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Abstract In this paper, we introduce a new class of generalized poly-Euler, Hermite poly-
Euler, multi poly-Euler and multi Hermite poly-Euler polynomials. The concepts of poly-Euler

numbers E.F) (a, b), generalized poly-Euler polynomials o (z;a,b, c) of Jolany et al, Hermite-
Bernoulli polynomials g B, (z,y) of Dattoli et al and 4B (z,y) of Pathan and Khan are gener-

alized to the one HEr(Lk) (z,y;a,b,c). Some implicit summation formulae and general symmetry
identities are derived by using different analytical means and applying generating functions.

1 Introduction

Recently the generalized poly-Euler polynomials are defined by Jolany et al [4, 5, 6, 7] as follows

2Lk (1 — (ab)™ > (z;a, b , )t 27
_— _ 1.1
_t—l—bt Z:: 1t < |Ina + Inb| (1.1)

Note that the poly-Euler polynomials of Sasaki and Bayad [1, 11] can be deduced from (1.1) by
replacing t with 4t and taking z = % when x =0, (1.1) gives

E®(0;a,b,¢) = E¥(a,b)

2Lig(1 = (ab)™t) = B (a, b)tr 2
= 1.2
a”t + b nZ;) n! 1t < |Ina + Inb| (12)

and whena = 1 and b = ¢ = e, we get
ER (z:1,e,e) = E®(z)

where

2ip(1—et) ., = EF () 2
M LT - ~ 7 t -
D D < ey

(13)

n=0

On the other hand in the same paper by Jolany et al [4, 5, 6, 7], they defined certain multi
poly-Euler polynomials as follows

2L 1 . b _— [ee] Enkl ..... k‘.,-) . b tn 2
Uky,..., f;( ((l ) )Crmt _ Z (x,a, ’C) ’| ‘ < i (14)
(a +bt)7 rd n! |1na+lnb\
where
. Zmr
Ditin ()= 3 e

is the generalization of poly-logarithm.
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In particular
E?(zkh Sk )(.’IJ 1 e, 6) Eﬁlkl’m’kr)(l')

E(kl ,,,,, kr)(O;a,b,c) — Ev(fl ,,,,, kT)(Chb)

Further by taking r» = 1, (1.4) immediately yield (1.1).
The generalized Hermite-Bernoulli polynomials of two variables HB,@(
Pathan [12] and Pathan and Khan [13 to 18] in the form

( tt 1) ext+yt2 ZHB t (15)
et —

which is essentially a generalization of Bernoulli numbers, Bernoulli polynomials, Hermite poly-
nomials and Hermite-Bernoulli polynomials g B, (z, y) introduced by Dattoli et al [3, p.386(1.6)]

in the form
t it
(i) = S umiea (16)

Definition 1.1. Let ¢ > 0. The generalized 2-variable 1-parameter Hermite Kamp’e de Feriet
polynomials H,,(z, y, ¢) polynomials for nonnegative integer n are defined by

x,y) introduced by

ottt = ZH x,y,c (1.7)

This is an extended 2-variable Hermite Kamp’e de Feriet polynomials H, (z,y) (see[2]) defined
by

" 2 > tm
4 =3 o) (1)
n=0

Note that
Hn(xa Y, 6) = Hn(xa y)

In order to collect the powers of t we expand the left hand side of (1.7) to get

(i lnc - ) Zy] (nc)'e? :iHn(x,ym)
n=0

n=0

Thus we led to the representation
n n—j. n—2j5,j
Hy(2,y,¢) = | (Ine)"a"y! (1.9)

In this note we first give definitions of the generalized poly-Euler polynomials E&k) (z;a,b.c)
which generalize the concepts stated above and then research their basic properties and rela-
tionships with poly-Euler numbers Eflk)(a, b), poly-Euler polynomials Eﬁlk)(x) and the gener-
alized poly-Euler polynomials o )(x;a, b, c) of Jolany et al, Hermite-Bernoulli polynomials
1 B (z,y) of Dattoli et al and HBﬁla)(x, y) of Pathan and Pathan and Khan. The remainder of
this paper is organized as follows. We modify generating functions for the poly-Euler polyno-
mials and derive some identities related to Hermite polynomials, poly-Euler polynomials and
power sums. Some implicit summation formulae and general symmetry identities are derived by
using different analytical means and applying generating functions. These results extend some
known summations and identities of generalized Hermite-Bernoulli polynomials studied by Dat-
toli et al, Zhang et al, Yang, Khan, Pathan and Pathan and Khan.
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2 Definitions and Properties of the Generalized poly-Euler and Multi
poly-Euler Polynomials

In this section, we are establish a definitions and properties of generalized poly-Euler poly-

(kseeskr

nomials B >(x y; a,b, ¢) and multi poly-Euler polynomials E, )(m, y;a,b,c)

Definition 2.1. Let a,b,c > 0 and a # b. The generalized Hermite poly-Euler polynomials
EW (z,y;a, b, c) for nonnegative integer n are defined by

2Lig(1 — (ab)ft)cztwtz
a~t+ bt

o0 tn
= ZHE,(LM(:c,y;a,b, C)H" t|<2r/(|Ina+1Inb|),zeR  (2.1)
n=0

whereas for z = 0 gives

3

n'

EX(0,y:a,b,c) = +(In mEX, (a,b)y™ (2.2)

— m!(n —2m)!

Another special case of (2.1) for x = 0,y = 0 leads to the extension of the generalized poly-
Euler numbers E,(Lk) (a, b) for nonnegative integer n defined by (1.2) in the form.

Further setting ¢ = e in (2.1), we get

Definition 2.2. Let a,b > 0 and a # b. The generalized Hermite poly-Euler polynomials
o (z,y;a,b, e) for nonnegative integer n are defined by

2Lik(1 — (ab)~ eyt . ¢
e y ZHE x, y,a,b,e)a, |t|<2r/(|Ina+1Inb|),zeR (2.3)

Deﬁmtlon 2. 3 Let a,b,c > 0 and a # b. The generalized multi Hermite poly-Euler polynomi-

als HE """ )(:r, y; a, b, ¢) for nonnegative integer n are defined by
2L7’(k ..... kr)(l - (ab)_ ) r (wt+yt?) "
l(a_t—|—bt)r +y ZHE (x,y;a,0b, C)n" | t|<27/(] na+Inbd |), zeR

(2.4)
For y = 0 in (2.4), the result reduces to (1.4).
Further setting ¢ = e in (2.4), we get

Definition 2.4. Let a,b > 0 and a # b. The generalized multi Hermite poly-Euler polynomials
s Eokr) (z,y;a,b, e) for nonnegative integer n are defined by

2L, k) (1 = (ab)™")
(aft + bt)r

(2.5)
The generalized poly-Euler polynomials E&k)(x, ysa,b,c) and generalized muti poly-Euler

polynomials Eflkl """ kr)(x,y;a,b, c) defined by (2.1) and (2.4) have the following properties
which are stated as theorems below.

Theorem 2.1. Leta,b,c > 0and a # b. For zeR and n > 0. Then
HE7(1k> (CE, Y, 17 €, 6) = HE7(7,k) (1’, y)> HEng) (07 07 a, b7 1) = Egc) (CL, b)7

EX(0,0,1,e,1) = E® s EW (z,y,a,b,¢) = g EF (2, a,b) (2.6)

H
HEgk)(x +u,y+ 2z;a,b,¢) = Z < ) Hp(z,u; c)HEﬁffm(x, y;a,b,c) (2.7)

: o
er(@ttyt) ZHE Feobe) (2 ysa,b,e) — ot |t]<27/(| Ina+Inb |), zeR
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m

aE® (x4 2,y5a,b,¢) = Z ( " )Eflk) (z5a,b,¢)Hp(z, y; ) (2.3)

m=0
Proof. The formula in (2.6) are obvious. Applying Definition (2.1), we have
0 m

iHE,(I :E—l—uy—l—zabc ZHE :zcy;a7bc Z zuct—'

m=0

— Z Z Hm(z,u;c)ﬁHE,(l_)m(x,y;@a b, C)m

n=0m=0
Now equating the coefficients of the like powers of t in the above equation, we get the result
(2.7). Again by Definition (2.1) of generalized poly-Euler polynomials, we have

2Lip(1 — (ab) ™" ) wt2)tyt? . 2
a—t+bt Y ZHE x+zﬂy’a7bvc)a (29)

which can be written as

2Lig(1 — (ab)~* oot gyt mn pm
= y ZE" zya,b,c) 1 ZHm(z,y,c)m (2.10)

m=0

Replacing n by n-m in (2.10), comparing with (2.9) and equating their coefficients of ¢" leads to
formula (2.8). O

Theorem 2.2. The generalized multi Hermite poly-Euler polynomials satisfy the following
relation

HE(kl’ ok )(l’+y7z a, b C) Z ( " )HE;k_l;y.L”kT)(va;aaba C)ym(T’ll'lC)m (211)
m

m=0

Proof. Using Definition (2.3)

" 2Li (1 —(ab)™?) 2
(K1,..ok (K1, kr) r(z+y)t+rzt
ZHE veke) (g py zia, b, ¢) — - l(a—t—i—bt)r ¢r@ty)

o

ZX:HE,(J“l """ kr)(xzabc Zy (rlncg)™

n=0 ’
Replacing n by n-m in above equation and equating thelr coefficients of ¢" leads to formula
(2.11).
O

Theorem 2.3. The generalized multi Hermite poly-Euler polynomials satisfy the following
relation

(%]
o kr><x,y;a,b,c>—z<§ )Eﬁflg;;;’“”(x;a,b,c>ym<r1nc>m 212)
m
m=0

Proof. By the definitions of multi Hermite poly-Euler polynomials, we have

A 2LiGg,,.. k(1 — (a’b)it)cr(a:-‘rytz)

Z g E® k (x,y5a,b,¢)

H - (a—t + bt)r
(k m > t2m
—ZE L) (gsay b, ¢)— 3 Zym(rlnc)mm
m=0
Replacing n by n-2m in above equation and equating their coefficients of ¢" leads to formula

2.12).
O
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3 Implicit Summation Formulae Involving Generalized Hermite poly-Euler
Polynomials

For the derivation of implicit formulae involving generalized Hermite poly-Euler polynomi-
als HE,(lk)(x, y;a,b,c) and generalized Hermite poly-Euler polynomials HE,(P(x, y;a,b,e) the
same considerations as developed for the ordinary Hermite and related polynomials in Khan et
al [8] and Hermite-Bernoulli polynomials in Pathan [12] and Pathan et al [13 to 18] holds as
well. First we prove the following results involving generalized Hermite-poly-Euler polynomi-

als HE;’C) (z,y5a,b,c).

Theorem 3.1. Let a,b,c > 0 and a # b. Then for x,yeR and n > 0, The following implicit

summation formulae for generalized Hermite poly-Euler polynomials HEﬁbk) (z,y;a,b,c) holds
true:

m,l
. l m
HEi:ll(Z,y;aqbvc) — Z < > ( )(Z_ )n""P Efnll n— p(l' ysa, b,C) (31)

n,p=0 p "

Proof. We replace t by ¢ 4+ w and rewrite the generating function (2.1) as

2Lig(1 — (ab)~ (™)) y(t+u)? _  —a(t+u) ™ ul
q—(t+u)  plt+u) ¢’ - Z m+l T, 50, b, C)m! i (32)

Replacing x by z in the above equation and equating the resulting equation to the above
equation, we get

oo

(o) (t+w) (*) ARG - (S e ut
c ZOHEmH(x,y;a,b, C)%l—! = ZOHEerl(Z’y;a’b’ C)Wl—‘ (3.3)
m,l= m,l=

On expanding exponential function (3.3) gives

= (2 —2)(t + )V tm ! = tm !
> S B b ot = 30 B (b
N=0 m,l=0 m,l=0
(3.4)
which on using formula [19,p.52(2)]
Zf Z fn—i—m—'—' (3.5)
n,m=0
in the left hand side becomes
o (Z _ x n+ptnul) OO . ™ol o ) ' m gl
Z n'—p' Z E .'L' y,a,b,c)ﬁﬂ: Z HEm+l(Z’y’a’b7C)ﬁﬂ (36)
n,p=0 m,l1=0 m,l1=0

Now replacing m by m-n, 1 by l-p and using the lemma [19,p.100(1)] in the left hand side of
(3.6), we get

(z — ) (k) : tm u! !
Z Z Em+l—n—p(xay’a, byc) (m ) (l — ) Z HEm+l(Z y,a b C) ’ l'

oot
n,p=0m,l=0 n-p- m,l=0
(3.7)

Finally on equating the coefficients of the like powers of t and u in the above equation, we get
the required result.

O

Remark 1. By taking ! = 0 in equation (3.1), we immediately deduce the following result.
Corollary 3.1. The following implicit summation formula for Hermite poly-Euler polynomials

HESC)(Z, y; a, b, c) holds true:

nEY (2 y50,b,¢) = Z ( " ) (z—2)" g B, (x,y,a,b,c) (3-8)

n=0 n
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Remark 2. On replacing z by z+x and setting y = 0 in Theorem (3.1), we get the following
result involving generalized poly-Euler polynomials of one variable

m,l
. l
Egﬁrl(g{-x;a’b,c) — Z < ) < m >( )n+pE1<n)+l —p— n(x;aabyc) (39)

n,p=0 p "

whereas by setting z=0 in Theorem 3.1, we get another result involving generalized poly-Euler
polynomials of one and two variables

m,l
. m l
EX (yiabe)= Y ( ) ( )( D) ES, (w.yia,b,c) (3.10)

n,p=0 n p

Remark 3. Along with the above results we will exploit extended forms of generalized poly-

£n>+l(z; a, b, c) by setting y=0 in the Theorem (3.1) to get

m,l
EY (zabe)= Y (;) ( . ) (2 —a)""PEX,,__ (z10,b,0) (3.11)
n,p=0

Theorem 3.2. Leta,b,c > 0and a # b. Then for zeR and n > 0. Then

Euler polynomials E

b
EW (x4 1;a,b,¢) = EF (z; ac, > c) (3.12)
Proof. We start with the definition
3 1" 2Lig(1= (b)) (ony _ 2Lin(1 = (ab)™)
( k (z+1)t _ k ot t
ZEn (x + 1;a,0b, ) Ry c = N e
> " Lip(1 — (ab) 4
EW (2 +1;a,b,c ’“— EW(2;ac, -, c¢)— 3.13
> £ = et Z Lom o Ga3)

Equating the coefficients of ¢t" leads to formula (3.12). O
Theorem 3.3 Let a,b,c > 0and a # b. Then for x, yeR and n > 0. Then

(3]
gEW (x4 1,y5a,b,¢) = ( Z ) (lnc)7E( ) (w3 ac, b ,C) (3.14)
; j c
J=0
Proof. Since
> t" 2Lik(1 — (ab)_t) ) 2 2Lik(1 —( ) ) 2
> wEP (x+1,y:0,0, (w+1)tyt® _ oot gt
nE (z+1,y5a, ) 1 a—t + bt ¢ (ac)_+(%) ¢

(ZE z;ac, ) Zy (Inc)

Now replacing n by n-2j and comparing the coefficients of ", we get the result (3.14).

O
Theorem 3.4. Leta,b,c > 0and a # b. Then for z, yeR and n > 0. Then
HEP (e yiabe) = Y ( . ) B, (a,0)Hyn (2,9, ¢) (3.15)
m=0 m

Proof. By the definition of generalized poly-Euler polynomials and the definition (1.1), we
have

2Lik(1 = (b)) , tn >
e t4yt? ZHE x,y;a,b,c) (ZE !> (Z Hp(z,y;

n=0 n=0 m=0

c)Zj)
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Now replacing n by n-m and comparing the coefficients of ", we get the result (3.15).
O
Remark. Forc = e, (3.15) yields

HEF (@,y:a,be) =) < . )Eﬁm(m b)Hpy (2, y)
m=0 m

Theorem 3.5 Let a,b,c > 0 and a # b. Then for x, yeR and n > 0. Then

n=2j [3] '
| ,n—m—27 n—m-—j n.
nE® (x,y;a,b,¢) g y]x” Zi(Inc) JE’(’I:)(a’b)m‘j‘(n— 57— m)l (3.16)
o e 5! !

Proof. Applying the definition (2.1) to the term % and expanding the exponential

function c®t¥ at ¢t = 0 yields

2Li (1 - (ab) .Lt+yt2 n
ka—t_|_bt (ZE )(Zx (Ine)™” ) Zy (Inc)’

n o 2j
—Z(Z( ><1nc>"m ﬁs><a,b>x”m>i, (Zyﬂ‘(lncv?,)
=0

m=0

Replacing n by n-2j, we have

oo oo [n=2j [%] n
(k) n—m—j (k) n—m-—2j, j t
E uE (z,y;a, b g ( E g < > (Inc) TEY (a,b)x Jyj) CESHIT

n=0 ! n=0 \ m=0 j=0
(3.17)

Combining (3.17) and (2.1) and equating their coefficients of ¢ produce the formula (3.16).
O

Theorem 3.6. Leta,b,c > 0and a # b. Then for x, yeR and n > 0. Then

(3]
wEF (x4 1,y10,b,¢) =

—2j .

) ) -
> ( n )wa“dn-m-@@(m;a,b, 0 (318)
— m

0

n
=0 m

Proof. By the definition of generalized poly-Euler polynomials, we have

2Lix(1 = (ab)™") (o 2 tn
kCE—t _|_(bt) ) +1)ttyt Z wEP (x+1,y5a,b, c)m (3.19)
o) i 0o 00 2
= [ Y. EW(@sa,b,0)— | | D (mo)"— | { Do/ (Ine) —
m=0 n=0 j=0
SR n n—m (k) n 0 ; ; 2j
= Z o (Ine)"""E, (z;a,b,¢)— Zy (In¢)? —
n=0 m=0 j=0
co oo n 4 ' Y
:ZZZ < " > y](lnc)n_m+]E7(v]z€)($;aabyc)tﬁ
n=0 j=0 m=0 m n.j.

Replacing n by n-2j, we have

n t'n

o) 00 [%] n—2j .
t n—2 - .
(k) . o J n—m—j (k) (.. v
nEZOHEn (z + l,y,a,b,c)n! = E ‘ E ( o >yi(lnc) TEV) (z5a,b,¢) —
(3.20)
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Combining (3.19) and (3.20) and equating their coefficients of " leads to formula (3.18).
O
Theorem 3.7. Leta,b,c > 0 and a # b. Then for x,yeR and n > 0. The following implicit

summation formula involving generalized Hermite poly-Euler polynomials HEr(l@(x, ysa,b,c)
holds true:

m

HEW (z+1,ya,b,c) = Y ( " ) (Ine)"~"y EX) (2,y5a,b,c) (3.21)

m=0
Proof. By the definition of generalized Hermite poly-Euler polynomials, we have

n

- t
EF(z+1,y5a,b, E¥ (2, y:0,b,¢)
ZH V(x4 1,y5a,b,¢) . ZH N, ysa c)n

_ 2Lk (1 — (ab)_t)cmt+yt2 (- 1)

a*t—i—bt
= (Z HEgr’f)(@y;a,b,c)W) <Z (Inc)” > ZHE T y;a,b,c)a
m=0 n=0
_ — n—m k . t k . L2
_;n;)(hw) HE7(n>(xay,a»bvc)m—;HE7(1>(xay,a»bvc)H

Finally, equating the coefficients of the like powers of t”, we get (3.21).
O

4 Symmetry Identities for the poly-Euler Polynomials

In this section, we give general symmetry identities for the generalized poly-Euler polynomials
HEW(x,y;a, b,c) and Er(f)(a:;a,b) by applying the generating function (1.1) and (2.1). The
results extend some known identities of Zhang and Yang [21], Yang [20,Eqs.(9)], Khan [9, 10],
Pathan [12] and Pathan et al [13 to 18].

Theorem 4.1. Let a,b,c > 0 and a # b. For x,yeR and n > 0. Then the following identity
holds true:

( ) bma”_mHE,(L’i)m(b:c, Vy:b, ¢) g EW (ax, d®y; a, c)

SMS gk

( " ) ambnmeEflk) (az,d’y; a, ¢) g EX (b, b*y: b, ¢) (4.1)
m
—0
Proof. Start with ( (1 — (ab)-1))?
2Lik 1—(ab)~ brt+ 2b2yt2
= abat+a 42
9(t) ((aat T b9t) (a—bt + bbt)) ¢ (4.2)

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into series in two
ways to obtain

at)" bt)™
ZHE (bz, b2y; b, c) (n') Z HES,’f) (ax,azy;a,c)%
m=0
"
= Z Z HEn (b, b2y b, c)( )'HE< )(ax,azy;a,c)ﬁt

n=0 m=0
On the similar lines we can show that

(oo}

Z bx b2 y5b, c) (a ntl)!m

m=0

ZHE axay,ac
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b~ a™
= Z Z HEn mlaz, a’y;a, c)( )‘HE( )(b:c,bzy;b, c)mt"
n=0m=0 :

by comparing the coefficients of ¢ on the right hand sides of the last two equations we arrive
the desired result.

O

Remark 1. For ¢ = e in Theorem 4.1, we immediately deduce the following result involving

generalized Hermite-poly-Euler polynomials HEﬁbk ) (z,y;a,b, e) for nonnegative integer n

Z ( " ) bma"_mHE( ) (b, 0ys b ) g EW) (az, a®ysa, e)

m=0 m
= Z ( " ) amb”*mHEka_)m(ax,azy;a,e)HET(ff)(bfc,bzy; b,e) (4.3)
m
m=0
Remark 2. By setting b = 1 in Theorem 4.1, we immediately following result

> ( ! )a"-"LHEg’”m(x,y;1,c>HE,<,’:><ax,a2y;a,c>

- (n )“mHE” (az,a’y; 0, ) EX) (2,93 1, ) (4.4)
m
0

Theorem 4.2. Let a,b,c > 0 and a # b. For z,yeR and n > 0. Then the following identity
holds true:

n a—1b—1
Z ( ) b"a" "y <bx—|—bz—|—],b 2; A, B c> E® (ay; A, B, ¢)
0

=0 =0 j=

M:

b—1a—1
< )ZZamb” ™ (am+gz+j7@ z A, B C) E)(by: A, B.c) (45)

=0 j=0

Proof. Let

o (2Lik(] — (ab)—t))2 (cabt . 1)20ab(fc+y)t+a2bzzt2
o) = (o g L B e @)

(t) _ 2le(1 B (ab)it) abzt+a’b’zt? Cabt -1 2L7’]€(1 B (ab)7t> abyt Cabt -1
g - (A—at + Bat ¢ bt — 1 A-bt  Bbt ¢ cat — 1

2sz<1 — (ab)it) abrt+a’b’zt? = bti 2sz<1 — (a’b ab t at
- ( (A-at + Bat ¢ ZC A-bt 4 Bot Y ZC 7 (4.6)

=0

a—1b—1
ZLZk(l — (ab a’b’ zt? (bo+Litj)at (k) ( )
( A—at | Bat > ZZC & ZE (ay; 4, B, c)
=0 j=0 m=0
o a—1b-1 [eS)
b ) bt)™
:ZZZHE (bx—l—z—i—y,bzABc) Z E®) ay,ABc)( )'
n=0 i=0 j=0 (m)
© n n a—1b-—1 b
= Z Z ZZHE(k (bx + fz +4,0*2;A B c) E®) (ay; A, B, e)b™a" ™"
n=0m=0 m =0 j=0

(4.7)
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On the other hand
o n n b—1a—1 a
gt)=>>" < ) SN wEP,, (ax + it a’z; A, B, c) EW (by; A, B, c)a™b™ ™"
m
n=0m=0 i=0 57=0

(4.3)
By comparing the coefficients of ¢"* on the right hand sides of the last two equations, we arrive
at the desired result.
O
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