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Abstract In this paper some results on approximation by sub-matrix means of multiple
Fourier series in the Hölder metric are obtained. Our results are applicable for a wider class
of sequences and give a better degree of approximation than those presented previously by oth-
ers.

1 Introduction

Let f(x, y) be an integrable in the sense of Lebesgue over the square [−π, π] × [−π, π] :=
[−π, π]2 and 2π periodic with respekt x and y. We recall that the double Fourier series of the
function f(x, y) is defined by

f(x, y) ∼
∞∑
m=1

∞∑
n=1

λmn

[
amn cosmx cosny + bmn sinmx cosny

+ cmn cosmx sinny + dmn sinmx sinny
]
,

where

λmn =


1/4, if m = n = 0,
1/2, if m > 0, n = 0 ∨m = 0, n > 0,
1, if m > 0, n > 0,

and
amn =

1
π2

∫ π

−π

∫ π

−π
f(u, v) cosmu cosnvdudv,

bmn =
1
π2

∫ π

−π

∫ π

−π
f(u, v) sinmu cosnvdudv,

cmn =
1
π2

∫ π

−π

∫ π

−π
f(u, v) cosmu sinnvdudv,

dmn =
1
π2

∫ π

−π

∫ π

−π
f(u, v) sinmu sinnvdudv,

are the Fourier coefficients of the function f(x, y), for m = 0, 1, 2, . . . and n = 0, 1, 2, . . . .
The sequence {sm,n(f ;x, y)}+∞,+∞m=1,n=1 represents the sequence of partial sums of the double

Fourier series which can be rewritten in integral form by

sm,n(x, y) := sm,n(f ;x, y) :=
1
π2

∫ π

−π

∫ π

−π
f(x+ u, y + v)Dm(u)Dn(v)dudv,

where the Dirichlet’s kernel is defined by

Ds(t) :=
1
2
+

s∑
r=1

sin rt =
sin
(
s+ 1

2

)
t

2 sin t
2

, (s = 1, 2, . . . ).
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Beyond this, let

tm,n(x, y) := tm,n(f ;A,B;x, y) :=
m∑
i=0

n∑
j=0

am,ibn,jsm,n(x, y), m, n ≥ 0,

where A := (am,i) and B := (bn,j) are two lower triangular infinite matrices such that

am,i =

{
≥ 0, if i ≤ m,
0, if i > m;

(i,m = 0, 1, 2, . . . ) and
m∑
i=0

am,i = 1, (1.1)

and

bn,j =

{
≥ 0, if j ≤ n,
0, if j > n;

(j, n = 0, 1, 2, . . . ) and
n∑
j=0

bn,j = 1. (1.2)

Next definition gives the notion of (A,B) summability of a double Fourier series (see [3]).
The double Fourier series of the function f(x, y) is said to be (A,B) summable to a finite

number s , if τm,n(x, y) → s as m,n → ∞. The conditions of regularity for double matrix
summability are given by

m∑
i=0

n∑
j=0

am,ibn,j → 1 as m,n→∞,

lim
m,n

n∑
j=0

|am,ibn,j | = 0 for each i = 1, 2, . . . ,

lim
m,n

m∑
i=0

|am,ibn,j | = 0 for each j = 1, 2, . . . .

Now, we need to recall some notations and definitions.
The Hölder (or Lipschitz) class H(α,β) (or Lip(α, β)) contains continuous functions f(x, y)

2π-periodic with respect to both variables x and y. It is defined by (see [2])

H(α,β) :=
{
f : |f(x, y; z, w)| := |f(x, y)− f(z, w)| ≤ K

(
|x− z|α + |y − w|β

)}
for some α, β > 0 and for all x, y, z, w, where K is a positive constant which may depend on f ,
but not on x, y, z, w. The H(α,β) class is a Banach space with the norm ‖(·)‖(α,β) defined by

‖f‖(α,β) = ‖f‖C + sup
x 6=z,y 6=w

∆
(α,β)f(x, y; z, w),

where

∆
(α,β)f(x, y; z, w) =

|f(x, y; z, w)|
|x− z|α + |y − w|β

, x 6= u, y 6= v,

by convention ∆(0,0)f(x, y; z, w) = 0 and

‖f‖C = sup
(x,y)∈[−π,π]2

|f(x, y)|.

Throughout this paper, for two positive quantities u and v, we write u = O(v) instead of
u ≤ Kv, where K is an absolute positive constant.

In [2] the degree of approximation of the function f(x, y) belonging to Hölder (Lipschitz)
class by matrix means of double Fourier series has been determined in consistency with the
norm ‖(·)‖(α,β).

Let us reword that result:

Theorem 1.1 ([2]). Assume A := (am,i) and B := (bn,j) are two lower triangular matrices,
where {am,i} and {bn,j} are non-decreasing sequences with respect to i ≤ m and j ≤ n,
satisfying the conditions (1.1) and (1.2) respectively, and the double matrix method (A,B) is
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regular. If f(x, y) is a 2π-periodic function in x and y, Lebesgue integrable in [−π, π]2, and
belonging to the class H(α,β) for 0 < α, β ≤ 1, then

‖tm,n − f‖(α,β) = O(1)

{
1

(m+1)α + 1
(n+1)β , if 0 < α < 1, 0 < β < 1,

log(π(m+1))
m+1 + log(π(n+1))

n+1 , if α = β = 1,
(1.3)

for all m,n = 0, 1, 2, . . . .

In the same paper the little Lipschitz class lip(α, β) has been defined too. Indeed, it said that
a function f(x, y) ∈ lip(α, β) if

lim
z→x,w→y

|f(x, y; z, w)|
|x− z|α + |y − w|β

= 0,

uniformly in (x, y).
It already has been pointed out (see [2]) that for little Lipschitz class lip(α, β), 0 < α, β ≤ 1,

analogous statement with Theorem 1.1 holds true when O(1) is replaced with o(1). Moreover,
the results mentioned so far are extended to multiple Fourier series as well.

For our purposes we need still some notations and notions.
A sequence c := {cn} of nonnegative numbers tending to zero is called of Rest Bounded

Variation, or briefly c ∈ RBV S, if it has the property

∞∑
n=m

|cn − cn+1| ≤ K(c)cm (1.4)

for all natural numbers m, where K(c) is a constant depending only on c (see [5]).
Let F be an infinite subset of N and F as range of strictly increasing sequence of positive

integers, say F = {λ(n)}∞n=1. The Cesàro sub-method Cλ is defined as

(Cλx)n =
1

λ(n)

λ(n)∑
k=1

xk, (n = 1, 2, . . . ),

where {xk} is a sequence of real or complex numbers. Therefore, Cλ-method yields a subse-
quence of the Cesàro method C1 and hence it is regular for any λ. Cλ-matrix is obtained by
deleting a set of rows from Cesàro matrix. The basic properties of Cλ-method can be found in
[1] and [8].

More general means than Cλ-means has been considered, see [6], and the following transfor-
mation has also been defined:

tλn(f1;x) :=
λ(n)∑
k=0

aλ(n),ksk(f1;x),

where (an,k) is an infinite lower triangular regular matrix with non-negative entries with row
sums 1, and sk(f1;x) denotes the partial sums of the single Fourier series of the function f1.

Now we define the following trigonometric polynomials

tλm,n(f ;x, y) :=
λ(m)∑
i=0

λ(n)∑
j=0

aλ(m),ibλ(n),jsi,j(f ;x, y),

where (an,i) and (bm,j) two lower triangular regular matrix satisfying the conditions (1.1) and
(1.2) respectively.

It is the main aim of this paper to prove an analogous statement as Theorem 1.1 metric using
the trigonometric polynomials tλm,n(f ;x, y) instead of tm,n(f ;x, y) and instead of conditions
{am,i} and {bn,j} are non-decreasing sequences with respect to i ≤ m and j ≤ n we use
conditions {am,i} ∈ RBV S and {bn,j} ∈ RBV S with respect to i ≤ m and j ≤ n respectively.
Our technique used for the proof of our results has some in common with proofs in [2], but it
has also some differences. As we will see our results give sharper degree of approximation since
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those are not expressed simply in terms of m and n, but in terms of strict increasing sequences
λ(m) and λ(n).

To do this we need next notations

Ψ(u, v) :=Ψ(x, y;u, v) :=
1
4
[
f(x+ u, y + v)

+ f(x+ u, y − v) + f(x− u, y + v) + f(x− u, y − v)− 4f(x, y)
]

F (u, v) :=Φ(u, v)−Ψ(u, v), where Φ(u, v) := Ψ(z, w;u, v),

Aλ(n),k :=
k∑
r=0

c̃λ(n),r, Kλ
n(t) :=

1
π

λ(n)∑
k=0

c̃λ(n),k
sin
(
k + 1

2

)
t

sin t
2

,

where (c̃p,q) is a lower triangular regular matrix.
Closing this section, it should be noted here that if f ∈ Hα,β , then

|F (u, v)| = O
(
|x− z|α + |y − w|β

)
. (1.5)

Next section has been devoted to some helpful lemmas.

2 Auxiliary Lemmas

In this section we are going to prove some estimates for |Kλ
n(t)|, which we need afterwards for

the proofs of the main results.

Lemma 2.1. Let (c̃n,k) be a lower triangular regular matrix with non-negative entries. Then for
0 < t ≤ 1

λ(n)+1

|Kλ
n(t)| = O(λ(n) + 1).

Proof. Applying the elementary inequality sinα ≤ α, Jordan’s inequality sinβ ≥ 2
πβ for β ∈

[0, π2 ], and our assumptions, we have

|Kλ
n(t)| ≤

1
2π

λ(n)∑
k=0

∣∣∣∣∣c̃λ(n),k sin
(
k + 1

2

)
t

sin t
2

∣∣∣∣∣
≤ 1

2

λ(n)∑
k=0

c̃λ(n),k

(
k + 1

2

)
t

t
≤ 1

4
(2λ(n) + 1)

λ(n)∑
k=0

c̃λ(n),k = O(λ(n) + 1).

Lemma 2.2. Let (c̃n,k) be a lower triangular regular matrix with non-negative entries and
{c̃n,k} ∈ RBV S with respect to k. Then for 1

λ(n)+1 < t ≤ π

|Kλ
n(t)| = O

(
Aλ(n),τ

t

)
,

where τ denotes the integer part of 1/t.

Proof. Using Jordan’s inequality sinβ ≥ 2
πβ for β ∈ [0, π2 ], and our assumptions, we have

|Kλ
n(t)| =

∣∣∣∣∣∣ 1
2π

λ(n)∑
k=0

c̃λ(n),k
sin
(
k + 1

2

)
t

sin t
2

∣∣∣∣∣∣ ≤ 1
2t

∣∣∣∣∣∣
λ(n)∑
k=0

c̃λ(n),k Im ei(k+
1
2)t

∣∣∣∣∣∣
≤ 1

2t

∣∣∣∣∣∣e it2
λ(n)∑
k=0

c̃λ(n),ke
ikt

∣∣∣∣∣∣ = 1
2t

∣∣∣∣∣∣
λ(n)∑
k=0

c̃λ(n),ke
ikt

∣∣∣∣∣∣ .
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Similar to [9], see Lemma 2, we obtain

∣∣∣∣∣∣
λ(n)∑
k=0

c̃λ(n),ke
ikt

∣∣∣∣∣∣ ≤
∣∣∣∣∣
τ−1∑
k=0

c̃λ(n),ke
ikt

∣∣∣∣∣+
∣∣∣∣∣∣
λ(n)∑
k=τ

c̃λ(n),ke
ikt

∣∣∣∣∣∣
≤

τ−1∑
k=0

c̃λ(n),k + 2c̃λ(n),τ × max
τ≤k≤λ(n)

∣∣∣∣∣
k∑
s=0

eist

∣∣∣∣∣
= Aλ(n),τ−1 + 2c̃λ(n),τ × max

τ≤k≤λ(n)

∣∣∣∣∣1− ei(s+1)t

1− eit

∣∣∣∣∣
≤ Aλ(n),τ−1 +

4c̃λ(n),τ√
(1− cos t)2 + (sin t)2

= Aλ(n),τ−1 +
2c̃λ(n),τ

sin t
2

≤ Aλ(n),τ−1 +
2πc̃λ(n),τ

t

≤ Aλ(n),τ−1 + 2π(τ + 1)c̃λ(n),τ .

Since {c̃n,j} ∈ RBV S with respect to j, then for 0 ≤ s ≤ τ we get

c̃λ(n),τ ≤
∞∑
k=τ

∣∣c̃λ(n),k − c̃λ(n),k+1
∣∣

≤
∞∑
k=s

∣∣c̃λ(n),k − c̃λ(n),k+1
∣∣ ≤ K(c)c̃λ(n),s,

so c̃λ(n),τ ≤ K(c)c̃λ(n),s, and therefore

|Kλ
n(t)| ≤

1
2t

∣∣∣∣∣∣
λ(n)∑
k=0

c̃λ(n),ke
ikt

∣∣∣∣∣∣ ≤ 1
2t
(
Aλ(n),τ−1 + 2π(τ + 1)c̃λ(n),τ

)

≤ 1
2t

(
Aλ(n),τ−1 + 2πc̃λ(n),τ

τ∑
s=0

1

)

≤ 1
2t

(
Aλ(n),τ−1 + 2πK(c)

τ∑
s=0

c̃λ(n),s

)
= O

(
Aλ(n),τ

t

)
.

3 Main Results

Theorem 3.1. Assume A := (am,i) and B := (bn,j) are two lower triangular matrices, where
{am,i} ∈ RBV S and {bn,j} ∈ RBV S with respect to i ≤ m and j ≤ n, satisfying the conditions
(1.1) and (1.2) respectively, and the double matrix method (A,B) is regular. If f(x, y) is a 2π-
periodic function in x and y, Lebesgue integrable in [−π, π]2, and belonging to the class H(α,β)

for 0 < α, β ≤ 1, then

‖tλm,n − f‖(α,β) = O(1)

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β < 1,

log(π(λ(m)+1))
λ(m)+1 + log(π(λ(n)+1))

λ(n)+1 , if α = β = 1,
(3.1)

for all m,n = 0, 1, 2, . . . .
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Proof. Using the well-known equality

∫ π

−π

sin
(
s+ 1

2

)
t

2 sin t
2

dt = 1, (s = 1, 2, . . . ),

and some elementary calculations, we get

si,j(f ;x, y)− f(x, y) = 1
π2

∫ π

0

∫ π

0
Ψ(u, v)

sin
(
i+ 1

2

)
u · sin

(
j + 1

2

)
v

sin t
2 · sin t

2
dudv. (3.2)

Based on (3.2) and the double matrix means tλm,n(f ;x, y) of si,j(f ;x, y), we can write

tλm,n(f ;x, y)− f(x, y) =
λ(m)∑
i=0

λ(n)∑
j=0

aλ(m),ibλ(n),j [si,j(f ;x, y)− f(x, y)]

=
1
π2

∫ π

0

∫ π

0
Ψ(u, v)

λ(m)∑
i=0

λ(n)∑
j=0

aλ(m),ibλ(n),j
sin
(
i+ 1

2

)
u · sin

(
j + 1

2

)
v

sin t
2 · sin t

2
dudv

=

∫ π

0

∫ π

0
Ψ(u, v)Kλ

m(u)K
λ
n(v)dudv.

Firstly, we estimate the quantity |tλm,n(f ;x, y)− f(x, y)− [tλm,n(f ; z, w)− f(z, w)]|. Indeed,

|tλm,n(f ;x,y)− f(x, y)− [tλm,n(f ; z, w)− f(z, w)]|

=

∣∣∣∣∫ π

0

∫ π

0
F (u, v)Kλ

m(u)K
λ
n(v)dudv

∣∣∣∣
≤

(∫ 1
λ(m)+1

0

∫ 1
λ(n)+1

0
+

∫ 1
λ(m)+1

0

∫ π

1
λ(n)+1

+

∫ π

1
λ(m)+1

∫ 1
λ(n)+1

0
+

∫ π

1
λ(m)+1

∫ π

1
λ(n)+1

)
|F (u, v)||Kλ

m(u)||Kλ
n(v)|dudv

:= I(1)m,n + I(2)m,n + I(3)m,n + I(4)m,n.

(3.3)

Using (1.5) and Lemma 2.1 twice, we have

I(1)m,n =

∫ 1
λ(m)+1

0

∫ 1
λ(n)+1

0
|F (u, v)||Kλ

m(u)||Kλ
n(v)|dudv

= O [(λ(m) + 1)(λ(n) + 1)]
∫ 1

λ(m)+1

0

∫ 1
λ(n)+1

0
|F (u, v)|dudv

= O
(
|x− z|α + |y − w|β

)
.

(3.4)
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In order to estimate I(2)m,n we use Lemmas 2.1–2.2 and (1.5), which imply

I(2)m,n =

∫ 1
λ(m)+1

0

∫ π

1
λ(n)+1

|F (u, v)||Kλ
m(u)||Kλ

n(v)|dudv

= O [λ(m) + 1]
∫ 1

λ(m)+1

0

∫ π

1
λ(n)+1

|F (u, v)|
Bλ(n),[1/v]

v
dudv

= O
(
|x− z|α + |y − w|β

) ∫ π

1
λ(n)+1

Bλ(n),[1/v]

v
dv

= O
(
|x− z|α + |y − w|β

) ∫ λ(n)+1

1
π

Bλ(n),t

t
dt

= O
(
|x− z|α + |y − w|β

) Bλ(n),λ(n)+1

λ(n) + 1

∫ λ(n)+1

1
π

dt

= O
(
|x− z|α + |y − w|β

)
,

(3.5)

since Aλ(n),t
t is a monotone increasing function with respect to t ∈

[ 1
π , λ(n) + 1

]
.

Using Lemmas 2.1–2.2 again and (1.5), we have proved that

I(3)m,n = O
(
|x− z|α + |y − w|β

)
, (3.6)

as well as

I(4)m,n = O
(
|x− z|α + |y − w|β

)
. (3.7)

Inserting (3.4)-(3.7) into (3.3) we obtain

sup
x 6=z,y 6=w

|tλm,n(f ;x, y)− f(x, y)− [tλm,n(f ; z, w)− f(z, w)]|
|x− z|α + |y − w|β

= O (1) . (3.8)

Now, it is clear that we can write

|tλm,n(f ;x,y)− f(x, y)|

=

∣∣∣∣∫ π

0

∫ π

0
Ψ(u, v)Kλ

m(u)K
λ
n(v)dudv

∣∣∣∣
≤

(∫ 1
λ(m)+1

0

∫ 1
λ(n)+1

0
+

∫ 1
λ(m)+1

0

∫ π

1
λ(n)+1

+

∫ π

1
λ(m)+1

∫ 1
λ(n)+1

0
+

∫ π

1
λ(m)+1

∫ π

1
λ(n)+1

)
|Ψ(u, v)||Kλ

m(u)||Kλ
n(v)|dudv

:= J (1)
m,n + J (2)

m,n + J (3)
m,n + J (4)

m,n.

(3.9)

It is verified in [4] that if f ∈ H(α, β) then Ψ ∈ H(α, β) as well i.e. |Ψ(u, v)| = O
(
|u|α + |v|β

)
.

Whence, using Lemma 2.1 we have

J (1)
m,n =

∫ 1
λ(m)+1

0

∫ 1
λ(n)+1

0
|Ψ(u, v)||Kλ

m(u)||Kλ
n(v)|dudv

=O [(λ(m) + 1)(λ(n) + 1)]
∫ 1

λ(m)+1

0

∫ 1
λ(n)+1

0
(uα + vβ)dudv

=O
(
(λ(m) + 1)−α + (λ(n) + 1)−β

)
.

(3.10)
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Next, Lemmas 2.1–2.2 and |Ψ(u, v)| = O
(
|u|α + |v|β

)
imply

J (2)
m,n =

∫ 1
λ(m)+1

0

∫ π

1
λ(n)+1

|Ψ(u, v)||Kλ
m(u)||Kλ

n(v)|dudv

=O [λ(m) + 1]
∫ 1

λ(m)+1

0

∫ π

1
λ(n)+1

(uα + vβ)
Bλ(n),[1/v]

v
dudv

=O [λ(m) + 1]

[∫ 1
λ(n)+1

0
uαdu

∫ π

1
λ(n)+1

Bλ(n),[1/v]

v
dv

+

∫ 1
λ(n)+1

0
du

∫ π

1
λ(n)+1

vβ−1Bλ(n),[1/v]dv

]

=O [λ(m) + 1]

[
[λ(m) + 1]−α−1

∫ λ(n)+1

1
π

Bλ(n),t

t
dt+

1
λ(m) + 1

∫ λ(n)+1

1
π

Bλ(n),t

tβ+1 dt

]

=O [λ(m) + 1]

[
[λ(m) + 1]−α−1

+
1

λ(m) + 1
·
Bλ(n),λ(n)+1

λ(n) + 1

∫ λ(n)+1

1
π

dt

tβ

]

=O

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α ≤ 1, 0 < β < 1,

1
(λ(m)+1)α + log(π(λ(n)+1))

λ(n)+1 , if 0 < α ≤ 1, β = 1,

since Bλ(n),v
v is a monotone increasing function with respect to t ∈

[ 1
π , λ(n) + 1

]
.

Again, using Lemmas 2.1–2.2, |Ψ(u, v)| = O
(
|u|α + |v|β

)
and monotonicity of Aλ(m),u

u we
get

J (3)
m,n =

∫ π

1
λ(m)+1

∫ 1
λ(n)+1

0
|Ψ(u, v)||Kλ

m(u)||Kλ
n(v)|dudv

=O [λ(n) + 1]
∫ π

1
λ(m)+1

∫ 1
λ(n)+1

0
(uα + vβ)

Aλ(m),[1/u]

u
dudv

=O [λ(n) + 1]

[
1

λ(n) + 1

∫ π

1
λ(m)+1

uα−1Aλ(m),[1/u]du

+

∫ π

1
λ(m)+1

Aλ(m),[1/u]

u
du

∫ 1
λ(n)+1

0
vβdv

]

=O [λ(n) + 1]

[
1

λ(n) + 1

∫ λ(m)+1

1
π

Aλ(m),t

tα+1 dt

+ [λ(n) + 1]−β−1
∫ λ(m)+1

1
π

Aλ(m),t

t
dt

]

=O [λ(n) + 1]

[
1

λ(n) + 1
·
Aλ(m),λ(m)+1

λ(m) + 1

∫ λ(m)+1

1
π

dt

tα
+ [λ(n) + 1]−β−1

]

=O

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β ≤ 1,

log(π(λ(m)+1))
λ(m)+1 + 1

(λ(n)+1)β , if α = 1, 0 < β ≤ 1.

(3.12)

Now, using only Lemma 2.2, |Ψ(u, v)| = O
(
|u|α + |v|β

)
and monotonicity of Aλ(m),u

u and
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Bλ(n),v
v we obtain

J (4)
m,n =

∫ π

1
λ(m)+1

∫ π

1
λ(n)+1

|Ψ(u, v)||Kλ
m(u)||Kλ

n(v)|dudv

=O

[∫ π

1
λ(m)+1

∫ π

1
λ(n)+1

(uα + vβ)
Aλ(m),[1/u]Bλ(n),[1/v]

uv
dudv

]

=O

[∫ π

1
λ(m)+1

∫ π

1
λ(n)+1

uα−1Aλ(m),[1/u]
Bλ(n),[1/v]

v
dudv

+

∫ π

1
λ(m)+1

∫ π

1
λ(n)+1

vβ−1Bλ(n),[1/v]
Aλ(m),[1/u]

u
dudv

]

=O

[∫ λ(m)+1

1
π

Aλ(m),t

tα+1 dt

∫ λ(n)+1

1
π

Bλ(n),s

s
ds

+

∫ λ(m)+1

1
π

Aλ(m),t

t
dt

∫ λ(n)+1

1
π

Bλ(n),s

sβ+1 ds

]

=O

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β < 1,

log(π(λ(m)+1))
λ(m)+1 + log(π(λ(n)+1))

λ(n)+1 , if α = β = 1.

(3.13)

Inserting (3.10)-(3.13) into (3.9) we obtain

|tλm,n(f ;x, y)− f(x, y)| = O

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β < 1,

log(π(λ(m)+1))
λ(m)+1 + log(π(λ(n)+1))

λ(n)+1 , if α = β = 1.

Subsequently,

‖tλm,n(f)− f‖C = O

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β < 1,

log(π(λ(m)+1))
λ(m)+1 + log(π(λ(n)+1))

λ(n)+1 , if α = β = 1.

With this the proof is completed.

Corollary 3.2. If am,i = 1
λ(m)+1 , ∀i and bn,j = 1

λ(n)+1 , ∀j, then the degree of approximation of
f ∈ H(α,β) for 0 < α, β ≤ 1, is given by

‖tλm,n − f‖(α,β) = O(1)

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β < 1,

log(π(λ(m)+1))
λ(m)+1 + log(π(λ(n)+1))

λ(n)+1 , if α = β = 1,
(3.14)

for all m,n = 0, 1, 2, . . . .

Remark 3.3. Note that our results are sharper than those obtained in [2], since λ(m) ≥ m,
λ(n) ≥ n and for 0 < α < 1, 0 < β < 1 hold 1

(λ(m)+1)α ≤
1

(m+1)α and 1
(λ(n)+1)β ≤

1
(n+1)β .

Remark 3.4. In particilar case, if we take λ(m) = m and λ(n) = n, we exactly obtain the results
proved in [2].

Corollary 3.5. If am,i =
pλ(m)−i
Pλ(m)

, ∀i and bn,j =
qλ(n)−j
Qλ(n)

, ∀j, then the degree of approximation of
f ∈ H(α,β) for 0 < α, β ≤ 1, is given by

‖Nλ
m,n−f‖(α,β) = O(1)

{
1

(λ(m)+1)α + 1
(λ(n)+1)β , if 0 < α < 1, 0 < β < 1,

log(π(λ(m)+1))
λ(m)+1 + log(π(λ(n)+1))

λ(n)+1 , if α = β = 1,
(3.15)

for all m,n = 0, 1, 2, . . . , where

Nλ
m,n(f ;x, y) :=

1
Pλ(m)Qλ(n)

m∑
i=0

n∑
j=0

pλ(m)−iqλ(n)−jsm,n(x, y).
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Remark 3.6. If we take λ(m) = m and λ(n) = n in Corollary 3.5 we obtain Corollary 2.3 of
[2]. Even in this case our results are sharper as we discussed above.

Remark 3.7. The results obtained here can be extended to multiple Fourier series of three or
more dimensions.
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