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Abstract In this paper , five new generalized Legendre wavelet estimators of functions having
first and second derivative belonging to Lip, [0, 1] have been established.

1 Introduction

Orthogonal functions have attracted the researchers of the modern analysis due to its
properties like optical control, applicability in a dynamical system. A function or signal of
L2[0,1) can be expressed in the form of wavelet expansion. There are several Fourier series
which is not convergent.Thus the difference of the function and n*” partial sum of its expansion
can be calculated in some specific cases. Keeping this approach of Fourier analysis in mind, such
differences can be calculated in case of wavelet expansion in wavelet analysis. The whole
concept of approximation theory is based on Weierstrass approximation theorem. According
to this theorem, if a function f is continuous in [a,b] then there is a sequence (B, (z))>  of
Bernstein polynomials which converges uniformly to f on [a,b]. Legendre wavelet
approximates a function of Lip, class of order 0 < a < 1 by piecewise Legendre polynomials.
Thus the Legendre wavelets defined on the interval [0,1), are generally obtained by a translation
operator on Legendre wavelet, defined on the subintervals|O0, 2%) of [0,1). In best of our
knowledge, till date nothing seems to have been done so for the degree of approximation of
the function f € L2[0, 1) whose first and second derivativesf andf” belonging to Lip,[0, 1) of
order 0 < o < 1 by Generalized Legendre wavelet methods. The purpose of this research paper
is to make an advanced study in this direction, five new wavelet estimators of f "and f have

been estimated by ‘ng 2n i.e. Generalized Legendre methods. Our estimators are better, sharper
and new in wavelet analysis and its applications.

2 Definitions and Preliminaries

Definition 2.1. Generalized or Extended Legendre wavelet:

Let NV denotes the set all natural numbers, Nyp = N (J{0} and Z, = {0,1,2,3,...,u— 1} fora
positive integer u. For a positive integer 1 > 1, define the contracting mapping on the interval
1=[0,1] by

Ye(z) = zté

,xel0,1,¢ € Z,.
Then

be(I) C IVE€ Z,, | ¢e(I) = 1.

£ez,

The Legendre polynomials P, (z) are defined by

I dam

P () = 2mm! dxg™

[(z* = 1)™],m > 0.
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{Pn}:°_, are orthogonal and satisfy :

Po(t) =1,P(t) =t

(m + 1) Pt (£) = (2m + 1)tPy(t) — mPr_1 (), m € N.

Let
Go = span{P,,,(2t — 1)|t € [0,1],m € Z,,}.

Let ¢ € Z,, define T¢ on L?[0,1] by

, otherwise

T _{ (\)/Ef(%“(t)) t € ve(l)

1T ()13

| @ty
0

| arg @) s
= | fpz—&)de
0
n=E
= / fAv)dv, pr—E=wv
¢

= |IfII3
ST = A1

Therefore, T¢ f is an isometry.

Suppose
Gk+] = @ TgGk,k € Np.
cez,
Then,
(Z)Gk - G;H,hv k € Ny.
(i4)dimGy, = Muy".
(i) G = L*[0,1].
k=0
Let

Fy = {\/Zm F1P,(2t— 1)t [0,1],m e ZM}

. Then (i) Fj is an orthonormal basis for Gj.

(id)supp {Tef} N supp { T £ | = 6. # €'¥f € L20, 1],
where supp(f) denotes the support of the function f.
For m # m/

<V2m+ 1P, 2z —1),v/2m' + 1Py 2z — 1) >

1
= V2m+1V2m/ + 1/ P2z — 1)dzPpy (22 — 1)dx
0

1
= V2m+1V2m/ + 1/ P (y)dz Py (y)dy,2z — 1 =y
-1

= 0, by property of Legendre polynomial.
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<V2m+ 1P, 2z —1),v2m+ 1P,,2z — 1) >
1
= (2m+ 1)/ P22z — 1)dx
0

2 1 /!
= m2+ / PX(y)dy,2z — 1=y
—1

= 1.

F = {TE()OTglOngO...OTgk_l(\/ 2m + le(Zt — 1))\m € ZM}

= {ng(\/2m+1Pm(2t—1)\meZM)}
= {VaV2m+ 1P, (29 ' (z) — 1)|m € Zu}
= {(V2m+1p2 Py, (2uz — (26 +1))|m € Zy}

LetFl,mEF1
1
1Finlp = [ @mo+ 1P ue - (26 + 1))do
0
£+l
I
= 7 wem+ )P - @6+ 1)
=
s, ydu
— u@m+1) P ()50, s — (26 +1) =
= 1.
<Fl,maF1,m’ > = O,m#m'
Similarly ,
1,m=m
< I maF m > = ’
h b { 0,m #m’

F}, is an orthonormal basis for the vector space G, where “0” denotes composition of functions.[6]
Similarly, forn = 1,2,3, ..., ",k € N,

V2m F 1ps P (2p%t — 2n 4 1) te[ngl, 2

RN

Wi (8) = U (kymynt) = ,
’ 0 , otherwise.

is called extended Legendre wavelet and { ; 271} is an orthonormal basis of Gy.

For =2, {‘I‘;,)n} reduces to known Legendre wavelet

TR Y| el
W, () =4 Ve 2R, T st Ty

0 , otherwise.

Thus {‘P% zn} is a generalization of {W%}

Definition 2.2. Extended Legendre approximation:
A function f € L?[0, 1] is expressed in the form of extended Legendre wavelet as

chnm nm Zz<fa /J:n>lpn#« (t) (21)

n=1m=0 n=1m=0
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If the infinite series(2.1) is truncated, then it can be expressed as:

p* M—1
FO =" comPl, (1) = CTRW(1) (2.2)
n=1 m=0

where C and W(*) (t) are ;1% M column vectors given by
C = [0170, veey Cl,(M—l)a C2,05 -5 627(M_1), veey Cuk70, veey Cu’“,(M—l)]Ta

and WO (8) = [PV (1), oy P WG (1), W (1), W (1), U (@]

(M—1) 2,(M—1 kL0
respectively. We define

| 1/2
1fll2 = ( /0 f<x>|2da:>

Lk — s
and B, a7 (f) of £ by (S e f) (2) = Yo S0 o it ()
is defined by

Em(f) = min )||f — Sy a(f)|l2, where E ./ (f) is the extended Legendre approximation.

whk M
IfE,x p(f) = Oasn — oothen E,x /(f) is the best approximation of f.(Zygmund[1],pp.115).

Definition 2.3. Lipschitz class :
A function f € Lip,[0, 1] if

If(v+u) — f(v)] =0(ul*);0 < a < 1,v,u,u+v € [0,1]]2].

i.e.
|f(v+u) = f(v)] = Mylu|*, My >0,v,u,u+v € [0,1]

Example:

A functionf : [0,1] — R is given by

f(z) = sinz
Consider,
[f(x+t)— f(z)] = |[sin(z+1t)— sinz| = 2005<2I2—’_t>5in<;)‘ < |t|Vz,t,z +t € [0,1]
= O(ltl)
Then
f € Lip [O, 1]

3 Theorems
We prove the following theorems:

Theorem 3.1. Let f € L2[0, 1) such that f* € Lip,[0, 1] and its extended Legendre wavelet
expansion be

n=1m=0
Then extended Legendre wavelet approximations satisfy:
i
o 1 ) <
(OFor [(@) = 52 cao¥3(@), Bo() = min |1 = 32 eno®,fille = 0 (G (14 7))

(II)FOT f(a?) = f i Cn7m‘P51p:2n(m)7

n=1m=0
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Theorem 3.2. Let f € L2[0, 1) such that f* € Lip,[0, 1] and its expansion be

n=1m=0

Then extended Legendre wavelet approximations satlsfy

(OFor f(x) = 3= e 0¥!/4(@). 2 B o(f) = jmin, |- chownouz— (7 (14 7)) -

n=1 ol

00 1
(IFor f(z) = 3 3 e WP (),
BR()= gmin |If - zmz enmPinllz = O (e (14 34)) -
(IFor f(z) = Z S P, (2),
n=1m=0
B ()= min f— 55 e ¥l
M S M( ) n=1 m=0

:0<(2M'3)ggk(1+u}m ),M>3.

Proof 3.1. (I)
For

F@) =3 ca g (@)

n=1

The error e, )(x) between f(x) having f* € Lip,[0, 1] and its expression over any subinterval is defined as

@) = eno®U(a) — fla)w e [” -1 ’;)

=

=
e
Il
o
o T T
)
I
Py
1S3
=
T
QL
5]

= | (f(@)dz—ch 3.1)
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Consider,

Next,

Cn,0

Cn,0

Now,

Cn,O

Then,

et 113

Consider,

I

(=)
\;F‘_
—
A~
3
B
ol
+
>
~_
_
[\ )
W
B
3
I
3
ol

_ 2
f<n_kl>+hf' <"‘,€1+9h>} dh,0 <0 < 1
L 1%

k n—1 rfn—1
Iz /{f( o >+hf < o +0h)}dh,0<0<1

(3.2)
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1
F‘k _ 2
I = /hz 7 <n kl +9h) _f (nkl) s <nkl>} h
;L I p
1 1
" [+ (n—1 n—1\1° ’ c(n—1\1?
- foelr (o) s () s [l (5]
L H M
0 0
1
7 1 1 1
w [l (G eo) s ()] [ ()] @
) I Iz
1 L 1
uk uk uk
L < / M2h*2dh + M3 / h*dh + 2M, M, / ho*2dh, f € Lipa[0, 1]
0 0 0
_ ]\412 " M22 n 2M M, (3.3)
(2a + 3)Mk(204+3) 3,u3k (a + 3)‘uk(a+3) .
Also,
o 2
uk
’ n—1
L = u¥ /hf ( o +9h>dh
0
- 2
“k
n—1 rfn—1 r(n—1
-\ [l (o) = () <o ()
0
O o 2
“k' k
<o Jol (st em) s (e ol (50
ju p
0 0
O 2 2
“k “k
< uF /hM{hadh—i—Mé/hdh
0 0
M, e\
_ Lk 1 2
- A ((a+2)uk(a+2) +2,u2k>
VS TV 1 o
- (Oé + 2)2Mk(2a+3) 4/1'3k (a + Z)Mk(a+3) :
By eqns (3.2), (3.3) and (3.4) , we have
||€(l)||2 < ‘]\412 + Mzz 2My M,
2= Qo+ 3)pkRatd) T 33k T (o 4 3)pk(etd)
My? M, M, M,
+ (a + 2)2pk(20+3) + 443k + (o + 2)pk(at3)
N? 1 1 TN} 2NN, 1 1
k(2a+3) + 7 )T % T k(a+3) +
L 2a+3) (a+2) 124 L (a+2)  2(a+3)

k

2
2 (gt + ) 39 = mastat M) = sl ]
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Now,

Therefore,

Cn,m

IA

IN

IN

" 2
( eg)(x)) dx
n=1

w
e1 dx+222/ (1) S dx

n=1 n;én’

—_

n=

S O~ _

>

®
o _

(en(z))*dz, due to disjoint supports of e,, and €/,

3
Il
-

uF
> el
n=1
k
| N, N\ 2
ZT Mk(a+1)+ﬁ

n=1 K

N, N\ 2
uk(a+1)+ﬁ :

1 1
N2 (u’“ + W) ,where N = maz[Ny, N,]
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1

Cr = '
o 4% 2m+ 1 /{f

—1

n+t n

) ! (k) } (Prs1(t) = Po—1(t))dt

2p

4,u2(2m+1) 1
1 r(n+t ’ 7
Chm| S ——————T - P, P, dt
! 4u’2k(2m+1)2/1f (ZM’“) / <2u >’| #1(f) )l

IN

M/Klfil) +Qz} | Prs1(8) = P (1)t

_ m {(5) + @} [1Pma) = Poato

Since,
1 1 % 1 %
|Py1(t) — Pp_1(t)|dt < ( 1%115) ( | Poi1 () —Pm_l(t)2dt>
/ [re)
| 1
- V2 (/ (Parlt) = P 1<t>>dt)
1
2 2 \?
- \fz<2m—1 + 2m+3>
< 2\& ,
- 2m—1
therefore
1 Qi 2V2
1 Q1
=L . 3.5
Y P <u’m +Q2) G-

uk M—1 [e%S) wk M—1
F@) = Snlf) = (z (z s ) o ¥ (1)~ 57 cn,mws;fzn(x))

= Z Z Cnymlpnﬂzn(x)
n=1m=M
(Elltk,M(f))z = Smln )||f S kM( )||%

1
/0 1F(@) = Sy ar ()P

/(Zchm nm )dx

n=1m=M
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Een P = [ (XX an¥ke

0 \n=tm=M

_|_

2 Z Z Z Z Cn,mcn/m’lpgyljin(x)lpsﬁln/ (I’)) dx

1<n#n’'<pk ,M<m#m’'<oo

T 1
>3 G [ PR
0

n=1m=M
1
D 3 ) 3D DR (L S AE LM
1<n#n’'<pk ,M<m#m’'<oco 0

o0

Z cim ) |13, other term vanish due to orthonormality of wﬁl")n

n)
n=1 m=M

Il
i Mi

len,ml?

|
SMKK
gt

,?
3
Il

Then,
o) L
(Euk ]Vl(f))z = min Hf - S;L’“,JVI(f)H% = Z Z |Cn,m‘2
’ wk e (f) n=1m=M
TR 2
1 ( Q1 >>
S 3k 1 T ka + QZ ,by eqn(35)
n=1 m=M (ﬁl“(zm — 1)z \p*
% 2 [e’e)
Q1 > 1 1
= —— + Q2
; < ko 23k . 2m—1)
k 2 o
_ (G 1 1
S2 (u’““ - Qz) 2% | 1"
M
(9 2 1
ke T 42 2M - 1)
Q? 1\ 1
< = — — .
- 4M2k 1 + Mk(x (2M— 1)7Q max[Ql?QZ]
Thus,
(1) Q 1 1
E < = (14—
#kjw(f) = 2Mk < +Mk0() (ZM_I)%
Hence,

Thus, the Theorem (3.1)is completely established.

Proof 3.2. (I)

The error e )(1‘) between f(z)having f* € Lip,[0, 1] and its expression over any subinterval is
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defined as

llet?[13

Consider,

Cn,0

(f(z))?dz — c . (3.6)

we 2

1 =1\ K . (n—1
/_f(nuk >+hf (nﬂk )+2f (”Mkwh)] dh,0< 0 < 1
0
17h4 ” n—l 2
f\ o)) dn
0
1 n—1 rfn—1 n—1 nfn—1
uz’“f< I )f ( pk )+f( pk )/hzf ( pk +0h>dh
0
I (”Jkl) [ s (”N_klwh) dh 3.7
0

tw‘,_
N
&,_é
VRS
3
S
ol
—_
N———
N———
(3]
+
oY)
T |-
W
>~
VRS
“\h\
7 N
3
B0
>~
—_
N——
N———
[\ )
_|_
N

k ’fl*l ’ nfl h2 " 77,71

1 ’ ?’L—l 2 7’L—1
2! (U/ s (o) dn G8)
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By eqns (3.6), (3.7)and (3.8), we have

ﬁ
l ’ n—l 2 1 4 " n—l 2
e (1 () +3 [ (0 (5 +om)) o
0

2)112
P13 =

= Lh+DL+1—14—1Issay

1 C(n—1\\°
L = ——
! 1243 (f < ik ))
RZ
Il < 1
| < 123k
[ (r (o))
L = =~ [hr(f +6h dh
ik
1“ 4 " n—l " n 1 " ’I’L—l 2
= el () () (M) f
0
1 2
luk " n 1 1" n 1 2 Hk "
L] < Z/h“f < - —|—9h)—f ( k) dh—i—f/h“f (
0 a 0
na
1 " Tl*l " Tlfl " Tlfl
— [ n oh | — h
* 20/ f(u’“ * ) f(u’“)f<u’“)‘d
- R3 N R3 RyR32°
T 4Q2a + 5)pkats) 20k 2(ar + 5)pkletS)”
ma
L = f/<n_kl)/h3f”<n_kl+9h)dh
% ) %
L < R\ R, R\R;

(o 4)phlet) = 4psk
2
1

uk

k _
L = M /h2<f (” k1+9h>dh>
4 I

0

R% R% 2Ry R3
4] < + :
Ao + 3)22+2at3) T 3645k T 12(a + 3)pk(etd)
1 ’ n—1 r 2 n—1
Is = ﬁf <M>/hf ( " +9h)dh
0
| < RiR, R R3

2(a + 3)Iuk(a+4) 64* ’

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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By eqns (3.9) to (3.14), we have
2 2920 2
le@])2 < _f /2 n 15 Ry R RiRy
n —= 12N3k (2a+5)uk(2a+5) 20M5k 2(a+5)uk(a+5) (05+4)/,Lk(a+4>
BB R3 N R3 2Ry R RiR,
4% A(a + 3)2pk20S) T 36p5% T 12(a + 3)pk@t) | 2(a + 3)pkletd
RiR;
614
7R%+R§ 1+1 +R§1+1
O 12p3F  4pkQeS) | 2a4+5 T (a+3)2 498 \5 6
LR (1 1\ RiBy (1]
pkletd \a+4 ° 2(a+3) 2utk \2 3
" RyR3 1 n 1
pret) \(a+5)  (a+3)
- L R4 R3 N R} | 2RiR;  2RiR;  2RyRj
= 3k 1 p2hlotl) T2k T k(o) e pk(e+2)
1 R R3\*
@)))2 _ 2 B
llex |z < MJ7<R1+ukm+U +Mk> . (3.15)
Next,
1 uk 2
ELyP = [ [ ) do
0 n=1
luk #k Mk 1
= / (e(nz)(ac))zdx—l—ZZ Z /eﬁf)(x)ef,)(x)dx
o n=1 n=1 n#n/’ 0
#k 1
= / (e!?)(z))*dx, due to disjoint supports of e,, and €/,
n=1 0
u*
= > llePI3
n=1
G R R3\*
< — R+2+3> ,by eqn (3.15)
;Mz.k( P k) Tk yeq
1 Ry R\’
_ Lk
Then,
2R 1
ER () < i (1 k<a+1)> , R = max[R, Ry, Rs]
= 0

Thus,
EY () = of = (1+ -1
n*,0 B k pk(a+1) )
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dmn

uk

zl: Cn m‘Pg{%

n=1m=0

The error ¢! () between f(z) having f* € Lip,[0,1] and its expression over any subinterval

is defined as
Oz) = e, OW (2) + e B~ f(2)

115 = / ))Pda — ¢} o — ¢ (3.16)
Now, consider -

Cnl = \@u% f(x)Pl(Zuka:—ﬁ)dx

_ C/n— 2 I
— \@u§/{f(nukl>+hf (”Mk1>+};f <nu 1+9h)}(2ukh—l)dh
0

k 1 ’ n — 1 1 " n — 1
e gt (58w (o). o
0

By eqns (3.7), (3.8),(3.16)and (3.17),we have

0
- %uk /(Mh— N (”l;el +9h> dh

0

le15 =

A=

= 1 —12—13,say (3.18)

= 4/ ( ( )dh>2

17 I 73 i T,
> 4(20& + S)Mk(2a+5) 20M5k (O[ + 5) (a+5)

|11

A

(3.19)
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a 2
oL =1
L = % /hzf (” . +9h)dh
4 I
0
T 3 Ty
L < 1 2 . 3.20
‘ 2‘ - 4(a + 3)2uk(2a+5) + 36H5k 2(a + 5)Nk(a+5> ( )
n 2
o 3 k L 2 . 1 2 ’n,—l
L= g | f@uth =D f =+ Oh ) dh
0
27T? 75T} 1571
< 1 2 ] )
‘13‘ = 4(a+3)2.#k(2a+5) + 144ﬂ5k + 4(a+3)uk(a+5> (3 21)
By eqns(3.18) to (3.21), we have
29 (T, 2
1018 < 5 (M,m +Tz)
2972 1)°
- TSk <1 Mko‘) , T = max[T,T>] (3.22)
Then,

2972 1)?
< e (1 + ka) by(3.22)
@) V29T 1
Ek,1(f) < 2k 1+MW
1 1
- o (1+m))
Hence,
@) _ 1 1
R )]
(I10)
For

oo oo
= Z Z Cn,m‘PEffln(x)

n=0m=0
Following the proof of the second part of the theorem (3.1),

Cnm = 4\/—M%/f (n+t>Pm1(t)—Pm+1(t)dt
: ﬁ/ ) ()

T ] (55 4ot
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@ZJ){ T

1
C m -
n,m 8\/7‘LL

i
s
q

4t (Pnsa(t) — Pa(t))
24 2m + 3
_ 1 n4t 7(t) &t
T 8V2m+1 ﬁ 2uF ) (2m —1)(2m +3)
where 7(t) = (2m+ 3)Pm_2(t) —2@2m +1)Py(t) + (2m — 1) P (2).
Then,

fenml = 8(2m—1)(2m1+3)\/7u Uf (n > ()

1

1 1 v (At
: 8(2m—1)(2m+3)\/mu5§/1f (M) |7 (t)] dt
Consider,
1 I
7" ﬁ+t 1’ ’fl-f—t . ﬁ . ﬁ
/‘f (M) ()t = /f <2uk —f (M)'i-f (2 k) 7 (t)] dt
—1

IN
»—\’_‘ —_—

IN IN
//~ S~
:3>~ A~
o =
+ HE
> +
~ N
N
S =
\%/ B
1/\
T
I\)
Qu
~
\_/

< \/24<‘i1 +A2> 2m 3
1o 2m =3
3
3 A,
| < 3.23
el = o = 3)2<t’“’Jr 2) 239
Then
wF oo
2
(EQ (N7 = S lenml?
n=1m=M
W g 1 A 2
< S A) (32
< X3 ey e ) w0

M
uk 2 00
Ay 3 1
=Y (B+a) Y 7
( ko T 2) 8k = (2m — 3)*



Approximation of functions with f', f* € Lipa [0, 1]by \PSL” N 727

2 o
) > _ U (A dm
1) 16,:%% <u'w i A2> / (2m —3)*
M
Thus,
) 1 ( A ) 1
E < — | =+4)| ——
lt’“,M(f) 4:U’Zk uka (2m 3)7
% (1 + i) , A =maz[A;, A;).
402k (2M — 3)2 e
Hence,

) _ 1 1 ( 1)
E = 0| o () | M 23
ltk,M(f) ((ZM o 3)7 2k ’uka

Thus, the Theorem (3.2) is completely proved.

4 Corollaries

Following corollaries are deduced from Theorem (3.1) and (3.2)

Corollary 4.1. Let f € L?[0, 1) such that f € Lip,[0, 1] and its Legendre wavelet expansion be

0o 00 oo 0
= Z Z Cn, m‘PSﬁ'm(Jj) = Z Z ’(rLL,m > lpgzl,/m(x)
n=1 m=0 n=1 m=0

Then Legendre wavelet approximations satisfy:

()For f(z) = 3 cn,o‘l’ifﬁ(x),

Byl o(f) = minf - Zl en ol =0 (3 (14 7))
ok 10 =
(For f(2) = 3 3 co ¥l (@),
1 n=1m=0 St
B (1) = min =5 S cun b
’ Sz’»'*l ]\/I( n=1 m=0

:O<2’°(2Ml)%(1+2’m)) M > 2.

Corollary 4.2. Let f € L2[0,1) such that f* € Lip,[0,1] and its extended Legendre wavelet
expansion be

chnm nm Zz<f7 nm>lPL,n()

n=1m=0 n=1m=0

Then extended Legendre wavelet approximations satisfy:
. = L
(i)For f(z) = 2;1 en 0 (),

5 ok—1 L)
Bylig(f) = jmin |[f = 5 cno®ygll = O (3 (1+ ges)) -

2k10<) n=1

(iFor f(z) = 3 3 enm®Eh (),

n=1m=0

Bl (f) = minf - TS ¥ =0 (e (14 55)).

zkll n=1 m=0
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GiDFor f(2) = 3 3" cnm P (2),

n=1m=0
2 .
Eylaa(f) = min f - zl z Cnm P2
2k‘—1‘M n m=0

Proofs of Corollaries (5.1) and (5.2)are followed by the proof of Theorem (3.1) and (3.2)
respectively.

5 Conclusions

(1)The estimates of the Theorems are obtained as following
(1 1
HEY (=0 (“k (1 + )) B () = 0as k- o0

GE ,(f) =0 <(2M_‘1)M (1 + M‘)) B0 (F) = 0as k= 00, M — o0
@ES (1) =0 (

ES, () =0

WES () =0 ( e (14 ))

@em-3)2
ELZ,C)M(f) —0ask — oo, M — .

Therefore ELIk)o( s ELI,C) () Efi)o
proximations in wavelet analysis.

(2) Generalised Legendre wavelet estimators of f belonging to Lip,[0, 1] is better and sharper
than the estimator of f belonging to Lip, [0, 1].

(3)E'}! ,(f) can not be obtained directly by E'!) | (f) by taking M = 0.

(4)E,S%~?,o(f) and Effk)l(f) also not obtained by E(Z) 1 (f) by taking M = 0 and M = 1 respec-

tively. Hence, E(l) o(f)s E(lk) M(f) E<2,30(f) E(z) (f) and F ,3M(f)are estimated separately.

(5) Legendre wavelet errors of approximations E;k) ) 0( ), E;) . M( f),Eéi)_l 0( f),Eéi)_l 1( f)andEé,f ) M( )
are ozbtamed by E#,C)’O(f),EELQVM(f),ELZ,?’O(f),E(Z) (f)and E<,2M(f) respectively by taking
ow=2.

k(a}l)) /L"O _>00/Slf—>00

(1+
k(l )) (f) > 0ask —

(f), ELZ) (f)cde< 2) . (f) are best possible errors of ap-
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