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Abstract In this study, we investigated the tangent, affine normal and binormal indicatrix
curves of space curves in affine 3-space in both general case and in special case of space curve
is constant curvature curve..

1 Introduction

In a set of points that corresponds a vector of the vector space constructed on a field is called an
affine space associated with the vector space. We denote A3 as affine 3-space associated with
the vector space IR3. In theory of curves in ordinary affine space developed by E. Salkowski
and affine differential geometry investigates invariants with respect to the group of those affine
transformations

x∗j =
3∑
k=1

ajkxk + cj , j = 1, 2, 3 (1.1)

which are volume-preserving (det(ajk) = 1). Such a transformation is said to be equiaffine, and
affine differential geometry is also known as equiaffine differential geometry [5].

Let α : J −→ A3 be a curve in A3, where J = (t1, t2) ⊂ IR is a fixed open interval. We
assume that α ∈ C4(J) and

∣∣∣ α̇ α̈ ˙̈α
∣∣∣ 6= 0 on J , where α̇ = dα/dt, etc. Then with α, we

may associate the invariant parameter

σ(t) =

t∫
t1

∣∣∣ α̇ α̈ ˙̈α
∣∣∣1/6

dt (1.2)

which is called the affine arc length of α. The coordinates of a curve are given by three linearly
independent solutions of the equations

α(iv) (s) + κ (s)α′′ (s) + τα (s)α
′ (s) = 0 (1.3)

under the condition, ∣∣∣ α′ (s) α′′ (s) α′′′ (s)
∣∣∣ = 1 (1.4)

where κ (s) and τα (s) denote the affine curvatures.
A trihedron of α (s) consist of the tangent vector t (s) = α′ (s), the affine normal vector

n (s) = α′′ (s), and the affine binormal vector b (s) = α′′′ (s), here α′ (s) = dα/ds, etc. The
vectors n (s) and b (s) span the affine normal plane. The equi-affine frame formulas are

t′ (s) = n (s)

n′ (s) = b (s)

b′ (s) = −τα (s) t (s)− κ (s)n (s) .
(1.5)

They involve the invariants

κ (s) =
∣∣∣ α′ (s) α′′′ (s) αiv (s)

∣∣∣ , τα (s) = −
∣∣∣ α′′ (s) α′′′ (s) αiv (s)

∣∣∣ (1.6)
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which are called the affine curvature and torsion of α. E. Kreyszig and A. Pendl gave spherical
curves and their analogues in affine differential geometry and B. Su gave some classes of affine
curves[1, 2, 5, 6]. N. Hu obtained the some curves with constant curvature and gave the following
important theorem by using Shengjin’s formulae[4].

Theorem 1.1. Any nondegenerate equiaffine space curve α(s) with constant equiaffine curvature
κ(s) := κ, τ(s) := τ is equiaffinely equivalent to one of the following curves:

i. α(s) = (s, 1
2s

2, 1
2s

3)

ii. α(s) = (eσs, seσs,− 1
18σ5 e

−2σs) where σ =
{
κ
2

}1/3
,

iii. If κ = 0,
α(s) = τ(−τ 1/2s, sin(τ 1/2s), cos(τ 1/2s))

if κ 6= 0,

α(s) = (
1

2σ1σ2(9σ2
1 + σ2

2)(σ
2
1 + σ2

2)
e−2σ1s, eσ1s sin(σ2s), e

σ1s cos(σ2s)),

where

σ1 =
1
6

 3

√
3(9κ+

√
12τ 3 + 81κ2)

2
+

3

√
3(9κ−

√
12τ 3 + 81κ2)

2

 ,

σ2 =

√
3

6

 3

√
3(9κ+

√
12τ 3 + 81κ2)

2
−

3

√
3(9κ−

√
12τ 3 + 81κ2)

2

 ,

iv. If κ = 0,

α(s) = −τ 1/2(−τ 1/2s, sinh((−τ)1/2s), cosh((−τ)1/2s)),

if κ 6= 0,

α(s) = (
1

4σ3σ4(9σ2
3 − σ2

4)(σ
2
3 − σ2

4)
e−2σ3s, e(σ3+σ4)s, e(σ3−σ4)s)

for which τ < 0, 27
2 κ(−3τ)−3/2 ∈ (−1, 1), where

σ3 =
1
3
√
−3τ cos

(
1
3

arccos
(

27
2
κ(−3τ)−3/2

))
,

σ4 =
√
−τ sin

(
1
3

arccos
(

27
2
κ(−3τ)−3/2

))
.

2 Indicatrices of Affine Space Curves

Definition 2.1. Let α : J −→ A3 be a regular curve in affine 3-space with the affine frame
defined {tα (s) , nα (s) , bα (s)} at each point of α (s) and s be the affine arclength parameter.
The curve β (s̃) = tα(s) with new arclength parameter s̃, is called affine tangent indicatrix of
α (s) .

Let affine frame of β (s̃) be {tβ (s̃) , nβ (s̃) , bβ (s̃)} and the affine curvature and affine torsion
be κβ (s̃) and τβ (s̃), respectively. Thus affine frame vectors of β (s̃) can be obtained as

dβ (s̃)

ds̃
= σnα (s)

d2β (s̃)

ds̃2 = σσ′nα (s) + σ2bα (s) (2.1)

d3β (s̃)

ds̃3 =

{
−σ3τα (s) tα (s) + σ

{
σσ′′ + (σ′)2 − σ2κα (s)

}
nα (s)

+3σ2σ′bα (s)

}
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where the parametrization σ = ds/ds̃ satisfies

σ4(σ′)2τα (s) = −1. (2.2)

For the curve β (s̃), we have the relation

d4β (s̃)

ds̃4 = −τβ (s̃) tβ (s̃)− κβ (s̃)nβ (s̃) (2.3)

and its derivatives can be obtained as follows with respect to frame apparatus of α (s)

dβ (s̃)

ds̃
= σnα (s)

d2β (s̃)

ds̃2 = σσ′nα (s) + σ2bα (s)

d3β (s̃)

ds̃3 = −σ3τα (s) tα (s) + σ
{
σσ′′ + (σ′)2 − σ2κα (s)

}
nα (s) + 3σ2σ′bα (s)

and

d4β (s̃)

ds̃4 =


−σ
{

3σ′σ2τα (s) + σ3τ ′α (s) + 3σ′στα (s)
}
tα (s)

+σ

{
4σσ′σ′′ − 6σ2σ′κα (s) + (σ′)3

−σ3τα (s)− σ3κ′α (s) + σ2σ′′′

}
nα (s)

+σ
{

7σ(σ′)2 + 4σ2σ′′ − σ3κα (s)
}
bα (s)

 . (2.4)

From the equations (2.1) and (2.3) we can rewrite

d4β (s̃)

ds̃4 = −σ(τβ (s̃) + κβ (s̃)
2
σ)nα (s)− σ2κβ (s̃) bα (s) (2.5)

so, we obtain
−
{

3σ′σ2τα (s) + σ3τ ′α (s) + 3σ′στα (s)
}
tα (s)

+

{
4σσ′σ′′ − 6σ2σ′κα (s) + (σ′)3 − σ3τα (s)

−σ3κ′α (s) + σ2σ′′′ + (τβ (s̃) + κβ (s̃)
2
σ′)

}
nα (s)

+
{

7σ(σ′)2 + 4σ2σ′′ − σ3κα (s) + σκβ (s̃)
}
bα (s)

 = 0

by using (2.4) and so we have the following equations

7σ(σ′)2 + 4σ2σ′′ − σ3κα (s) + σκβ (s̃) = 0 (2.6)

{
4σσ′σ′′ − 6σ2σ′κα (s) + (σ′)3 − σ3τα (s)− σ3κ′α (s)

+σ2σ′′′ + τβ (s̃) + κβ (s̃)
2
σ′

}
= 0 (2.7)

3σ′σ2τα (s) + σ3τ ′α (s) + 3σ′στα (s) = 0. (2.8)

From (2.6) and (2.7) affine curvature and affine torsion of β (s̃) are

κβ (s̃) = σ2κα (s)− 7(σ′)2 − 4σσ′′

τβ (s̃) =

{
σ3τα (s) + σ3κ′α (s) + σ2σ′

{
6 + 14(σ′)2 + 8σσ′′ − σ2κα (s)

}
κα (s)

−(σ′)3 − σ2σ′′′ − 49(σ′)5 − 16σ2σ′ (σ′′)
2 − 56σ(σ′)3σ′′ − 4σσ′σ′′

}
.

Also from (2.2) and (2.8), the parametrization σ have satisfied the relation

0 =
{

4σ4 − 3σ − 3
}
(σ′)2 + 2σ5σ′′.

Thus, we gave the following theorem.
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Theorem 2.2. Let α (s) be a regular curve and its tangent indicatrix be β (s̃). Then affine frame
is

tβ (s̃) = σnα (s)

nβ (s̃) = σσ′nα (s) + σ2bα (s)

bβ (s̃) =

{
−σ3τα (s) tα (s) + σ

{
σσ′′ + (σ′)2 − σ2κα (s)

}
nα (s)

+3σ2σ′bα (s)

}

and the affine curvatures are

κ̃β (s̃) = σ2κα (s)− 7(σ′)2 − 4σσ′′

τ̃β (s̃) =

{
σ3τα (s) + σ3κ′α (s) + σ2σ′

{
6 + 14(σ′)2 + 8σσ′′ − σ2κα (s)

}
κα (s)

−(σ′)3 − σ2σ′′′ − 49(σ′)5 − 16σ2σ′ (σ′′)
2 − 56σ(σ′)3σ′′ − 4σσ′σ′′

}
.

with the parametrization σ = ds/ds̃ which is satisfy the equations

σ4(σ′)2τα (s) = −1{
4σ4 − 3σ − 3

}
(σ′)2 + 2σ5σ′′ = 0.

In the special case of α(s) with the constant curvatures,

Definition 2.3. Let α : J −→ A3 be a regular curve in affine 3-space with the affine frame
defined {tα (s) , nα (s) , bα (s)} at each point of α (s) and s be the affine arclength parameter.
The curve γ (s̃) = nα(s) with new arclength parameter s̃, is called affine normal indicatrix of
α (s) .

Let affine Frenet frame of γ (s̃) be {tγ (s̃) , nγ (s̃) , bγ (s̃)} and the affine curvature and affine
torsion be κγ (s̃) and τγ (s̃) , respectively.Thus affine frame vectors of γ (s̃) can be obtained as

dγ (s̃)

ds̃
= σbα (s)

d2γ (s̃)

ds̃2 = −σ2τα (s) tα (s)− σ2κα (s)nα (s) + σσ′bα (s) (2.9)

d3γ (s̃)

ds̃3 =


−σ {3σ′τα (s) + στ ′α (s)} tα (s)

−σ {στα (s) + 3σ′κα (s) + σκ′α (s)}nα (s)
+
{
(σ′)2 + σσ′′ − σ2κα (s)

}
bα (s)


where the parametrization σ = ds/ds̃ satisfies

σ =
{
(τα (s))

2 + κ′α (s) τα (s)− κα (s) τ ′α (s)
}−1/5

. (2.10)

For the curve γ (s̃) , we have the relation

d4γ (s̃)

ds̃4 = −τγ (s̃) tγ (s̃)− κγ (s̃)nγ (s̃) (2.11)

and its derivatives can be obtained as follows with respect to frame apparatus of α (s)

γ′ (s̃) = σbα (s) (2.12)

γ′′ (s̃) = −σ2τα (s) tα (s)− σ2κα (s)nα (s) + σσ′bα (s) (2.13)

γ′′′ (s̃) =


−σ {3σ′τα (s) + στ ′α (s)} tα (s)

−σ {στα (s) + 3σ′κα (s) + σκ′α (s)}nα (s)
+
{
(σ′)2 + σσ′′ − σ2κα (s)

}
bα (s)

 (2.14)
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and
d4γ (s̃)

ds̃4 = Ptα (s) +Qnα (s) +Rbα (s) (2.15)

where P,Q and R are

P = −
{

4(σ′)2τα (s) + 5σσ′τ ′α (s) + 4σσ′′τα (s) + σ2τ ′′α (s)− σ2κα (s) τα (s)
}

Q = −

{
5σσ′τα (s) + 2σ2τ ′α (s) + 4(σ′)2κα (s) + 5σσ′κ′α (s)
+3σσ′′κα (s) + σ2κ′′α (s) + σσ′′κα (s)− σ2(κα (s))2

}
R =

{
2σ′σ′′ + σ′σ′′ + σσ′′′ − 5σσ′κα (s)− 2σ2κ′α (s)− σ2τα (s)

}
.

From the equations (2.9) and (2.11), we can rewrite

d4γ (s̃)

ds̃4 =

{
σ2κγ (s̃) τα (s) tα (s) + σ2κα (s)κγ (s̃)nα (s)

− (σσ′κγ (s̃) + τγ (s̃)σ) bα (s)

}
. (2.16)

From (2.15) and (2.16), we obtain the equations

σ2κγ (s̃) τα (s)− P = 0 (2.17)

σ2κα (s)κγ (s̃)−Q = 0 (2.18)

σσ′κγ (s̃) + τγ (s̃)σ +R = 0. (2.19)

From(2.17) and (2.19), affine curvature and affine torsion of γ (s̃) are

κγ (s̃) =
P

σ2τα (s)

τγ (s̃) =
−R− σσ′κγ (s̃)

σ

Also, from (2.10) and (2.18), the parametrization σ have satisfied the relation

5 (σ − 1)σ′

σ7 = τα (s) τ
′
α (s) . (2.20)

Theorem 2.4. Let α (s) be a regular curve and its normal indicatrix be γ (s̃). Then affine frame
is

tγ (s̃) = σbα (s)

nγ (s̃) = −σ2τ̃α (s) tα (s)− σ2κ̃α (s)nα (s) + σσ′bα (s)

bγ (s̃) =


−σ {3σ′τ̃α (s) + στ̃ ′α (s)} tα (s)

−σ {στ̃α (s) + 3σ′κ̃α (s) + σκ̃′α (s)}nα (s)
+
{
(σ′)2 + σσ′′ − σ2κ̃α (s)

}
bα (s)


and the affine curvatures are

κ̃γ (s̃) =
P

σ2τ̃α (s)

τ̃γ (s̃) =
−R− σσ′κ̃γ (s̃)

σ

with the parametrization σ = ds/ds̃ which is satisfy the equations

σ =
{
(τ̃α (s))

2 + κ̃′α (s) τ̃α (s)− κ̃α (s) τ̃ ′α (s)
}−1/5

5 (σ − 1)σ′

σ7 = τ̃α (s) τ̃
′
α (s)
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where P,Q and R are

P = −
{

4(σ′)2τ̃α (s) + 5σσ′τ̃ ′α (s) + 4σσ′′τ̃α (s) + σ2τ̃ ′′α (s)− σ2κ̃α (s) τ̃α (s)
}

Q = −

{
5σσ′τ̃α (s) + 2σ2τ̃ ′α (s) + 4(σ′)2κ̃α (s) + 5σσ′κ̃′α (s)
+3σσ′′κ̃α (s) + σ2κ̃′′α (s) + σσ′′κ̃α (s)− σ2(κ̃α (s))2

}
R =

{
2σ′σ′′ + σ′σ′′ + σσ′′′ − 5σσ′κ̃α (s)− 2σ2κ̃′α (s)− σ2τ̃α (s)

}
.

If the curve α(s) is a curve with constand affine curvature and torsion then σ = c0 and so
P = σ2κα (s) τα (s) , Q = σ2(κα (s))2, R = −σ2τα (s) . Thus, we obtain

κγ (s̃) = κα (s)

τγ (s̃) = στα (s)

so normal indicatrix γ (s̃) is the curve with constant affine curvatures.

Definition 2.5. Let α : J −→ A3 be a regular curve in affine 3-space with the affine frame
defined {tα (s) , nα (s) , bα (s)} at each point of α (s) and s be the affine arclength parameter.
The curve η (s̃) = bα(s) with new arclength parameter s̃, is called affine binormal indicatrix of
α (s) .

Let affine frame of η (s̃) be {tη (s̃) , nη (s̃) , bη (s̃)} and the affine curvature and affine torsion
be κη (s̃) and τη (s̃) , respectively.Thus affine frame vectors of η (s̃) can be obtained as

dη (s̃)

ds̃
= −qtα (s)− pnα (s)

d2η (s̃)

ds̃2 = utα (s) + vnα (s) + wbα (s) (2.21)

d3η (s̃)

ds̃3 =

{
(σu′ − wq)tα (s) + (σv′ + σu− wp)nα (s)

+(σw′ + σv)bα (s)

}

where the parametrization σ = ds/ds̃ satisfies

σq
{
v2(

w

v
)′ + v2 − wu

}
+ σp

{
w2(

u

w
)′ − uv

}
= 1. (2.22)

where

p = σκα (s) , q = στα (s)

u = −σq′, v = −σ(p′ + q), w = −σp.

For the curve η (s̃) , we have the relation

d4η (s̃)

ds̃4 = −τη (s̃) tη (s̃)− κη (s̃)nη (s̃) (2.23)

and 4th derivative of (2.21)3 can obtained as follows with respect to frame apparatus of α (s)

d4η (s̃)

ds̃4 =


(σσ′u′ + σ2u′′ − 2σw′q − σwq′ − σvq)tα (s)

+

{
σσ′v′ + σσ′u− 2σw′p+ σ2v′′ + 2σ2u′

−σwp′ − σwq − σvp

}
nα (s)

+(σσ′w′ + σ2w′′ + σσ′v + 2σ2v′ + σ2u− σwp)bα (s)

 . (2.24)

From the equations (2.21) and (2.23), we can rewrite

d4η (s̃)

ds̃4 =

{
(qτη (s̃)− uκη (s̃)) tα (s) + (pτη (s̃)− vκη (s̃))nα (s)

−wκη (s̃) bα (s)

}
(2.25)
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From (2.24) and (2.25), we obtain
{
(σσ′u′ + σ2u′′ − 2σw′q − σwq′ − σvq − τη (s̃) q + κη (s̃)u

}
tα

+

{
σσ′v′ + σσ′u− 2σw′p+ σ2v′′ + 2σ2u′ − σwp′

−σwq − σvp− τη (s̃) p+ κη (s̃) v

}
nα

+
{
σσ′w′ + σ2w′′ + σσ′v + 2σ2v′ + σ2u− σwp+ κη (s̃)w

}
bα

 = 0

and so we have the following equations

σσ′u′ + σ2u′′ − 2σw′q − σwq′ − σvq − τη (s̃) q + κη (s̃)u = 0 (2.26)

{
σσ′v′ + σσ′u− 2σw′p+ σ2v′′ + 2σ2u′ − σwp′

−σwq − σvp− τη (s̃) p+ κη (s̃) v

}
= 0 (2.27)

σσ′w′ + σ2w′′ + σσ′v + 2σ2v′ + σ2u− σwp+ κη (s̃)w = 0. (2.28)
From (2.28) and (2.26), affine curvature and affine torsion of η (s̃) are

κη (s̃) =
σwp− σσ′ (w′ + v)− σ2 (w′′ + 2v′ + u)

w
(2.29)

τη (s̃) =
σ

qw

{
σ′ (u′w − uw′ − uv) + σ

(
u′′w − uw′′ − 2uv′ − u2

)
+uwp− 2ww′q − w2q′ − wvq

}
. (2.30)

By using (2.22), (2.27), (2.29) and (2.30) the parametrization σ have satisfied the relation
{

4σσ′σ′′ + (σ′)3 + σ2σ′′′ − 2σ3κ′α (s)− 6σ2σ′κα (s)
}
(κα (s)− τα (s))

+
{

7σ(σ′)2 + 4σ2σ′′ − 2σ3κα (s)
}
(κ′α (s)− τ ′α (s) + τα (s))

+σ3 (κ′′′α (s)− τ ′′′α (s) + τ ′′α (s)) + 6σ2σ′ {(κ′′α (s)− τ ′′α (s)) + τ ′α (s)}
−2σ3κ′α (s)κα (s) + 3σσ′′ (1− σ) τα (s) + 6σσ′τ ′α (s) + σ2 (3− σ) τ ′′α (s)

 = 0.

Theorem 2.6. Let α (s) be a regular curve and its affine binormal indicatrix be γ (s̃). Then affine
frame is

tη (s̃) = −qtα (s)− pnα (s)
nη (s̃) = utα (s) + vnα (s) + wbα (s) (2.31)

bη (s̃) =

{
(σu′ − wq)tα (s) + (σv′ + σu− wp)nα (s)

+(σw′ + σv)bα (s)

}
and the affine curvatures are

κ̃η (s̃) =
σwp− σσ′ (w′ + v)− σ2 (w′′ + 2v′ + u)

w

τ̃η (s̃) =
σ

qw

{
σ′ (u′w − uw′ − uv) + σ

(
u′′w − uw′′ − 2uv′ − u2

)
+uwp− 2ww′q − w2q′ − wvq

}
with the parametrization σ = ds/ds̃ which is satisfy the equations

σq
{
v2(

w

v
)′ + v2 − wu

}
+ σp

{
w2(

u

w
)′ − uv

}
= 1,

{
4σσ′σ′′ + (σ′)3 + σ2σ′′′ − 2σ3κ̃′α (s)− 6σ2σ′κ̃α (s)

}
(κ̃α (s)− τ̃α (s))

+
{

7σ(σ′)2 + 4σ2σ′′ − 2σ3κ̃α (s)
}
(κ̃′α (s)− τ̃ ′α (s) + τ̃α (s))

+σ3 (κ̃′′′α (s)− τ̃ ′′′α (s) + τ̃ ′′α (s)) + 6σ2σ′ {(κ̃′′α (s)− τ̃ ′′α (s)) + τ̃ ′α (s)}
−2σ3κ̃′α (s) κ̃α (s) + 3σσ′′ (1− σ) τ̃α (s) + 6σσ′τ̃ ′α (s) + σ2 (3− σ) τ̃ ′′α (s)

 = 0

where p = σκ̃α (s) , q = στ̃α (s) , u = −σq′, v = −σ(p′ + q) and w = −σp.
According to the classification in theorem 1.1, we obtain indicatrices of some space curves

in affine 3-space. The black is the main curve, the red curve is tangent indicatrix, the blue curve
is affine normal indicatrix and the green curve is binormal indicatrix of the main curve.
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(a) The curve given in (i) (b) The curve given in (ii)(κ =
1/2)

(c) The curve given in (iii)(κ =
0, τ = 2)

(d) The curve given in (iii)(κ =
1, τ = −1)

(e) The curve given in (iv)(κ =
0, τ = −2)

(f) The curve given in (iv)(κ =
1/14, τ = −1/3)

Figure 1. Some curves given in theorem 1.1 and their indicatrices in affine 3-space.
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