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Abstract In this paper, we will present a extension of the p — k Mittag-Leffler function

recently introduced by (R. A. Cerutti and K. S. Gehlot see [5], [7]) using relationship between
the p — k Beta function with p — k symbol Pochhammer ”Eg; k= pB’}éZ(t/"?ﬁ;)”) introduced
by (Kuldeep Gehlot see [6]). We will obtain some integral reﬁresentations, study some basic

properties and also evaluate the Laplace transform.

1 Introduction

The Mittag-Leffler function along with the Wright function plays prominent role in the theory
of the partial differential equations of the fractional order that are actively used nowadays for
modeling of many physical phenomena including the anomalous diffusion, the telegraph equa-
tion, random walks (see [3]), besides this, the Mittag-Leffler function appears in the solution
of certain boundary value problem involving fractional integro-differential equations of Volterra
type (see [2]).

The Mittag-Leffler one parameters function is defined by the following series

o0 Zn

where T'(,) denotes the classical Gamma function.
The two parameters Mittag-Leffler function is defined as

e n
z
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Prabhakar (see [9]) introduced the Mittag-Lefler function defined by:
6 ZTL
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with o ,8 and ¢ € C, and (¢),, denotes the Pochhammer symbol. For more details of the Mittag-
Leffler function see([1]).
Dorrego G and Cerutti R (see [4]) introduced the k-Mittag-Leffler function by:

n

ES nk 2 1.4
ks (2 Zrkan+[3 n! 1.4

with k > 0, @, fand 6 € C R.(a) > 0, R.(f) > 0 and z € C, where I';,(,) is the k-Gamma
function and (), &, is the k-Pochhammer symbol due to Pariguan and Diaz (see [10])

As itis knows 2017 K.S. Gehlot (see [6]) has introduced a modification of the k-Gamma function
by:
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where z € C — kZ™, k, p, € RT and R.(z) > 0 The following property is verified (recurrence
formula):

Lr(z+k) = k ka( ) (1.6)
Also, defined the p — k Beta function as:
Ui (2)pT ()
Bi(z,y) = B 2020 1.7)
p k( y) prk($+y) (
where R.(z) > 0, R.(y) >0
The p — k Beta function satisfies the following identities:
1Mt 4kt
By (z,y :f/ 7Mdt (1.8)
pBi(z.9) EJo (t+1)%
1 ! x Yy
ka(x,y):%/o te (1 —t)r1dt (1.9)
Bi(z,y) = ~B(Z,Y) (1.10)
pPk YY) = L kv k .
He has also defined a new Pochhammar symbol
— (ZP\ (P zp zp _
p(nk = (k)(k+p>(k+2p)'”<kz+(n l)p)
_ pLk(z+nk) (1.11)
ka(z)
And, for the ,,(z),, , Pochhammer symbol, we have the following properties:
—(P\" O
o@oi = (2) @ui=p"(5) (1.12)
p(Z)ntik =p (2)jk Xp (2 + JK)n .k (1.13)
Lemma 1.1. Forany a € C, p, k > 0 and |x| < %, the following identity holds
Z” ), ” =(1—ap)* (1.14)

Recently R A. Cerutti, G A. Dorrego and L L. Luque (see [5]) have introduced the p — k
Mittag-Leffler function by:

pEf o 8( (1.15)

Z Fk an+5 n’

where ,I'(;) is the p — k Gamma function and , (), & is the p — k Pochhammer symbol

Lemma 1.2. For p-k Mittag-Leffler function satisfies the following properties

1 B a d

o Bas() = 1 0Bk F 1o (1FLasin(2) (1.16)
dm B8 _1 ~ a —m B _m—1 ~ a
dzm (Zk pEi s (2" )> =p = r Bk 0 mi(27) (1.17)

The proof could be seen in ([5])
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2 Main Result

In this paper, we extended the p — k Mittag-Leffler function ,E} o [5( z) in the following way
since

using the fact that

p(Mnk _ pBr(y +nk,§ — )
p(E)n.k pBr(1,§ =)

Obtaing the following

Definition 2.1. Let o, 3, y, £ € C such that R.(§) > Re(y) > 0, Re(a) > 0, R.(8) > 0 and
p, k € RT—{0}. The extended Mittag-Leffler function is defined as follows series
i k(v + 1k, & =) p(E)np 2" @)

v,€
= Bu(v.€ =) yTx(an + B) n!

ka,@

where R.(y +nk) > 0and R.(§ —~) >0
Note that if , )5 (2) = By, 5(2) as & — 1

Remark 2.2. - Forp ==k, £ =1 we have:
B s(2) = Bl 5(2) 2.2)
e Forp=k=¢ =1 we have:
VBT 5(2) = EL 4(2) (2.3)
e Forp=k=~=¢=1we have:
1By 5(2) = Eayp(2) 24)

Theorem 2.3. Let o, 3, v, £ € C such that R.(§) > Re(y) > 0, Re(a) > 0, R.(8) > 0 and
p, k € RT—{0}. Then

1 ! ol §—~
e () — N R - 2.
p k:,a7ﬁ(z) kka(V,S—V)A 28 ( t) k p k,a,,@(tz)dt ( 5)

Proof. From (2.1) and (1.9) we have

ka Y+ 1k, § =) p(Enr 2"

283 _
PEk,(x,ﬁ(Z) — By, fy 5 fy) pl“k(an+6) n!
_ = 1 ! %—l _ 5777—1 p(g)nk
— g(k/ot I O dt) B rk(an+5)ﬁ(26)

Interchanging the order of integration and summation in (2.6), we have

oo

£ _ 1 1%7 B p(E)nk (tz)"
oBiasz) = k’/o ! Z k(7€ — 7) JLr(an+B) n! a

1 L | Ok (t2)"
= [ )T dt
kka(’yaE _’7) /0 Z Fk an‘i‘ﬁ n!
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using (2.12) we have:

1 ! ol £—
23 — T-1 -1 §
pES 5(2) = AN 7)/0 (1) LB (t2)dt 2.7

Corollary 2.4. Taking t =

EE () = ! /OO Wil e Y )2 du 2.8)
Pkl kpBr(v.€=7) Jo (14wt " P \\1+u '

Corollary 2.5. Taking t = sin*0 in theorem 2.3, we have

1 T 2y _ 2Ae—v) _ .
pEzi,ﬁ( ) kMM/O sin® leos™ ® lpEi’a’B(ZSZnZO)dQ 2.9)

Theorem 2.6. Let o, 3, v, £ € C such that R.(§) > Re(y) > 0, Re(a) > 0, R.(8) > 0 and
p, k € RT—{0}. Then

/0 R EYS o (at®)dt = p 2t EYS o (az ) (2.10)

Proof. From definition (2.1) and interchanging the order of integration and summation, we have

R RN a _ / 5= pBr(y+ 1k, =) p(ng ot T
tr FE te)dt = tr dt
| B ) B e e P T

_ ika(7+nk €= ’7) ( )nk an/ m_ldt
pBr(7,€ =) pLk(an+ B) n!

n=0

B+an

- PBk(7+nk§ 7) ()nka z K
z;)ka (v:§ =) plu(an+B) n (tﬁ%)

n

Taking into account (1.6) and ([H%) b= % pLni(an + (B + k)), we obtain

/tzfl E,Z(EB(at%)dt _ Z ka(’Y-i-nk,f—'Y)p(f)n,k IZ%(CLZI;)
0 nzoka(%f—’Y)prk(an-l-ﬁ—l—k); n!

B a
= pz* pEZ§<5+k)( az™)

Remark 2.7. Note that if p = k = v = £ = 1, we obtain

/0 tPVE, g(at®)dt = 2P By 511(az®) 2.11)

Theorem 2.8. Let o, 3, v, £ € C such that R.(§) > Rc(y) > 0, Re(a) > 0, Re(8) > 0 and
p, k € RY—{0}. Then

L e B g a d( e

B 5(2) = LBl D) + o g (1Bl 5(2) 2.12)

Proof. Starting for the right member of (2.12), using definition (2.1) and taking account (1.6),
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we have

B o d :
i pEVS anpk(2) s (pEz,iﬁw(Z)) =

o i - ka('7+nk>£_7) P(g)n,k in
T VT (Zkaw,gv)prk(anww)) n!>
B~ pBr(y+nk, £ =) (¢

Zp Bi(7,§ =) pl(an + (

n

éi pBe(Y + 0k, € =) p(Onk 2"
k Bi(v,§ =) pL(an+ B + k) n!

n=0P

ZTL

)n k
B+k)n!

n=0

Z Bk7+nk§ ) p(Enp 2"
pBe(7,6 =) ple(an + (B +k)) n!

- (%) By + 1k, € =) p(E)n n
Bi(7,€ —7) JTulan+ B +k)) n!

n=0
_ i pBe(y + 1k, & —7) p(E)nk 2"
“— pBi(7,€ = 7)p pl'e(an + B) n!
1
= Z,EV (2
pP k,a,,B( )
O
Remark 2.9. Note thatifp =k =~v=§ =1(2.12) is
d
Ea7g<z) = ﬂEa”ng](Z) +OZZ£ (Ea”ng](Z)) (2.13)

Theorem 2.10. Let o, 8, v, € € C such that R.(§) > Re(y) > 0, Re(a) > 0, R.(8) > 0 and
p,k € Rt — {0} and m € N. Then

7dm m m
= (WS 5()) =0 D o BLEELE (2) (2.14)

Proof. From definition (2.1) and taking into account the property of the Pochhammer symbol
p(E)ntmk =p (E)mk p(€ + mk)y k, we obtain

pBr(y +nk,§ =) p(Enk 2"
dzm « p B (7.€ = 7) pLk(an + B) n!

_ Z ka(v + 1k, § =) p(nk d™ 2"
Bi(7,€ =) ple(an + ) dz n!

ilm ( pElZﬁ,ﬁ(Z))

n=0P

n

_ Z pBr(y 1k, § =) p()np 2
pBr(7:§ =) pL(an + B) (n —m)!

- Z pBe(y + (m+n)k, € —7) (f)m+n,k£
pBi(1,€ =) pLk(a(m+n)+ 8) n!

_ PBk Y+ mk "‘ nk,& — 'Y) (g)m,k p(f + mk)n,k z"
- Z Z
pBr(7,€ =) pli(an + (am + B)) n!

’ ’” Br(v,€ =) pTk(an + (am + 8)) !

k,&+mk
= p(f)m,kaZZ";méf? (2)
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Definition 2.11. Ler f : R™ — R an exponential order and piecewise continuous function, then
the Laplace transform of f is defined

C{(0)) (s) = / T ettt 2.15)

the integral exist for R.(s) > 0
Definition 2.12. (see [6]) Given z € C; k,p € (RT)"; s,t € (RT)%, b = (by,by...,by) € C4
such that b; € C — s;Z~. The p — k hypergeometric function is given by:

F(a,p,k,b,t,5,7) ZH”’()"” (2.16)

n=0 ]]t()nsn'

Definition 2.13. Let a,b € C, ¢ € C — Z; and p,k € RT — {0}. The Gauss hypergeometric
function , F} is given by:

}OO: (@)n.k p(b)n K 2"
ZFl(a7bacap7k7z) = z ) ——
n=0 P(C>n7k n'
By (b+ nk,c—b) 2"
_ p -
- Z — ", Bi(bc—b) p(@nk oy @.17)

Theorem 2.14. Let o, 3, v, £ € C such that R.(§) > R.(vy) > 0, Rc(a) > 0, R.(3) > 0 and
p, k € RY — {0}. Then

. | b\*
E{z%_l pEz:iﬂ ((bz)ﬁ)} (s) = 72 (5 7§, kK, ( p) ) (2.18)

(sp)

Proof. From definitions (2.15), (2.1) and taking into account (2.17), we have

L{F B (08) ) () = /°° ELEE  ((b2)F) dz

e~ 5%, -1 PBk v+ nk f 7) (f)n,k b%nze%gn]
/0 n=0P B(v,§ =) pI'(an+3)  n! %

interchanging the order integration and summation in (2.19) and application Laplace transform
of the potential function, we obtain

Z +nk £ 7) (f)n,k bk’l’L/ e—szz%nJr%—ldz
Bk Y o

L{ B, (62)8)} (9 €= ) Ta(an+5) n

o an+f an
By k. —7) (O bEn T (MF2) po

k
Bk Y, 5 7) Fk(an+5) n! S%"+% pon;;rﬁ

n= Op (
_ Z B}c(VJrnkf ) p(E)ni bEn ,Ti(an + B)
= pBe(7,6 =) pllan 4 8) nl =52 pois

= ! . ika(7+nk7€_7) p(E)nk ((;;>k)

(sp)F n=0 PBk(fY?g*”}/) n!

1 b\ *
= ( )é 2F1 <€777§7p7ka <Sp> >
sp)k
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