a semigroup connected by the following distributive law: z-(y + z) =
z-y—+ x-zvalid for all z,y, 2 € R. We use the word "near-ring’ to means ’left near-ring’. We
denote zy insted of x-y. An ideal I of a near-ring R is a subset of R such that (i) (I,+) is a normal
subgroup of (R,+) (ii) RI C I (iii) (z +a)y —xy € I forany a € [ and z,y € R. A R-subgroup
H of a near-ring R is the subset of R such that (i) (H,+) is a subgroup of (R, +) (ii) RH C H (iii)
HRCH.

Note that H is a left R-subgroup of R if H satisfies (i) and (ii) and a right R-subgroup of R if
H satisfies (i) and (iii).

Definition 2.2. [7] Let R be anear ring . Given two subsets A and B of R, we define the following
products AB={ab|a€ A,b€ Bland Ax B = {(a’ +b)a—d'a|a,a’ € A, b€ B}.

Definition 2.3. [14] A subgroup B of (R, +) is said to be bi-ideal of R if BRBN B x RB C B.
Definition 2.4. [16] A subgroup B of (R, +) is said to be weak bi-ideal of R if BBB C B.

Definition 2.5. [2] A fuzzy subset p of a set X is a function p: X — [0, 1].
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Definition 2.6. [2] Let i and A be any two fuzzy subsets of R. Then pA is fuzzy subset of R
defined by

r=yz

sup min{u(y),A\(2)} ifz=yzforallz,y,z € R
(uA)(z) = _
0 otherwise

Definition 2.7. [7] A fuzzy subgroup u of (R, +) is said to be fuzzy bi-ideal of R if pRu N p*
Ru Cp

Definition 2.8. [1] Let R be a near-ring and p be a fuzzy subset of R. We say p is a fuzzy
subnear-ring of R if

(i) p(z —y) > min{u(z), u(y)}
(ii) p(xy) = min{u(z), p(y)} forall z,y € R.

Definition 2.9. [1] Let R be a near-ring and p be a fuzzy subset of R. Then p is called a fuzzy
ideal of R, if

(i) p(z —y) > min{u(z), p(y)}
(i) p(y +2—y) > p(@)
(iii) p(zy) > p(y)
(iv) p((z+ 2)y —zy) > p(z) forall z,y € R.

A fuzzy subset with (i) to (iii) is called a fuzzy left ideal of R, whereas a fuzzy subset with (i),(ii)
and (iv) are called a fuzzy right ideal of R.

Definition 2.10. [1] A fuzzy subset p of a near-ring R is called a fuzzy R-subgroup of R if
(i) p is a fuzzy subgroup of (R, +)

(i) p(zy) > p(y)

(iii) p(xy) > p(x) forall z,y € R.

A fuzzy subset with (i) and (ii) is called a fuzzy left R-subgroup of R, whereas a fuzzy subset
with (i) and (iii) is called a fuzzy right R-subgroup of R.

Definition 2.11. [4] A fuzzy subgroup p of R is called fuzzy weak bi-ideal of R, if

p(zyz) > min{p(x), u(y), p(2)}.

Definition 2.12. [2] Let X be a non-empty set. A mapping iz : X — D[0, 1] is called an interval-
valued (in short i-v) fuzzy subset of X, if for all z € X, 7u(z) = [u~ (x), " (2)], where x~ and
wt are fuzzy subsets of X such that = (z) < p*(z). Thus z(z) is an interval (a closed subset
of [0,1]) and not a number from the interval [0,1] as in the case of fuzzy set.

3 Cubic weak bi-ideals of near-rings

In this section, we introduced the notion of cubic weak bi-ideals of near-rings and dicuss some
of its properties.

Definition 3.1. A cubic set &/ = (fi,w) of R is called cubic subgroup of R, if
(i) 7i(z —y) = min{z(z), A(y)}
(i) w(z —y) < max{w(z),w(y)} Vz,y € R.
Definition 3.2. A cubic subgroup o = (i,w) of R is called cubic weak bi-ideal of R, if

() m(zyz) > min{f(z), m(y), (=)}
(i) w(zyz) < max{w(z),w(y),w(z)} Vz,y,z € R.
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Example 3.3. Let R = {a, b, ¢, d} be a near-ring with two binary operations + and - are defined
as follows:

a6 o &4
o0 O oo
o Qv oo
[ I s s N el K ¢)
o o 0 e
o0 o o

o O o |
C o v | T
O o » |0
oo o oo e

Then (R, +, ) is a near-ring.

Let i: R — DJ0, 1] be an interval valued fuzzy subset defined by z(a) = [0.8,0.9], 1(b) =
[0.6,0.7] and z(c) = [0.4,0.5] = fi(d). Then 7z is an interval-valued fuzzy weak bi-ideal of R.

Letw : R — [0, 1] be a fuzzy subset defined by w(a) = 0.2,w(b) = 0.4 and w(c) = 0.8 =
w(d). Then w is a fuzzy weak bi-ideal of R.

Hence & = ([, w) is a cubic weak bi-ideal of R.

Definition 3.4. Let <7 be cubic weak bi-ideals of near-rings R; for i« = 1,2,3,...,n. Then
the cubic direct product of «(i = 1,2,...,n) is a function iy X iy X -+ X fi, : Ry X
Ry X -+ X Ry, — D[0,1],w; X wy X -+ X wy : Ry X By X --+ x R, — [0,1] defined by
([Ll X [Lz X oo X ,[_L")(Il,zz, . ,l‘n) = min{ﬂl(zl),ﬁz(zz), .. ,ﬂn(l‘n)} and (wl Xwy X+ X
wn)(T1, 22, .-y on) = max{wi (z1),wa(x2), . . ., wn(Tn)}

Definition 3.5. Let </, = (fi1,w1) and <% = (fip,w>) be any two cubic subsets of R. Then 7 <%
is cubic subsets of R defined by:

sup min{(y),n(z)} ifz=yzforallz,y,z € R
(Rifi2)(z) = { ===

[0,0] otherwise
(ah)(x) =

T=yz

inf max{w(y),w(z)} ifx=yzforallz,y,z€ R
1 otherwise

Theorem 3.6. Let A = (fi,w) be a cubic subgroup of R. Then A = (fi,w) is a cubic weak
bi-ideal of R & AAAC A. (le,uppCpandwww D w)

Proof. Assume that A = (fi,w) is a cubic weak bi-ideal of R. Let z,y,z,p,q € R such that
x = yz and y = pq. Then

(zEmE)(z) = sup {min{(z @) (y), (=)} }

p {min {:;lgq min{7a(p), 7i(a) }, 7(2) }}

= sup sup {min{min{7(p),7i(q)},7i(2)}}

T=Yz Yy=pq

= sup {min{ﬁ(p), ﬁ(Q)a ﬁ('z)}

< sup 7i(pgz)
T=pqz

= 7i(x)

If x can not be expressed as = yz then (T i 77)(x) = 0 < 7i(x).
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Inbothcasesmmm C 7t
ww

(www)(z) = inf {max{(ww)(y),w(z)}}

=Yz

— inf {max{ inf max{w(p),w(q)},w(z)}}

=Yz Yy=prq

= inf yiilpfq{max{max{w(p)v w(g)},w(2)}}

=Yz

— i:r})gz{max{w(p),W(q)vw(Z)}

x

> inf w(pgz)
T=pqz

= w(x)
If 2 can not be expressed as z = yz then (w w w)(z) =1 > w(x).
In both cases w w w D w.
Hence AAAC A.
Conversly, assume that AAA T A holds. To prove that A = (7, w) is a cubic weak bi-ideal

of R.
For any z,y, z,a € R such that a = zyz then

A(ryz) = fi(a) > (A 7)(a)
= sup min{(7 77)(b), 7i(c)}

a=bc
= sup {min {bsllp min{u(p)w(q)},u(C)}}

= sup {min{7(p),71(q)}, 7i(c) }}

a=pqc

A(ryz) > min{z(z), f(y), #(2)}
w(ryz) = w(a) < (ww w)(a)
= inf max{(ww)(b),w(c)}

= inf {max{ inf max{w(p),w(q)},w(c)}}

a=bc b=pgq
= ai:r;)i;c{maX{w(p) ) W(Q) W (C) H

w(zyz) < max{w(z),w(y),w(z)}
Hence A = (f1,w) is a cubic weak bi-ideal of R. O

Theorem 3.7. Let o7 and @/ be two cubic weak bi-ideals of R then the product @/, </ is a cubic
weak bi-ideal of R.

Proof. Let o4y = (i}, w1) and 2% = ([i,, w») be two cubic weak bi-deals of R.
Since fi; and 71, are interval-valued fuzzy weak bi-ideals of R then

(ffir)(x —y) = sup min{7,(p), fir(q)}

T—Y=pq

> sup min{zz; (p1 — p2), (a1 — @)}
z—y=p1q1—p2@2<(p1—p2)(q1—q2)
(2)}}

p1), i (p2) }, min{7is (q1), 2o
p1), fix(q1) }, min{7z; (p2), fin (q2) }

)

> sup min{min{7;,

S

= sup min{min{z;

— i { sup min {7, o). o)) sup min o). o) |

T=p1q1 Y=p2q2

= min{ (7 i) (), (71 752) (y) }
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It follows that (71171, ) is an interval-valued fuzzy subgroup of R. Further

(11 10) (B 1) (7 i) = Ty T (B T 1 ) T
o (o i i ) i
i 2)

N 1N
7;\ t\

T
1(Haftn
(11 15p)

N

Therefore (1,11, ) is an interval-valued fuzzy weak bi-ideals of R.
Since wy,w, are fuzzy weak bi-ideals of R, then

(wiw)(z —y) = inf max{wi(p),wa(q)}

< inf max{wi(p1 — p2),wa(q1 — @2)}
z—y=p1q1—p2q2<(P1—p2)(q1—q2)

inf max{max{wi (p1), w1 (p2)}, max{wz(q1),w2(q2)} }

= inf max{max{w; (p1),w2(q1)}, max{wi (p2),wa2(q2) }

= max { inf max {wl(m), wr(q1)}, o max{wi (p2), wz(fh)}}

IN

= max{(wiw2)(z), (wiw2)(y)}

It follows that (wyw») is a fuzzy subgroup of R. Further

(wlwz)(wlwg)(wlwz) ES wlwg(wlwzwl)wz
D wiwa (wawawn )wa
2 wi (wawrwn)

2 (wiwn)

Thus (wiw») is a fuzzy weak bi-ideals of R. Hence @/ .«% = ((ji171,), (wiw2)) is a cubic weak
bi-ideal of R. o

Remark 3.8. Let 2 and @ be two cubic weak bi-ideals of R then the product 4.4 is also a
cubic weak bi-ideal of R.

Theorem 3.9. Let of = (i, w) be a cubic weak bi-ideal of R, then the set Ry = {x € R |
o (x) =(0)} (ie, Ry = {x € R | (x) = 1(0) and w(z) = w(0)}) is a weak bi-ideal of R.

Proof. Let o = (i, w) be a cubic weak bi-ideal of R. Let z,y € R,,. Then o/ (z) = &/(0) and
o (y) = <(0) (i.e.,) p(z) = w(0),w(r) = w(0) and 1(y) = 7(0),w(y) = w(0) Since @ is an
interval-valued fuzzy weak bi-ideal of R. we have i(z) = 72(0) and 72(y) = 1(0)
i(z—y) > min{z(z), 7(y)} = min{r(0),z(0)} = 1(0) and w is a fuzzy weak bi-ideal of R, we
have w(z) = w(0) and w(y) = w(0) then w(z — y) < max{w(z),w(y)} = max{w(0),w(0)} =
w(0). Thus z —y € Ry

For every z,y,z € Ry. Then &/ (2) = #/(0), &/ (y) = «/(0) and </ (z) = </(0). Since

) =

7 is an interval-valued fuzzy weak bi-ideal of R, we have fi(z) = 1(0), f(y) = 1(0) and
fi(z) = 7i(0) then 7i(zyz) > min{7i(z), i(y), f(y)} = min{7(0),72(0), 7(0)} = 72(0) and w is
w(z) = w(0) and w(zyz) <

a fuzzy weak bi-ideal of R, we have w(z) = w(0),w(y) = w(0),
max{w(z), w(y),w(z)} = max{w(0),w(0),w(0)} = w(0). Thus zyz € Ry .
Hence R, is a cubic weak bi-ideal of R. O

Theorem 3.10. Let {7 }ic . = (fi;,w; : ¢ € X) be a family of cubic weak bi-ideals of R, then
N % = < N &, U wi> is also a family of cubic weak bi-ideal of R, where A is any index set.
1EA PN [ASPN
Proof. Let {<}ic, = (fi;,w; : i € A) be a family of cubic weak bi-ideals of R.

Letz,y,2 € Rand () f(z) = (infm)(x) = Inf7(2), U wi(z) = (supwi)(z) =

1€ A 1EAN [ISPN

sup w; ()

1€A
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Since i, is a family of interval-valued fuzzy weak bi-ideals of R, we have
(7ile = y) = inf (e —y)
ISUN

> inf min{z, (), 7, ()}

— min {}Q{ 7 (x), inf ui(y)}

= min { ﬂ i (@), m Mz(y)}

1€ A ISPN
and w; is a family of fuzzy weak bi-ideals of R. we have
U wi(z —y) = supwi(z —y)
i€ A A
< sup max{w;(z),w;(y)}

[ISPN

= max {sup w;(z), sup wi(y)}

1EA 1EA
= max { U wi(x), U wi(y)}
[ISPN 1EA
Thus () < is a cubic subgroup of R.
i€
Again
() lev2) = inf 7 (oye)
[ASPN
—min { inf (o) inf 7). inf 7, ()}
PN [ISPN ISPN
and
U wi(ryz) = sup w;(zyz)
i€ ieA
< sup max{w; (), w;(y), wi(2)}
[ASPN
= max {supusa).supea):supes ()
1€ A 1€ A 1€ A
= max { U wi(z), U wi(y), U wl(z)}
1EA 1EA [ASPN
Hence () « = < N &, U wi> is also a family of cubic weak bi-ideal of R. ]
1€ A [ASPN [ASPN

Theorem 3.11. Let H be a non empty subset of R and of = (fi,w) be a cubic subset of R
defined by
_(1')2{ [pl,pz] ifre H

8 [q1,q2] otherwise
o (x) =

1—-p ifxeH
w(z) = .
1—¢q otherwise
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forall x € R, [p1,p2], [¢1,42] € D[0, 1] and p,q € [0, 1] with [p1,p2] > [q1,q],p > q. Then H is
a weak bi-ideal of R < < = (fi,w) is a cubic weak bi-ideal of R.

Proof. Assume that H is a weak bi-ideal of R. Let x,y € H we consider four cases:
(i) re Handye H

(i) xre¢ Handy ¢ H

(iii) v ¢ Handy € H

(ive¢ Handy ¢ H

Case (i) If € H and y € H. Then i(z) = [p1,p2] = fi(y) and w(z) = 1 — p = w(y). Since
H is a weak bi-deal of R, then z — y € R. Thus (z — y) = [p1, p2] = min{[p1, p2|, [p1, 2]} =
min{7i(z),7i(y)} and w(z —y) = 1 — p = max{l — p,1 — p} = max{w(z),w(y)}.

Case (i) If z € Handy ¢ H. Then u(z) = [p1,p2],5(y) = [q1,¢] and w(z) = 1 —
pw(y) = 1 —q. Clearly i(z — y) > min{7i(x), i(y)} = min{[p1,ps], [q1, ]} = [q1,¢2] and
w(z —y) <max{w(z),w(y)} = max{l —p,1 —q} =1 — ¢q. Now fi(x — y) = [p1,p2] or [q1, @]
accordingas z —y € H orz — y ¢ H. By assumption that [p;, p2] > [q1, ¢2] and p > ¢, we have
A(r —y) > min{zi(z), 7i(y) } and w(z — y) < max{w(x),w(y)}.

Similarly we can prove that case(iii).

Case(iv) If z ¢ Handy ¢ H. Then i(z) = [q1, 2] = i(y) and w(z) = 1 — ¢ = w(y). So,
min{7i(z),7i(y)} = [q1,¢] and max{w(z),w(y)} = 1 — ¢. Next fi(z — y) = [p1, P2] or g1, ¢o]
andw(z —y)=1—porl—gqg,accordingasz —y € Horz —y ¢ H. So .o/ = (,w) is a cubic
subgroup of R. Now let z,y, z € H. We have the following eight cases:

(i) re Hye Handz € H
(i) ¢ Hyyec Hand z € H
(iii) r€e Hyy¢ Hand z € H
(ivveeHyeHandz ¢ H
vy xr¢Hy¢ Handze H
(vijzeHy¢ Handz ¢ H
(vi) r ¢ Hyec Handz ¢ H
(viii) x ¢ Hyy¢ Handz ¢ H
These cases can be proved by similar arguments of the cubic cases above.
Hence, 7i(zyz) > min{z(x), i(y), i(2) } and w(zyz) < max{w(z),w(y), w(z)}.
Therefore 7 = (Ji,w) is a cubic weak bi-ideal of R.
Conversly, assume that &/ = (fi,w) is a cubic weak bi-ideal of R. Let z,y, z € H be such that
m(z) = n(y) = u(z) = [p1,p2] and w(z) = w(y) = w(z) = 1 — p. Since 7 is an interval-valued
fuzzy weak bi-ideal of R, we have 1i(z —y) > min{z(z), z(y)} = [p1, p2] and w is a fuzzy weak

bi-ideals of R, we have w(z — y) < max{w(z),w(y)} =1—p.

Again, i(wyz) > min{7i(z). 7i(y), 7(z)} = [p1, p2] and w(zyz) < maxfu(a),w(y),w(z)} =
1—p.Sozxz—vy,zyz € H.
Hence H is a cubic weak bi-ideal of R. O

Theorem 3.12. The direct product of cubic weak bi-ideals of near-rings is also a cubic weak
bi-ideal.

Proof. Let <7, = (fi;,w;) be cubic weak bi-ideals of near-rings R; for i = 1,2,3,... ,n. Let
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x:(xl7x27"'7xn)7y:(ylvyZa"'ayn> aHdZ:(Zl,Zz,...,Zn) ERI XRZ Xoees XRn-

fi(z —y) = @i((21, 22, 20) = (Y1,92, -+, Yn))
= i(T1 = Y1, %2 = Y2, T — Yn)
= min{/i1 (1 — y1), fia(T2 — ¥2), - -+, fon (Tr — Yn) }
> min{min{fi; (x1), fiz (y1) }, min{fiz(22), fi(y2) }, - . ., min{fin, (), fin (Y )} }
= min{min{ji1 (1), fi2(22), - . ., fin (n) }, min{ i1 (y1), 2 (12); - - -, Fin (Y ) } }
=min{(f1 X G X, ..., }XGn) (@1, T2, ..., @n), (1 X G2X, ..oy XGn) (Y1, Y2, -« Yn) }
= min{fi;(z), fi;(y)}-
wilx —y) = wi((x1, 22, ..y 20) — (Y1, Y25+ -, Yn))
=wi(r1 — Y1, T2 — Y2, Tn — Yn)
= max{wi(z1 — y1),w2(22 = ¥2), - -+, Wi (@0 — Yn)}
< max{max{w; (z1), w1 (y1)}, max{wa(x2),w2(y2)}, . .., max{wn (@), wn(yn)}}
= max{max{w; (z1),wz(22),. .., wn(zy)}, max{wi(y1), w2(y2), - -, wn(yn)}}
= max{(w) X waX, ..., Xwy) (@1, T2, .., Tn), (W1 X wWaX, X ) (Y1, Y25 - - -, Yn ) }
— max{wi(2), wi(9)}

and

fi(xyz) = gi((x1, 22, - ) (Y1, Y2, -+ Yn) (215,225 -+, 20)
= i (19121, L2222, - - - s TrYnZn)
= min{fiy (v1y121), fia(729222), - - - s fin (TnYnzn) }
> min{min{/i1 (z1), 1 (y1), fir (1) }, min{fio (22), fio (y2), 2 (22)}, - - -,
min{fin (zn), fin(Yn), fin(2n) }}

= min{min{7iy (1), f2(2), .- -, fin(zn) }, min{fi1 (v1), f2(¥2); - - -, fin(Yn),
min{ﬂl(zl)aﬁZ(ZZ)v o 7/~_Ln(zn)}}
= mln{(/jl X ,azxa ) X[Ln)(xlv'xZa Tt 7xn)7 (/._ll X ﬁzxa Tt Xﬁn)(yhyz, st ayn)a

(fi1 X fipX, ..y Xfin) (21,22, -+, 2n)}
= min{f; (2), i (y), fii(2)}.
wilzyz) = wi((z1, 22,y 20) (Y1, Y2, - -+ Yn) (21, 22, -+ 2n))
= wi(T19121, 29222, - - -, TnYnZn)
= max{wi (z1y121), w2 (X2Y222), - « s Wi (TnYn2n)}
< max{max{wi (z1), w1 (y1),w1(z1)}, max{wz(22), w2 (y2), w2 (22)}, - - .,

max{wn (), wn (Yn), wn(2n)}}

= max{max{wi (z1),w2(x2), ..., wn(zn)}, max{wi (y1),ws(y2), . . ., wn(yn),
max{wy(21),w2(22), ..., wn(zn)}}
= max{(w; X waX, -, Xwy ) (21,22, -, Ty, (W1 X WX, XW ) (Y1, Y2y - -+ s Yn),
(w1 X waX, -+, Xwy ) (21,22, 2n)}
= max{w;(z),w;(y),wi(2)}. |

4 Homomorphism of cubic weak bi-ideals of near-rings

Definition 4.1. [5] Let R and S be near rings. A map 6 : R — S is called a (near-ring) homo-
morphism if (z + y) = 6(z) + 0(y) and 8(zy) = 6(z)6(y) for all z,y € R.
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Definition 4.2. [9] Let f be a mapping from a set X to Y and & = (i, A\) be a cubic set of X
then the image of X C¢ (/) = (C;(), Cr (X)) is a cubic set of Y defined by

; sup 7i(x) if /7 (y) #0
Cr()(y) =4 fa=y |
Ci()(y) = [0,0] otherwise
f inf A(z) if f7M(y) # 0
Cr(M(y) = ¢ J@=y

1 otherwise

and let f be a mapping from a set X to Y and &7 = (fz, \) is a cubic set of Y, then the pre image
of YC; 7 Not) = <Cf Y@m), et (x )> is a cubic set of X is defined by

Oy~ (B)(2) = (f(2))
Cr (M) (@) = A

Theorem 4.3. Let f : R — R; be a homomorphism between two near-rings R and Ry. If
o/ = (fi,w) is a cubic weak bi-ideal of Ry, then C; ' (of) = <Cf_1(ﬂ), Cf_l(UJ)> is a cubic
weak bi-ideal of R.

Cy ™ (#)(2) = {

Proof. Let o/ = (ji,w) be a cubic weak bi-ideal of R;.
Letz,y,z € R. Then C¢(z),Cs(y), C¢(z) € Ry, we have fi is an interval-valued fuzzy weak
bi-ideal of R;.

CH(m)(z —y) = a(f(z —y))
=0(f(z) = f(y))
> min{z(f (x)), (f(y))}
= min{C; (1) (2), 7 ' (W) (y)}
and w is a fuzzy weak bi-ideal of R;
Ci(w)(z —y) =w(f(z—y))
=w(f(z) = f

< max{w(f(z

= max{C’;l(w
O (o) = <C’f_1(ﬁ), Cf_l(w)> is a cubic subgroup of R. Again

Cy () (wyz) = A(f (vyz2))
=7a(f(=)f(y)f(2))
> min{z(f(z)), a(f(y)), A(f(z)
= min{C; ' (m)(x), C; ' (W) (y), C; ' () (2)}

~—
—

and

CfH(w)(ayz) = w(f(zy2))
w(f(x)f(y)f(2))
< max{w(f(z)),w(f(y)),w(f(2)}
= max{C’f_l(w)(Jj), C'f_1

Hence C; (o) = <C’f*1(ﬁ), Cffl(w)> is a cubic weak bi-ideal of R. o
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Remark 4.4. We can also state the converse of the theorem by strengthening the condition of f
as follows.

Theorem 4.5. Let f : R — Ry be a homomorphism between two near-rings R and R;. Let
o = (F,w) is a cubic subset of Ry. If C; ' (o) = <Cf_1(ﬁ),6’f_1(w)> is a cubic weak
bi-ideal of R, then o/ = (fi,w) is a cubic weak bi-ideal of R;.

Proof. Let o = (i,w) be a cubic subset of Ry and z,y,z € R;. Then f(a) = xz, f(b) =
y, f(c) = z for some a, b, ¢ € R, it follows that 7z is an interval-valued fuzzy weak bi-ideal of R;

Az —y) = p(f(a) = f(b))

=p(fla—1b))

(Cf’l( ))(a —b)
> min{C;~" () (a), C ' (m)(0)}
= min{(z)(f(a)), (m)(f (b))}

= min{7i(z), 7i(y) }

and

Again

and

Hence .7 = (fi,w) is a cubic weak bi-ideal of R;. O

Theorem 4.6. Let f : R — Ry be an onto near-ring homomorphism. If o = (fi,w) is a cubic
weak bi-ideal of R then Cy(</) = (Cf (i), C¢(w)) is a cubic weak bi-ideal of R;.
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Proof. Let &/ = (fi,w) is a cubic weak bi-ideal of R. Since
Cr(m)(2') = sup (m(z)) forz/ € Ry and Cy(w)(2') = f(ir)lf (w(x)) for 2’ € Ry.
fla)=a’ z)=a’

So Cy(e) = (Cy(m),Cy(w)) is non-empty. Let 2, y, 2’ € Ry. Then we have
Cr(m)(='—y)= sup  F(p)
fp)=a'—y’

> sup Az —y)
flz)=z',f(y)=y’

> sup min{7i(z), i(y)}
fl@)=a . f(y)=y'
:min{ sup 7(z), sup N(y)}
flz)=a' F)=y’

= min{C(m)(«"), Cr (@) (v')}

Crw)(@ —y)= inf w(p)
f(p)=z"—y’
< inf w(r —
T fle)=a fly)=y’ ( v)
< inf max{w(x),w(y)}

flz)=a',f(y)=y’

:max{f(inf w(z), inf w(y)}

z)=a' fy)=y’

= max{Cy(w)(@), Cy(w)(y)}

and
Cy(m)(a'y'z") = sup  Ti(p)
fp)=a'y’'z’
> sup A(zy?)
fl@)=a',f(y)=y', f(2)=2'
> sup min{z(z), i(y), m(z)}
fl@)=a' f(y)=y' . f(z)=7'
me{ sup 7i(z), sup fi(y), sup M(Z)}
flx)=a )=y’ flz)=2
= min{C}(7) (=), Cr(R)(y'), Cr(m) (")}
Ciw)(2'y'2)= inf  w(p)
f(p)=="y’ 2’
< inf w(zyz
T f@)=a f(y)=y f(2)=7" (zy2)
< inf max{w(z),w(y),w(z
T f@)=a f(y)=y f(2)=7" fwl(@), wly)w(=)}
=max< inf w(xz), inf w(y), inf w(z
{f(ﬂf)—ﬂf/ (@) fy)=y’ 2 f(z)=2' ( )}
= max{C(w)(z), Cy(w)(y'), Cy(w) (<)}
Hence C¢ (/) = (Cy(i), C(w)) is a cubic weak bi-ideal of R;. ]
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