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Abstract Sasakian manifolds with respect to a non-symmetric non-metric connection are
studied. Some properties of the curvature, the conformal curvature, the conharmonic curvature
of Sasakian manifolds admitting a non-symmetric non-metric connection are studied. Semisym-
metric and Ricci semisymmetric Sasakian manifolds with respect to a non-symmetric non-metric
connection studies as well.

1 Introduction

The infinitesimal perspective of connections in Riemannian geometry began to some extant with
Christoffel. Later Levi-Civita observed that a connection also allowed for a notion of parallel
transport. Levi-Civita focussed on connection as a kind of differential operator. In 20th century,
Carton established connection as a certain kind of differential form. In 1950, Koszul gave an
algebraic framework for a connection as a differential operator. The main invariants of an affine
connection are its torsion and curvature [11, 12]. A torsion tensor of a connection is a mapping
T:x(M) x x(M) — x(M) defined as

T(X,Y)=VyY —VyX — [X,Y], (1.1)

for arbitrary vector fields X,Y € x(M). A connection V is said to be torsion-free or symmet-
ric if its torsion tensor 7'(X,Y) vanishes, otherwise it is non-symmetric. A connection V on
a manifold M is called a metric connection if there is a Riemannian metric g in M such that
Vg = 0, otherwise it is non-metric. A Levi-Civita connection is symmetric as well as metric.
Semisymmetric and quater-symmetric connections are also one kind of non-symmertic connec-
tions. Systematic study of semisymmetric connection in a Riemannian manifold was initiated
by Yano [22]. In 1992, Agashe and Chafle [1] introduced the notion of semisymmetric non-
metric connection. In 2007, S. K. Chaubey [6] introduced another non-symmetric non-metric
connection. Later he studied the same connection on different contact manifolds [7, 8, 9]. The
properties of such connection have been studied by many geometers in different extant.

On the other hand, Sasakian manifolds [2, 5, 20] were introduced in 1960 by Shigeo Sasaki.
It further studied by several geometers [10, 13, 16, 18]. The non-symmetric non-metric connec-
tion on Sasakian manifolds have also been studied by a few others [9]. However semisymmetric
and Ricci semisymmetric Sasakian manifolds with respect to the non-symmetric non-metric con-
nection have not been studied so far. The paper is organised as under. Section-1 is introductory.
Section-2 contains some basic results of Sasakian manifolds. The definition of n—Einstein man-
ifold, Ricci soliton and Nijenhuis tensor are also given in Section-2. Required results of the
non-symmetric non-metric connection are given in the Section-3. The initial bridge of Sasakian
manifold and the non-symmetric non-metric connection established in Section-4. Semisymmet-
ric and Ricci semisymmetric Sasakina manifolds with respect to the non-symmetric non-metric
connection have been consecutively studied in Section 5 and 6. It is also proved that Ricci soliton
of data (g, &, \) is shrinking on Ricci semisymmetric and semisymmetric Sasakian manifolds ad-
mitting the non-symmetric non-metric connection. Lastly in Section-7, we establish an example
of Sasakian manifold admitting the non-symmetric non-metric connection. The example verifies
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several results of the article.

2 Preliminaries

Let M be a (2n + 1)-dimensional almost contact metric manifold [2] equipped with almost
contact metric structure (¢, &, 7, g), where ¢ is (1, 1) tensor field, £ is a vector field, n is 1-form
and ¢ is compatible Riemannian metric such that

¢’ =—-I+n®E, n(€) =1, P§ =0, nog =0, (2.1
9(6X,0Y) = g(X.Y) — n(X)n(Y), (2.2)

forall X,Y € TM. Here T'M is a tangent space of the manifold M.
An almost contact metric manifold M [2] is called Sasakian manifold if

(Vxo)Y =g (X,Y){-n(Y)X, (2.4)

where V is Levi-Civita connection of Riemannian metric ¢ on M. From equation (2.4 ) and
equations (2.1), (2.2) and (2.3), we have

Vx§ = —0X, (2.5)

(Vxn)Y =g(X,¢Y). (2.6)

Also the following relations hold in a Sasakian manifold:

RX,Y)E=n(Y)X —n(X)Y, Q2.7)
R(EY)X =g(X,Y)E—n(X)Y, 2.8)
R(EX){=n(X){- X, 2.9)
S(X,€) =2nn(X), (2.10)

Q¢ = 2n¢, (2.11)

where R is the curvature tensor, S is the Ricci-curvature and () is the Ricci-operator of Sasakian
manifold. S and ) are related to each other by

S(X,Y)=g(QX,Y). (2.12)

Definition 2.1. An almost contact metric manifold M is said to be n-Einstein if its Ricci-tensor
S is of the form
S(X,Y) =ag(X,Y) + by (X)n(Y), (2.13)

equivalently an almost contact metric manifold M is said to be 7 -Einstein if its Ricci-operator
is of the form

Q(X)=aX+bn(X)¢, (2.14)

where a and b are smooth functions on M. It is also known that if a (2n 4+ 1)—dimensional
Sasakian manifold is n—Einstain then a 4+ b = 2n [9].
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Definition 2.2. A Ricci soliton (g, V, ) on a Riemannian manifold is defined by
Lyg+25+229 =0, (2.15)

where £y g is a Lie-derivative of Riemannian metric g with respect to vector field V' and A is a
real constant. It is said to be shrinking, steady, or expanding according as A < 0, A = 0 and
A>0[4].

The Nijenhuis tensor N(X,Y) of ¢ in (M2,+1, g) is a vector valued bilinear function such
that

N(X,Y) = (Vex9) (Y) = (Vor o) (X) = ¢ ((Vx¢) (V) + ¢ ((Vye) (X)).  (2.16)

If we define

'N(X,Y,Z) =g (N(X,Y),Z). (2.17)
then
/N(X7Y7 Z) = g((v¢X¢) (Y)a Z) -9 ((V¢Y¢) (X)’ Z)
—9(¢((Vx0) (Y)),2) +9(¢((Vye) (X)), 2). (2.18)

3 A non-symmetric non-metric connection

On the other hand, a linear connection V [6], [8] defined as

VxY =VxY +g(¢X,Y)¢ (3.1
satisfying N
T(X,Y)=2g(¢X,Y)¢ (3.2)
and B
(Vx9) (v, 2) = =1(2) g (6X.Y) = 1 (Y) (6 X, 2) (3.3)

for arbitrary vector field X, Y and Z, is called a non-symmetric non-metric connection. It is also
known [6]

(Vo) (V) = (Vx0) (¥) + g (X, 0Y) &, (3:4)
(Vxn) (V) = (Vxm) (V) = g (X, V), (3.5)
(Vxg) (6v.2) = —n(2) g (6X,6Y). (3.6)
On changing Y by ¢ in the equation (3.1), we have
Vx€ = Vx¢ 3.7)

We also have

Proposition 3.1. The vector field £ is invariant with respect to Levi-Civita connection V and
non-symmetric non-metric connection V [16].

Proposition 3.2. Co-variant differentiation of Riemannian metric g with respect to contra-variant
vector field { vanish identically in a contact metric manifold admitting the non-symmetric non-
metric connection V [16].

The curvature tensor R of V defined as follows
R(X,Y)Z =VxVyZ—VyVxZ—VxyZ, (3.8)
where X, Y, Z € TM. Using equations (3.1), (3.4), (3.5), (3.6) and (3.7), we get

R(X,Y)Z = R(X.Y)Z+g((Vx9)Y,Z)§ - g((Vye)X, Z)¢
+9(¢Y, Z)Vx€ — g(0X, Z)Vy¢, (3.9)

where
R(X,Y)Z =VxVyZ —-VyVxZ — Vixy)Z (3.10)

is the Riemannian curvature tensor of Levi-Civita connection [2].
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4 Sasakian manifolds with the non-symmetric non-metric connection

If we define

dn(X,Y) = (ﬁxn) Y — (%Yn) X. 4.1

Using equations (2.6) and (3.5), we get

Let us define the Nijenhuis tensor N (X,Y) of ¢pinan (M, 41, g) admitting the non-symmetric
non-metric connection

N(X,Y) = (%qu) (Y)—(%qu) (X)
6 ((Fx0) 1) +6 ((Fro) (). (43)

In view of equations (2.1) and (3.4), we get

NXY) = (Vox9) (Y) = (Vore) (X)
—¢((Vx9) (V) + ¢ ((Vye) (X)) +29( X, Y)E. 4.4)

Using equation (2.4), we get

N(X,Y) =3g(¢X,Y)E. (4.5)
From equations (4.2) and (4.5), we get
4N(X,Y) + 3dn(X,Y)E = 0. (4.6)
Hence we can say

Theorem 4.1. Sasakian manifolds admitting the non-symmetric non-metric connection v satisfy
the equation (4.6).

In view of equations (3.2) and (4.6), we can also write the following corollary:

Corollary 4.2. Sasakian manifolds admitting the non-symmetric non-metric connection v satisfy
the equation 2N (X,Y) —3T(X,Y) = 0.

Lemma 4.3. On a Sasakian manifold equipped with the non-symmetric non-metric connection
V, Ricci tensor, Ricci operator and scalar curvature are invariant for the non-symmetric non-
metric connection V and Livi-Civita connection V.

Proof. Using equations (2.1), (2.3), (2.4) and (2.5) in (3.9), we have

R(X,Y)Z = R(XY)Z+g(Y,Z)n(X)§ —g(X, Z)n(Y)S
+9(0X, Z)(¢Y) — g(¢Y, Z) (¢ X). 4.7

Contracting equation (4.7) with respect to X, we have

S(Y,2) = S(Y, Z). 4.8)
By virtue of equation (2.12), equation (4.8) gives
QYY) =Q(Y) 4.9)
Again contracting equation (4.8), we get
r=r, (4.10)

where S (Y,2);8(Y,2), Q: Q and 7 ; r are the Ricci tensors, Ricci operators and scalar curva-
tures of the non-symmetric non-metric connection V and Livi-Civita connection V. O
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On replacing X = ¢ in the equation (4.7) and using equations (2.1) and (2.3), we have

R(£,Y)Z = R(£,Y)Z + g(Y, Z)¢ — n(Z)n(Y)E. (4.11)

In view of equations (2.8) and (4.11), we can easily get

R(&,Y)Z =29(Y, 2)¢ —n(2)Y —n(Z)n(Y ). (4.12)

Again on replacing Z = £ in the equation (4.7) and using equations (2.1), (2.3) and (2.7), we
have

R(X,Y)¢

R(X,Y)¢
= p(Y)X — n(X)Y. (4.13)

In view of equations (4.7), (2.1) and g(R(X,Y, Z), W) = —g(R(X,Y,W), Z), we have

n(R(X,Y)Z) =2[g(Y, Z)n(X) — g(X, Z)n(Y)]. (4.14)

On contracting equation (4.13) with respect to X, we have
S(Y,€) = 2nn(Y). (4.15)

Theorem 4.4. If Riemannian curvature tensor of V in a Sasakian manifold admitting the non-
symmetric non-metric connection V vanishes, then the manifold is Ricci-flat.

Proof. On taking R(X,Y)Z = 0 in the equation (4.7), we have

RX,Y)Z = g(X,Z)n(Y)§ - g(Y,Z)n(X)¢
+9(Y, Z)(¢X) — (X, Z)(¢Y ). (4.16)
In view of 'R(X,Y, Z, W) = g(R(X,Y)Z, W) and equation (4.16), we have

'R(X,Y,Z,W) = g(X,Z)n(Y)n(W) —g(Y, Z)n(X)n(W)
+9(oY, 2)g(¢X, W) + g(X, 9Z)g(¢Y, W). (4.17)

Contracting equation (4.17) with respect to vector fields X, we get
S(Y,Z)=0, (4.18)
which leads to the proof. O

Theorem 4.5. In a Sasakian manifold admitting the non-symmetric non-metric connection \
the necessary and sufficient condition for the conformal curvature tensor of V coincides with
that of V is that the conharmonic curvature tensor of V is equal to that of V.

Proof. The conformal curvature tensor of V is defined as

C(X,Y)Z = R(X,Y)Z- (2711—1)[§(Y’ Z)X - 8(X,2)Y
+9(Y7 Z)éX - g(X, Z)éY]

T

Fonn =1y W)X — g(X, 2)Y]. (4.19)

Using equations (4.7), (4.8), (4.9) and (4.10) in the equation (4.19), we have

CXY)Z-C(X,Y)Z = g(Y,Z)n(X)§ —g(X, Z)n(Y)¢
+g(¢Y, Z)X - g((va Z)}/’ (420)
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where
O(X,Y)Z = R(X,Y)Z— (znll)[sm 2)X — S(X,2)Y
+9(Y, 2)QX — g(X, Z)QY]
+ﬁ[9(x Z2)X — (X, 2)Y]. 4.21)

Again we define conharmonic curvature tensor of V as

- - 1
L(X,Y)Z = R(X,Y)me

+9(Y, 2)QX — g(X, Z)QY]. (4.22)

[S(Y,Z2)X — 5(X,2)Y

Using equations (4.7), (4.8), (4.9) and (4.10) in the equation (4.22), we have

LIX,Y)Z - L(X,)Y)Z = g(Y,Z)n(X)§ - g(X, Z)n(Y)E

+9(¢Y, Z2)X — g(¢X, 2)Y, (4.23)
where
L(X,)Y)Z = R(X,Y)Z- (znl_l)[S(Y, )X -S(X,2)Y
+9(Y, 2)QX — g(X, Z)QY]. (4.24)
Proof of the theorem is obvious in view of equations (4.20) and (4.23). O

Theorem 4.6. In a Sasakian manifold admitting the non-symmetric non-metric connection V, the
necessary and sufficient condition for the concircular curvature tensor coincides with curvature
tensor is scalar curvature of V to be zero.

Proof. The concircular curvature tensor [19] of a Riemannian manifold is defined as

r

V(X,Y)Z =R(X,Y)Z — T

9(Y,2)X - g(X, Z)Y]. (4.25)

Proof of the theorem is obvious in view of equations (4.10), (4.25) and 7 = 0. O

5 Semisymmetric Sasakian manifolds admitting the non-symmetric
non-metric connection V

A (2n+1)— dimensional contact metric manifold M with the non-symmetric non-metric connec-

tion is said to be semisymmetric if (R(X,Y).R)(Z,U)V = 0. Suppose M is a semisymmetric
contract metric manifold admitting the non-symmetric non-metric connection V. Which implies

R(X,Y)R(Z,U)V — R(R(X,Y)Z,U)V
—R(Z,R(X,Y)U)V — R(Z,U)R(X,Y)V = 0. (5.1)

On changing X = ¢, we get

R(&,Y)R(Z, U)WV — R(R(¢,Y)Z,U)V
—R(Z,R(&,Y)U)V — R(Z,U)R(¢,Y)V = 0. (5.2)

In view of equation (4.11), we obtain
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29(Y, R(Z,U)V)§ = n(R(Z, U)V)Y = n(Y)n(R(Z,U)V)§
~29(Y. Z)R(E. V)V +0(Z2)R(Y.U)V +n(Y)n(Z)R(E.U)V
~29(Y,U)R(2,&)V +n(U)R(Z,Y)V +n(Y)n(U)R(Z, )V
~29(Y.V)R(Z, U)E +n(V)R(Z,U)Y +n(Y)n(V)R(Z,U)¢ =0, (5.3)
which implies
2YR(ZUVY) = a(R(Z,U)V)(Y) + 0¥ )n(R(Z U)V)
+29(Y, Z)n(R(&,U), V) = n(Z)n(R(Y,U)V)
—n(V)n(Z)n(R(E, U)V) + 29(Y. U)n(R(Z,€)V)
—n(U(R(Z,Y)V) = (Y )n(0)n(R(Z,6)V)
+29(Y, V)n(R(Z,U)€) = n(V)n(R(Z,U)Y)
(Y )n(V)n(R(Z,U)§). (5.4)
Again by using equations (2.1), (2.3), (4.12), (4.13) and (4.14) in the above equation, we get
'R(ZUVY) = 2g(Y.2)g(U.V) - g(Y.U)g(Z,V)]
+(Z)n(V)g(Y,U) = n(U)n(V)g(Y, Z)]. (5.5
Hence we can say
R(z,U)W = 29U, V)Z - g(Z,V)U]
+(Z)n(V)U = n(U)n(V)Z]. (5.6)
Contracting above equation with respect to Z, we get
S(U, V) =4ng(U,V) — 2nn(U)n(V). (5.7)
In vies of above equation, we also have the following results
Q(U) = 4nU — 2ny(U)¢ (5.8)
and
7 =2n(4n +1). (5.9)
Equations (4.8), (4.9), (4.10) and (5.7), (5.8), (5.9) respectively lead to the following equations
S(U,V) =4ng(U,V) = 2nn(U)n(V), (5.10)
Q(U) = 4nU = 2n3(U)¢ (5.11)
and
r=2n(4n+1). (.12)

In view of definition 2.1 and equation (5.10), we can state the following theorem:

Theorem 5.1. A semisymmetric Sasakian manifold admitting the non-symmetric non-metric con-
nection V is an n—Einstain manifold.

The conformal curvature tensor of the non-metric non-symmetric connection V is defined by
equation (4.19). On substituting the value of S(X,Y"), Q(X) and 7 from equations (5.7), (5.8)
and (5.9) in the equation (4.19), we get

CEZ = GrplalX.2)Y —g(v.2)X

(Y )n(2)X —n(X)n(2)Y]

2 (X)g (Y, 20 —n(¥)g(X, 2)e]. (5.13)

oo
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On taking Z = ¢ in the above equation, we get C (X,Y,¢) = 0. Hence we can state the
following theorem:

Theorem 5.2. A semisymmetric Sasakian manifold admitting the non-symmetric non-metric con-
nection V is an {—conformally flat with respect to the non-symmetric non-metric connection V.

Again in view of equations (4.7) and (5.6), we get
+(Z)n(V)g(Y,U) = n(U)n(V)g(Y, Z)]
—9(Y, Z)n(X)& + g(X, Z)n(Y )&
—9(0X,Z2)(¢Y) + g(¢Y, Z) (¢ X). (5.14)
Now by using equations (5.10), (5.11), (5.12) and (5.14) in the equation (4.21), we get
1
CX,Y)Z = m[g()Q 2)Y —g(Y,Z)X
+n(Y)n(Z2)X —n(X)n(2)Y
+n(X)g(Y, 2)§ —n(Y)g(X, Z)¢]
—9(0X,Z2)(¢Y) + g(¢Y, Z) (¢ X). (5.15)

On taking Z = ¢ in the above above equation, we get C'(X,Y,¢) = 0. Hence we can also state
the following corollary:

Corollary 5.3. A semisymmetric Sasakian manifold admitting the non-symmetric non-metric
connection V is £ —conformally flat as well.

6 Ricci semisymmetric Sasakian manifolds admitting the non-symmetric
non-metric connection V

A (2n+1)— dimensional contact metric manifold M/ with the non-symmetric non-metric connec-

tion is said to be Ricci semisymmetric if ﬁ(X , Y)§ vanish identically. Hence ina (2n+ 1)— di-
mensional Ricci semisymmetric contact metric manifold A with the non-symmetric non-metric
connection, we have

S(R(X,Y)Z,U)+ S(Z,R(X,Y)U) = 0. (6.1)

Taking X = £ and using equation (4.12) in the above equation, we have

29(Y, 2)S(&,U) —n(2)S(Y,U) —n(Y)n(Z)S(€,U)
+29(Y,U)S(Z,€) —n(U)S(Z,Y) — n(Y)n(U)S(&, Z) = 0. (6.2)

In view of equation (4.15), the above equation yields
4nn(U)g(Y. Z) = n(2)S(Y.U) = 20n(¥ )n(Z)n(U)

+4nn(2)g(Y,U) —n(U)S(Z,Y) = 2nn(Y)n(Z)n(U) = 0. (6.3)

Again change U = ¢ and using equation (4.15) in the above equation, we have

S(Y,Z) = 4ng(Y, Z) = 2nn(Y )n(Z). (6.4)
As the Ricci curvature tensor of a Sasakian manifold admitting the non-symmetric non-metric

connection is invariant with respect to the non-symmetric non-metric connection V and Livi-
civita connection V, we can say

S(Y,Z) =4ng(Y, Z) = 2nn(Y)n(Z). (6.5)

Hence we conclude the following theorem:
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Theorem 6.1. A Ricci semisymmetric Sasakian manifold admitting the non-symmetric non-metric
connection V is an n—Einstain manifold.

On the other hand if we use equation (4.7) in the following equation
(R(X,Y).8)(2,U) = -S(R(X.Y)Z,U) - S(Z R(X,Y)U), (6.6)

we get

(R(X,Y).5)(z,U) =

+

9(6Y, 2)S(¢X,U) — g(6X, Z)S(¢Y,U)

( )
+n(Y)g(X, 2)S(&,U) —n(X)g(Y, 2)S(¢, U)
+9(0Y,U)S(Z,9X) — g(6X,U)S(Z, ¢Y)
+n(Y)g(X,U)S(Z,€) —n(X)g(Y,U)S(Z,€). (6.7)
The above equation can be re-write as
(R(X,Y).8)(Z,U) — (R(X,Y).S)(Z,U)

:g(¢Y,Z)S(¢X,U)—g((bX,Z)S((bY,U)
+n(Y)g(X, 2)S(&,U) —n(X)g(Y, Z)S(¢,U)

+g(¢Y U) (Z ¢X) 9(0X,U)S(Z,9Y)
where
(R(X,Y).S)(Z,U)=-S(R(X,Y)Z,U) — S(Z,R(X,Y)U). (6.9)
If we assume
(R(X,Y).8)(Z,U) = (R(X,Y).5)(Z,U), (6.10)

equation (6.8) can be write as under

9(0Y, 2)S(¢X,U) — g(6X, 2)S(¢Y,U)
+1(Y)g(X, 2)5(&,U) —n(X)g(Y, Z)S(¢,U)
+9(0Y,U)S(Z,¢X) — g(6X,U)S(Z, ¢Y')

+n(Y)g(X,U)S(Z,8) —n(X)g(Y,U)S(Z,¢) = 0. (6.11)

If we change U = ¢ in the equation (6.11) and using equations (2.1), (2.3) and (6.5), we get

2nn(X)g(Y, Z) = n(Y)g(X, Z)] = 0. (6.12)
Which is not possible. Hence we have the following corollary:

Corollary 6.2. In a Ricci semisymmetric Sasakian manifold admitting the non-symmetric non-
metric connection

(R(X,Y).S)(Z,U) # (R(X,Y).5)(Z,U). (6.13)

Ricci soliton of data (g, V, A) is defined by the equation (2.15), where g, V, A are Riemannian
metric, a vector field, and a real constant. Naturally two situations appear regarding the vector
field V: V € Span(¢) and V' L Span(§). Here we discuss first case that is V' € Span(§).
Ricci soliton of data (g, £, \) on a Sasakian manifold admitting the non-symmetric non-metric

connection V can be defined as under:

(£:9)(X,Y) +25(X,Y) +2Xg(X,Y) =0, (6.14)
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for all X,Y € TM. Here £ ¢g, the Lie-derivative of Riemannian metric g with respect to &
admitting the non-symmetric non-metric connection V, is defined as

(£e9)(X,Y) = £9(X,Y) +g(£cX,Y) + (X, £¢Y)
= XY) +g(VeX = Vx&Y) + (X, VeY — Vy¢)
= &(X,Y) +g(VeX,Y) + g(X,VeY)
~9(Vx€Y) = 9(X, Vy€). (6.15)
The above equation can be re-write as
(£c9)(X,Y) = (Veg) (X.Y) = g(VxE€Y) = g(X, Vye). (6.16)

Now in view of equations (2.3), (2.5), (3.3), (3.7) and (6.16), we have

(£¢9)(X,Y) = 0. 6.17)

Hence on a Ricci semisymmetric and semisymmetric Sasakian manifold admitting the non-
symmetric non-metric connection V, the equation (6.14) in view of equations (5.10), (6.5),
(6.18), can we written as

(4n+ N)g(X,Y) —2nn(X)n(Y) =0. (6.18)

On taking X =Y = ¢ in the above equation (6.18), we get A = —2n < 0. Hence we can state
the following theorem:

Theorem 6.3. On a Ricci semisymmetric and semisymmetric Sasakian manifold admitting the
non-symmetric non-metric connection V, the Ricci soliton of data (g, &, \) is shrinking.

7 Example of Sasakian Manifold

Example 7.1. Consider a three dimensional manifold M3 = {(x,y,2) € R® : z # 0} with the
standard coordinate system (z,y,z) of R*. Lete; = (y2& — 2),e; = —26%763 =2 =¢
are linear independent vector fields at each point of M3 and form basis of tangent space at each

point.

Let g be a Riemannian metric of M> defined by

gler,e2) = g(ez,e3) = g(es,e1) =0,
1

gler,e1) = glez, €2) = g(es,e3) = 1, (7.1)
and ¢ is an (1, 1)—tensor field defined by
p(e1) = e, p(e2) = —e1, ¢(e3) = 0. (7.2)
Using linearity of ¢ and g, we have
n(es) =1, ¢*X =-X+n(X)es (7.3)

for any X € TM. Here 7 is a 1-form on M3 defined by n(X) = g(X,e3) for any X € TM.
Hence for & = e3, the structure (¢, &, 7, g) defines an almost contact metric structure on M3,
The Lie bracket for the example can be calculated by using the definition [X,Y]f = X(Y f) —
Y (X f). All possible Lie brackets for the example are as follows:

[61,61} :0, [61,62] :263, [61,63] :0,
[e2, e1] = —2e3, [e2,€2] =0, [e2, €3] =0, (7.4)

[es,er] =0, [e3, e2] =0, lez,e3] =0.
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Let V is a Levi-civita connection with respect to Riemannian metric g. Using the Koszul
formula

29(VxY,Z) = Xg(Y,Z)+Yyg(Z,X)—Zg(X,Y)
+9([X, Y], Z2) — g([v, 2). X) + 9([Z, X],Y) (7.5)

and the Riemannian metric g, we can easily calculate

Ve er =0, Ve e = e3, Ve e3 = —ea,
Vezel = —es, Vezez = 03 v€2€3 =€, (76)
Ve,e1 = —ea, Ve,e2 = €1, Ve,e3 =0.

Now for X = X'e; + X%e; + X3e3 and € = e3, we have

Vx§ = Vxle1+X2e2+X3e3@3
X'V 3+ X?Ve,e3 + X2V e3
= X% — X'e,, (7.7)

dX = ¢(X'ep 4+ X?er + X3ezes)
= X'ger + X?¢er + X3 ges
= X'ep — X?%y, (7.8)
where X!, X2, X3 are scalars. In view of equations (7.7) and (7.8), we can say that the struc-

ture (¢, &, n, g) is Sasakian structure on M. Consequently M>(¢,&,1m, g) is a Sasakian manifold.
In reference of equations (2.1), (2.3), (3.1) and (7.6), we have the following

Ve er =0, Ve €2 = 2e3, Ve €3 = —ea,
Vezel = —263, Vezez = 0, V62€3 = €1, (79)
V63€1 = —e€), V6362 = €1, V63€3 == 0 .

On changing X = e¢;, Y = e; and Z = e3 in the equations (3.2) and (3.3), we have

T(er,e2) =2g(ger, ex)es = 2g(ez, e2)e3 =2e3 # 0

and

(Veg)(e2,e3) = —nles)g(der, e2) —nlex)g(der, e3)
= —lg(ez,e2) = —1#0.
Hence the connection defined in (3.1) is a non-symmetric non-metric connection. Again for
X = X'e; + X%e) 4+ X3e3 and ¢ = e3, we have
ﬁxf = §X161+X262+X3e3e3

= Xlﬁeleg + X266263 + X3§e3e3

= X% — X'es, (7.10)
In view of equations (7.7)and (7.10), we can say that the example verify proposition 3.1.

The Riemannian curvature tensor R(e;, ;) X;4,5 = 1,2, 3, of connection V can be calculated

by using equations (3.10), (7.4) and (7.6). The all possible values for X = X'e; + X%e; + X3e3
are as follows:
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R(er,e2)X =3(=X%e1 + X'es), R(er,e3)X = X3¢ — Xles,
R(ez,e1)X = 3(X%e; — X'ey), R(ez,e3)X = X3¢y — X?e3, (7.11)

R(e3,e1)X = —X3e; + Xles, R(e3, )X = — X3¢y + X2e;,

along with R(e;,e;)X = 0; V i = 1,2,3. From straight forward calculations, it can be easily
proved the equations (2.7), (2.8) and (2.9) hold. _
In the same manner, we calculate the Riemannian curvature tensor R(e;,¢;)X;i,5 = 1,2,3

of the non-symmetric non-metric connection v by using equations (3.10), (7.4) and (7.9).

é(el, 62)X = 4(—X2€1 + Xlez), E(61,63)X = X3€1 — 2X163,
R(ez,e1)X = 4(X% — X'ez),  R(ez, e3)X = X3¢y — 2X2e, (7.12)

é(e3,el)X =—X3e; +2Xes, E(eg,ez)X = —X3ey +2X2%es,

along with ﬁ(ei,ei)X =0;Vi=1,23.

In consequence of equations (7.11) and (7.12), we can verify the equations (4.7), (4.11),
(4.12), (4.13) and (4.14).

The Ricci tensors S(ej, X);j = 1,2, 3, of connection V for the given Sasakian manifold, can

3
be calculated by using the results of equation (7.11) in the equation S(e;, X) = > g(R(e;, ;) X, €;).
i=1

It is as under:

S(e;, X) = —2X', S(e, X) = —2X% S(es, X) =2X". (7.13)

The Ricci tensors S (ej,X);j = 1,2,3, of the non-symmetric non-metric connection V for
the same given Sasakian manifold, can also be calculated by using the results of equation (7.12)

~ 3 ~
in the equation S(ej, X) = > g(R(e;, e;)X, e;). It is as follows:
i=1
Sle, X) =-2X", S(e2, X) = —2X2, S(e3, X) =2X°. (7.14)
In view of equations (7.13) and (7.14), the scalar curvature tensor wiLh respect to connection
V as well as with respect to the non-symmetric non-metric connection V of the given Sasakian
manifold can be calculated as under:

3
r=> S(eie)=-2-2+2=-2,
i=1
3 ~
F=> S(eie)=-2-2+2=-2
i=1
Hence we can say that the taken example of three dimensional Sasakian manifold verify Lemma
4.3 as well.

References
[1] N.S.Agashe and M. R. Chafle, A semisymmetric non-metric connection, Indian J. Pure Math. 23(1992),
399-409.
[2] D. E. Blair, Contact manifolds in Riemannian geometry, lecture Notes in Math. 509, springer Verlag,
1976.

[3] D. E. Blair, Riemannian geometry of Contact and Symplectic manifolds, Birkhauser Boston, 2002.



710 Pankaj, S. K. Chaubey and Rajendra Prasad

[4] C.S. Bagewadi and G. Ingalahalli, Ricci Solitons in Lorentzian a-Sasakian manifolds, Acta Math. Acad.
P. N, Vol-28(2012), 59-68.

[5] U. C. De and A. A. Shaikh, Complex Manifolds and Contact Manifolds, Narosa Publishing House Pvt.
Ltd., 2009.

[6] S. K. Chaubey, On semisymmetric non-metric connection, Prog. of Math, Vol-41-42(2007), 11-20.

[7] S. K. Chaubey, Almost contact metric manifolds admitting semisymmetric non-metric connection, Bul-
letin of Mathematical Analysis and Applications, 3(2), (2011), 552-560.

[8] S. K. Chaubey and R. H. Ojha, On a semisymmetric non-metric connection, Filomat, Vol-26:2(2012),
63-69.

[9] S. K. Chaubey and A. C. Pandey, Some properties of a semisymmetric Non-metric connection on a
Sasakian Manifold, Int. J. Contemp. Math. Science, Vol-8,2013,no0. 16, 789-799.

[10] U. C. De and M. M. Tripathi, Ricci-tensor in 3-dimensional trans-Sasakian Manifolds, Kyungpook Math.
J.,2,247-255(2005).

[11] A. Friedmann and A. Schouten, Uber die Geometric der halbsymmetrischen Ubertragung, Math.,
Zeitschr, 21(1924), 211-223.

[12] H. A. Hayden, Subspace of a space with torsion, Proceedings of London Mathematical Society,II-Series
34(1932), 27-50.

[13] Jeong-Sik Kim, R. Prasad and M. M. Tripathi, On generalized Ricci recurrent trans-Sasakian manifolds,
J. Korean Math. Soc. 39 (2002), No. 6 pp. 953-961.

[14] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J., 24 (1972), 93-103.
[15] J. A. Oubifia, New Classes of almost contact metric structures, Pub. Math. Debrecen 32(1985), 187-193.

[16] Pankaj, S. K. Chaubey and R. Prasad, Trans-Sasakian Manifolds with respect to a non-symmetric non-
metric connection, Global Journal of Advanced Research on Classical and Modern Geometries, Vol.7,
(2018), Issue 1, 1-10.

[17] G. P. Pokhariyal, Curvature tensors and their relative significance III, Yokohama Math. J., 20(1973),
115-119.

[18] R. Prasad, Pankaj, M. M. Tripathi and S. S. Shukla, On some special type of trans-Sasakian Manifolds,
Riv. Mat. Univ. Parma 2,2009, 1-17.

[19] R. Prasad and Pankaj, Some curvature tensors on a trans-Sasakian manifold with respect to semisym-
metric non-metric connection, J.Nat. Acad. Math, Sp. Volume (2009), 55-64.

[20] S. Sasaki, On differentiable manifolds with certain structure which are closed related to an almost contact
structure, Tohoku Math. Journal. 12 (1960), 459-476.

[21] S. K. Yadav, Pankaj and S. K. Chaubey, Riemannian manifolds admitting a projective semisymmetric
connection, https://arxiv.org/pdf/1710.00622.pdf.

[22] K. Yano, On semisymmetric metric connections, Rev. Roumaine Math. Press Apple. 15(1970), 1579-1586.

Author information

Pankaj, Department of Information Technology, Higher College of Technology, Muscat-133, Oman.
E-mail: pankayj. fellow@yahoo.co.1in

S. K. Chaubey, Department of Information Technology, Shinas College of Technology, Shinas, Oman.
E-mail: sk22_math@yahoo.co.in

Rajendra Prasad, Department of Mathematics and Astronomy, University of Lucknow, Lucknow, India.
E-mail: rp.manpur@rediffmail.com

Received: March 13, 2018.
dccepted: April 3, 2019.



	1 Introduction
	2 Preliminaries
	3 A non-symmetric non-metric connection
	4 Sasakian manifolds with the non-symmetric non-metric connection
	5 Semisymmetric Sasakian manifolds admitting the non-symmetric non-metric connection "0365
	6 Ricci semisymmetric Sasakian manifolds admitting the non-symmetric non-metric connection "0365
	7 Example of Sasakian Manifold

