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Abstract. Object of this paper is to �nd some properties of generalized semi pseudo Ricci

symmetric manifold (denoted by G(SPRS)n ). At last we have given an example of this mani-
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1. Introduction

The notion of locally symmetric and Ricci symmetric Riemannian manifold began with work

of Cartan[10] and Eisenhert[8] respectively. A Riemannian manifold is said to be locally sym-

metric if its curvature tensor R satis�es the relation

∇R = 0 (0.1)

where ∇ is the operator of covariant differentiation w.r.t. the metric tensor g. Again a Ricci

symmetric manifold is a Riemannian manifold with the Ricci tensor S of type (0,2) satisfying

∇S = 0. (0.2)

After them these notions have �owed in several branches such as recurrent manifold, Ricci-

recurrent manifold, semi-symmetric manifold, pseudo-symmetric manifold[4], pseudo Ricci-

symmetric manifold[6] and so on.

A non �at Riemannian manifold (Mn, g), (n > 2) is said to be pseudo Ricci symmetric manifold

((PRS)n)[5] if Ricci tensor S is not identically zero and satis�es

(∇XS)(Y,Z) = 2A(X)S(Y, Z) +A(Y )S(X,Z) +A(Z)S(X,Y ) (0.3)

where A is nonzero 1-form satisfying

g(X,U) = A(X) (0.4)

for a particular vector �eld U .

A non �at Riemannian manifold (Mn, g), (n > 2) is said to be semi pseudo Ricci symmetric

manifold ((SPRS)n)[2] if Ricci tensor S is not identically zero and satis�es

(∇XS)(Y, Z) = A(Y )S(X,Z) +A(Z)S(X,Y ) (0.5)

where A is nonzero 1-form satisfying

g(X,U) = A(X) (0.6)

for a particular vector �eld U .
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A non �at Riemannian manifold (Mn, g), (n > 2) is said to be generalised semi pseudo Ricci

symmetric manifold (G(SPRS)n)[1] if Ricci tensor S is not identically zero and satis�es

(∇XS)(Y, Z) = A(Y )S(X,Z) +B(Z)S(X,Y ) (0.7)

where A,B are nonzero 1-forms satisfying

g(X,V ) = A(X) (0.8)

g(X,W ) = B(X) (0.9)

for particular vector �elds V,W respectively.

From the above de�nition we observe that when δ = A − B is identically zero, G(SPRS)n
reduces (SPRS)n.

A vector �eld is said to be a torse forming vector �eld[8] if there is a nonzero scalar a and a

nonzero 1-form ω such that

∇XP = aX + ω(X)P (0.10)

where X ∈ χ(M).

The Ricci tensor of a Riemannian manifold is said to be of Codazzi type if it satis�es the follow-

ing

(∇XS)(Y, Z)− (∇Y S)(X,Z) = 0 (0.11)

where X,Y, Z ∈ χ(M).
The above relations will be used in the followings.

2. G(SPRS)n and its scalar curvature

Let Q be the symmetric endomorphism of the tangent space at each point of a G(SPRS)n
corresponding to the Ricci tensor S. Then

g(QX,Y ) = S(X,Y ). (0.12)

Now from (7) we can get

(∇XS)(Y, Z)− (∇Y S)(X,Z) = A(Y )S(X,Z)−A(X)S(Y, Z). (0.13)

Contracting above with respect to Y and Z, we have

dr(X) = 2Ā(X)− 2A(X)r (0.14)

where Ā(X) = A(QX).

Similarly we can obtain

dr(X) = 2B̄(X)− 2B(X)r (0.15)

where B̄(X) = B(QX).

Again contracting (7) with respect to Y and Z, we get

dr(X) = Ā(X) + B̄(X). (0.16)

Hence from (14) and (16), we get

δ̄(X) = 2A(X)r (0.17)
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where δ̄(X) = δ(QX).

Similarly we have

δ̄(X) = 2B(X)r. (0.18)

Since A(X), B(X) ̸= 0,

δ̄ = 0 ⇔ r = 0. (0.19)

So we can conclude that,

Theorem 1: In a G(SPRS)n δ̄ is identically zero iff its scalar curvature is zero.

Now if r is constant then dr(X) = 0. So from (14) we have

Ā(X) = A(X)r (0.20)

that is,

S(X,V ) = rg(X,V ). (0.21)

Similarly,

S(X,W ) = rg(X,W ) (0.22)

Thus we can state,

Theorem 2: If the scalar curvature r of G(SPRS)n is constant, r is an eigen value of the

Ricci tensor corresponding to the eigen vector V and W .

Again r is zero implies from (14),

Ā(X) = 0 (0.23)

∀X ∈ χ(M).

But since A(X) is non-zero 1-form, then Q must not be surjective.

So our conclusion is,

Theorem 3: If the scalar curvature r of G(SPRS)n is zero, the symmetric endomorphism of

the tangent space of the manifold at each point corresponding to the Ricci tensor S never be

surjective.

Now ddr(X,Y ) = 0 implies from (14) and (16),

dĀ(X,Y ) = rdA(X,Y ) (0.24)

dĀ(X,Y ) + dB̄(X,Y ) = 0 (0.25)

which give us the following theorems,

Theorem 4: (i) Ā is closed ⇔ B̄ is closed.

(ii) If r = 0 or A is closed then Ā and B̄ are both closed.

(iii) If r is non-zero constant, any of Ā and B̄ is closed implies A is closed.

Again since S is symmetric then, from (7) we can obtain,

δ(Y )S(X,Z) = δ(Z)S(X,Y ). (0.26)

Now contracting above with respect to X,Z we have,

δ(Y )r = δ(QY ). (0.27)
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Then we have,

S(X,Z) = rT (X)T (Z) (0.28)

where T (X) = δ(X)√
δ(U)

, δ(X) = g(X,U), U = V −W .

So we can state,

Theorem 5: In a G(SPRS)n (which is not a (SPRS)n)) the Ricci tensor is of the form

S(X,Y ) = rT (X)T (Y ) where r is the scalar curvature and T is a 1-form such that T (X) =
g(X, ξ) for some unit vector ξ.

Again from (27),

rg(X,U) = g(QX,U) = S(X,U). (0.29)

This leads the following,

Theorem 6: In a G(SPRS)n (which is not a (SPRS)n)) the scalar curvature r is an eigen

value of the Ricci tensor corresponding to the eigen vector U = V −W .

3.Ricci tensor and torse forming vector �eld

Now let the scalar curvature of G(SPRS)n is zero. Then the vector �eld U satis�es the fol-

lowing,

S(X,U) = 0 ∀X ∈ χ(M). (0.30)

Now we know that,

(∇XS)(Y, Z) = ∇XS(Y, Z)− S(∇XY,Z)− S(Y,∇XZ). (0.31)

In virtue of (7) and (30), the above equation reduces to

B(U)S(X,Y ) + S(Y,∇XU) = 0. (0.32)

Let us now suppose that U is a torse forming vector �eld given by (10).

Using (10) and (32) we have,

a+B(U) = 0. (0.33)

Similarly we can show,

a+A(U) = 0, (0.34)

which implies using (33) that,

δ(U) = 0. (0.35)

Hence we can state that,

Theorem 7: If the scalar curvature of a G(SPRS)n is zero and U is a torse forming vector

�eld given by (10), then δ(U) is equal to zero and the scalar a associated to U is equal to -A(U).

Let

f =
1

2
g(U,U) (0.36)

be the energy of the torse forming vector �eld U , given by (10) and let

g(ξ, Y ) = ω(Y ), (0.37)

∀Y ∈ χ(M).
From (36) and (37), we get

df(Y ) = g(aU + 2fξ, Y ) (0.38)



352 Kalyan Halder and Arindam Bhattacharyya

and hence,

gradf = aU + 2fξ = −A(U)U +A(U)ξ. (0.39)

Now if f is constant, then from (37) we get,

A(U)[ξ − U ] = 0. (0.40)

Now since A(U) ̸= 0, then U = ξ,
hence

ω(X) = A(X), (0.41)

∀X ∈ χ(M).
Then A is closed implies ω is closed. Then U is concircular.

Thus we can state the following,

Theorem 8: If in a G(SPRS)n the 1-form A is closed and scalar curvature is zero, then the

torse forming vector �eld U of which energy is constant, is concircular.

4.G(SPRS)n with Ricci tensor of Codazzi type

Let ei : 1 ≤ i ≤ n be the orthonormal basis of the tangent space at each point of the mani-

fold. Then by the de�nition of S we have,

S(ei, ei) =
n∑

k=1

g(R(ek, ei)ei, ek) =
n∑

k=1

∏
ik

(0.42)

and

S(ei, ej) = 0 if i ̸= j (0.43)

where
∏

ij is the sectional curvature of a plane spanned by the vectors ei and ej .

Now let the Ricci tensor of G(SPRS)n is of Codazzi type. Then we have from (11),

(∇XS)(Y, Z)− (∇Y S)(X,Z) = 0. (0.44)

Putting X,Z = ei, Y = ej in above we can obtain,

A(ej)S(ei, ei) = 0. (0.45)

Since A(ej) ̸= 0,

S(ei, ei) = 0. (0.46)

Then

S(X,Y ) = 0 (0.47)

∀ vector �eld X,Y , which is not admissible for G(SPRS)n.
Thus we can state,

Theorem 9: The Ricci tensor of G(SPRS)n is never of Codazzi type.

5.Conformally �at G(SPRS)n

From the paper[2] we have already known that (SPRS)n can not be Einstein manifold. In

this section we assume the manifold G(SPRS)n (which is not (SPRS)n) is conformally �at.

Hence we have,

(∇XS)(Y, Z)− (∇Y S)(X,Z) =
1

2(n− 1
[g(Y, Z)dr(X)− g(X,Z)dr(Y )]. (0.48)
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UsingX,Y = ei, Z = ej in (35) and then taking summation over i = 1 to n on both side of (35)

we have,

S(ei, ei) =
r

n
. (0.49)

Thus we can state the following:

Theorem 10: A conformally �at G(SPRS)n (which is not (SPRS)n) is Einstein manifold.

6. Example of G(SPRS)n

Let us consider M3 be an open subsets of R3 endowed with the metric g de�ned by

ds2 = gijdx
idxj = (x3)2x1(dx1)2 + 2dx1dx2 + (dx3)2 (0.50)

i, j = 1, 2, 3

Then

S11 = x1, S11,1 = 1 (0.51)

and all others vanish. where (, ) denotes the covariant differentiation with respect to x1.
Now we de�ne

Ai(x) =
1

x1
, i = 1 (0.52)

= 0 otherwise

Bi(x) =
2

x1
, i = 1 (0.53)

= 0 otherwise

for any point x ∈ M , Then

S11 = A1S11 +B1S11, (0.54)

and all other forms vanish identically.

The relation(54) implies that the above Riemannian manifold(M3, g) is a G(SPRS)3

References

[1] Musa A. Jawarneh and Mohammad A. Tashtoush, Generalized Semi-Pseudo Ricci Symmetric Manifold,
International Mathematical Forum, Vol. 7, no. 6, 297-303, 2012.

[2] M. Tarafdar andMusa A. A. Jawarneh, Semi-Pseudo Ricci Symmetric manifold, J. Indian. Inst. of Science.
Vol.73, pp. 591-596, 1993.

[3] M. C.Chaki, On pseudo symmetric manifolds, Analele Stiint, Univ. Al.I.Cuza, 1987, 33, 53-58.

[4] M. C.Chaki, On generalised pseudo symmetric manifolds,Publ. Math. Debrecen, 1994, 45, 305-312.

[5] M. C.Chaki, On pseudo Ricci symmetric manifolds, Bulg. J. Phys., 1988, 15, pp. 526-531.

[6] M. C.Chaki, On generalised pseudo Ricci symmetric manifolds, Per. Math. Hung.Vol. 28(2),(1994)

[7] L. P. Eisenhart, Riemannian Geometry, 1926.

[8] J. A. Schouten, Ricci Calculus, Springer-verlag, Barlin, 1954.

[9] É. Cartan, Sur une classe remarquable d'espaces de Riemann, I, Bulletin de la Société Mathématique de
France, Vol. 54, 214-216,1926



354 Kalyan Halder and Arindam Bhattacharyya

Author information

Kalyan Halder, Department of Mathematics, Sidho-Kanho-Birsha University, Purulia-723101, West Bengal,
India.
E-mail: halderk@rediffmail.com

Arindam Bhattacharyya, Department of Mathematics, Jadavpur University, Kolkata-700032, India.
E-mail: bhattachar1968@yahoo.co.in

Received: October 22, 2015.

Accepted: March 1, 2016.


