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Abstract In this study, we investigated the tangent, affine normal and binormal indicatrix
curves of space curves in affine 3-space in both general case and in special case of space curve
is constant curvature curve..

1 Introduction

In a set of points that corresponds a vector of the vector space constructed on a field is called an
affine space associated with the vector space. We denote A; as affine 3-space associated with
the vector space IR*. In theory of curves in ordinary affine space developed by E. Salkowski
and affine differential geometry investigates invariants with respect to the group of those affine

transformations
3

ar =Y agwr+c,j=123 (1.1
k=1

which are volume-preserving (det(a;x) = 1). Such a transformation is said to be equiaffine, and
affine differential geometry is also known as equiaffine differential geometry [5].
Let o : J — Aj be a curve in A3, where J = (¢1,4,) C IR is a fixed open interval. We

assume that o € C*(J) and ’ a o @ ‘ # 0 on J, where & = da/dt, etc. Then with «, we
may associate the invariant parameter

t 1/6
:/‘aaa‘ dt (1.2)

which is called the affine arc length of «. The coordinates of a curve are given by three linearly
independent solutions of the equations

0l () + ()0 (5) 4 7a (5) ' (5) = 0 3

under the condition,
o (s) o’ (s) o (s)|=1 (1.4)

where £ (s) and 7, (s) denote the affine curvatures.

A trihedron of « (s) consist of the tangent vector ¢ (s) = o' (s), the affine normal vector
n(s) = a” (s), and the affine binormal vector b (s) = &' (s), here o/ (s) = da/ds, etc. The
vectors n (s) and b (s) span the affine normal plane. The equi-affine frame formulas are

t'(s) =n(s)
(s) =b(s) (1.5)
(s)t(s) —r(s)n(s).

n/

b
V(s)=—Ta ) —

They involve the invariants

k(s)=| a'(s) a”(s) a¥(s) |, Tals)=—| a"(s) a”(s) a™(s) (1.6)
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which are called the affine curvature and torsion of «. E. Kreyszig and A. Pendl gave spherical
curves and their analogues in affine differential geometry and B. Su gave some classes of affine
curves[1, 2, 5, 6]. N. Hu obtained the some curves with constant curvature and gave the following
important theorem by using Shengjin’s formulae[4].

Theorem 1.1. Any nondegenerate equiaffine space curve o(s) with constant equiaffine curvature
k(s) := K, 7(s) := 7 is equiaffinely equivalent to one of the following curves:

. 1.2 1

i afs) = (s,35%,35°)

ii. a(s) = (e7%,se7®, — gse~27%) where 0 = {§ }1/3
i, If k= 0
a(s) = T(—Tl/zs, Sin(Tl/zs),COS(TI/ZS))
ifk#0,
a(s) = ( ! e~291% 71 sin(05), €71 cos(o25))
20102(907 + 03)(07 + 03) ’ ’ 7
where
1 (9/@+\/127’3+81/€2) 3(9k — V1273 + 81k2)
o = = )
6 2
V3 ) 5/309k + V1273 £ 81k2)  5/3(9k — V1273 + 81k2)
oy = — - ’
6 2 2
iv. If i = 0
a(s) = —7'1/2(—7'1/23, Sinh((—T)l/ZS),COSh((—T)l/ZS)),
ifx#0,
1 —203s (03+04)s (03—04)s
a(s) = €738 elo3Tou)s (037 04)3)

40304(903 — 03)(03 — 0%)

for which T < 0, &x(-37)7%2 € (—1,1), where

o 1 27 YA
o3 = 3 37 cos (3 arccos ( 5 k(—=37) )
oy = +/—Tsin (; arccos (227/<;(37)3/2>) .

2 Indicatrices of Affine Space Curves

Definition 2.1. Let  : J — A3z be a regular curve in affine 3-space with the affine frame
defined {t, (s),nq (s),ba (s)} at each point of « (s) and s be the affine arclength parameter.
The curve 3 (5) = t,(s) with new arclength parameter 3, is called affine tangent indicatrix of

a(s).

Let affine frame of 5 (3) be {ts (3) ,ns (3),bs (5)} and the affine curvature and affine torsion
be kg (5) and 73 (), respectively. Thus affine frame vectors of /3 (5) can be obtained as

dj (3)
ds

5 (5) = 00'n4 (5) + 0%bg (5) 2.1

B (3) —0374 (8)ta (s) + 0 {UU" +(0")? — 02k ( } N (
+3020'bg (s )

= ongy ()




Indicatrices of Curves in Affine 3-Space 3

where the parametrization o = ds/ds satisfies
o* (') 714 (5) = —1. (2.2)

For the curve 3 (), we have the relation

d*B (s
B s @153~ s @ s (® 23
and its derivatives can be obtained as follows with respect to frame apparatus of « (s)
g (s) _
= = Ona (s)
2
d 55) — 00" (5) + 02%ba (5)
B (3) 3
&~ 0T (8)ta (s) + 0 {00” + (0/)? — 0%ka (5)} na (5) + 3020"Dq (s)
and
—0 {30/027'(1 (5) + 37, (s) + 30’07, (s)} ta (5)
d*B (3) 4oo'c" — 6020" K (5) + (o)}
— : 24
ds* o —o37, (s) — o7k, (s) + 0%0"” na (5) 24)

4o {70 2+ 40%0" — ke ( } b

From the equations (2.1) and (2.3) we can rewrite

43 (3 )
LI _ (s (3) + 15 (3 )1 (5) — 03 () b (5) 5)

ds*
S0, we obtain
— {30074 (5) + 037, (s) + 30'070 (5) } ta (s)
+{4“ 6ﬁfw@%HWP—&m@>}%@> o

3%>+o2m+wma+mﬂa%ﬁ
+ {70 2+ 40%0" — k4 (5) + okg (5)} ba ()

by using (2.4) and so we have the following equations

To(0')? +40%0" — 0 ko (8) + okp (3) =0 (2.6)
4o0'0" — 60%0" K4 (5) + (0') — 0374 (5) — 3K, (5)
; ; ~0 @.7)
+oro" +75(5) + rp (5)" 0
30’07, (s) + ol (s)+ 30’07, (5) =0. (2.8)

From (2.6) and (2.7) affine curvature and affine torsion of 3 () are
kg (3) = 0%ka (8) — 7(0')? — 400"

) 0374 (8) + 07kl (5) + 020" {6+ 14(0")? + 800" — 0?4 (5) } Ka (
75 (3) =
K —(0')? = 0%0" —49(0")’ — 1650 (o ”) —560(0")30" — 400'c’

Also from (2.2) and (2.8), the parametrization ¢ have satisfied the relation
0= {404 —30 -3} (0")? +20%".

Thus, we gave the following theorem.
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Theorem 2.2. Let « (s) be a regular curve and its tangent indicatrix be (3 (3). Then affine frame
is

tp (5) = ona (s)
ng (5) = oo'ng (s) + O'zba (s)

—o371, (s o{oc" + (¢')* — 0%k n
bﬁ@")—{ (e +i3a +() e }

and the affine curvatures are

kg (s) = 02Ky, (s) — 7(0')2 — 400"

% () 37, (8) + 03K, (s) + 0?0’ {6 +14(0")? + 800" — 0%k ( } Ka (

T3(5) = :
B ( /)3 _ 020”' o 49(0,/)5 _ 16020'/ (U//) o 560( )3 " _ Aoo' o’

with the parametrization o = ds/ds which is satisfy the equations

ot (0 )?1a(s) = —1

{40* =30 -3} (¢/)* +20°0" = 0.
In the special case of «(s) with the constant curvatures,

Definition 2.3. Let oo : J — A3 be a regular curve in affine 3-space with the affine frame
defined {t,, (s),nq (s),bs (s)} at each point of «(s) and s be the affine arclength parameter.
The curve v (5) = n,(s) with new arclength parameter s, is called affine normal indicatrix of

a(s).

Let affine Frenet frame of ~ (5) be {t, (5) ,n4 (5), b, (5)} and the affine curvature and affine
torsion be k., (5) and 7 (3) , respectively.Thus affine frame vectors of 7 (5) can be obtained as

dy (3)

= obe (8)
d gggg) = —o’1, (s)ta (s) — 02Ky, (8) na (s) + 00'by (5) (2.9)
3m (3 —0{30'74 (s) + 07, (5)} ta ()
d;lyggl): —0{07a (s )+3a’na( )—i—m—@’ (s )}n(,(s)

+ {( 2+ 00" — 0%k ( } ba
where the parametrization o = ds/ds satisfies

0 = {(Ta ()% + Kl (5) 7 (5) — Ka () 7 ()} (2.10)

For the curve v (5) , we have the relation

d*y (3)

P (8) ty (5) = Ky (8) 1y (5) (2.11)

and its derivatives can be obtained as follows with respect to frame apparatus of « (s)
7' (3) = oby (5) (2.12)
7"(8) = —0%70 (8) ta (8) — 0% ka (8) Na (8) + 00'by (5) (2.13)

—0{30'70 (s) + 074 (s)} ta ()
V0= ol 03 ) o o) ) .14
+ {( 240" — o2 Ka ( } ba
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and .
% — Pty (5) + Qna (5) + Rbe (5) 2.15)
where P, () and R are
P = - {4 )+ 500'7, (s) + 400" 7, (s) + 07" (5) — 0%k (8) Ta (s)}

0 = _ 500'T4 ( )+ 2027 (s) +4(0") k4 (8) + 500’k ()
T T\ 300" () + 0 (5) + 00" (5) — 0%k (5))°
R = {20’0” + 0’0" + 00" =500k, (5) — 202/@; (s) — o*r, (s)} .
From the equations (2.9) and (2.11), we can rewrite
d*y (3) _ 02“7 (3) Ta (8) ta () + 0 Ko (8) Ky (3) 10 (5) (2.16)
ds* —(00"ky (8) + 7 (5) 0) ba (s) ' '

From (2.15) and (2.16), we obtain the equations

0%y (3) Ta (5) =P =0 (2.17)
0%k () Ky (3) —Q =0 (2.18)
00'ky (5) + 74 (8) o + R=0. (2.19)
From(2.17) and (2.19), affine curvature and affine torsion of ~ () are
P
Ky (g) O'zTa (8)
—R — 00’k (3)

™ (5) =
Also, from (2.10) and (2.18), the parametrization o have satisfied the relation

Lf)"/ =74 (s) 7 (s). (2.20)

g

g
Theorem 2.4. Let o (s) be a regular curve and its normal indicatrix be ~ (5). Then affine frame
is
by (3) = oba (5)
Ny (3) = =070 (8) ta () — 0%Fa (8) 4 (5) + 00’by (5)
—0 {3074 (5) + 074 (8)} ta (s)

by(5) =9 —o{o7al(s )+30/Ea( )+Ug/ (s )}na (s)
—I—{( 24 50" — o2 Fa ( }b

and the affine curvatures are

RO = o
7@ = o0l

with the parametrization o = ds/ds which is satisfy the equations

0= {(Fa ()2 4 T () Fa (5) — Fa () 74 ()} 7

20D 7 ()75
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where P, Q) and R are

P = —{4( )+ 5007, (5) + 400" 70 (5) + 027 (5) — 0% R (5) Tar (s)}
0 = - { 500'7, (s) + 2027 (5) + 4(0")2Fu () + So0'R, () }
+300"kq (5) + 02K () + 00" g (5) — 0% (Fa (5))?

R = {200" +0'0" + 00" —500"F () — 207K, (s) — 0°7a (5)} .

If the curve a(s) is a curve with constand affine curvature and torsion then o = ¢ and so
P = 0%4 (5) Ta (8), @ = 0*(ka (5))*, R = —0>7, (s) . Thus, we obtain

m(3) = als)
nG) = orals)

so normal indicatrix v (3) is the curve with constant affine curvatures.

Definition 2.5.Let oo : J — A3 be a regular curve in affine 3-space with the affine frame
defined {t, (s),nq4 (s),bs (s)} at each point of «(s) and s be the affine arclength parameter.
The curve 7 (5) = b, (s) with new arclength parameter s, is called affine binormal indicatrix of

a(s).

Let affine frame of ) (5) be {t,, (5) ,ny (5) , by, (5)} and the affine curvature and affine torsion
be x, (5) and 7, (5) , respectively.Thus affine frame vectors of 7 () can be obtained as

dn (s)
a5
d*1 (3)

F Uty (8) + vng (s) + why () (2.21)

dn (3) _ { (ou —wq)ty (s) + (ov" + ou — wp)ng (s)
+(ow + ov)by, (s)

= —qta (s) — pna (s)

where the parametrization o = ds/ds satisfies
2, Wy, 2 _ 20 W\ =
aq{v (U) +o wu}—i—ap{w (w) uv} 1. (2.22)
where

p=0ka(s), ¢=0Ta(s)

u=—-oq¢, v=—o(p' +q), w=—op.

For the curve 7 (5) , we have the relation

d*n ”)
A =y ()0 (5) — 0y (37 () 223)
and 4'" derivative of (2.21)3 can obtained as follows with respect to frame apparatus of « (s)
(o'’ + oc*u" — 20w'q — owq' — ovq)ty (s)
d477~gf93 _) oo’V + oo'u — 20w'p + oV + 2%’ e (5) (2.24)
ds —owp' — owq — ovp

+(oo'w' 4+ o*w" + oo'v + 2020 + o>u — cwp)b, (s)

From the equations (2.21) and (2.23), we can rewrite

d*n(3) _ | (a7 (8) — uky (3)) ta () + (py (3) — vriy (8)) na (5)
s { —whiy (3) ba (3) } @2
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From (2.24) and (2.25), we obtain

{(o0'u 4+ o*u”" = 20w'q — owq' — ovqg — 7,y (3) q + Ky (3) u} ta

oo’V + oo'u — 20w'p + 2" + 207U — owp’
+ Ng =0
—owq — ovp — T ($) p + Ky (5) v
+ {od’w' + o?w” + oo’'v + 2020 + o?u — cwp + Ky (5) w} by
and so we have the following equations
oo'v' + o —20w'q — owq' — ovg — 1, (3) g+ Ky (F)u=0 (2.26)
oo’V 4+ oo'u — 20w'p + " + 202U’ — cwp’ —0 2.27)
—owq —ovp — 7, () p+ Ky (S) v
oo'w' + o*w” + oo'v + 20%0 + o*u — cwp + kK, (3) w = 0. (2.28)
From (2.28) and (2.26), affine curvature and affine torsion of 7 (5) are
o () = owp — oo’ (W' +v) — o* (w” + 20" + u) (2.29)
w
o o (Ww —uw —w) + o (v'w —uw” — 2uv’ — u?
m (38) = — { ( ) /( 5, ) ) (2.30)
qw +uwp — 2ww'q — w=q" — wvgq

By using (2.22), (2.27), (2.29) and (2.30) the parametrization ¢ have satisfied the relation
{400’0” + (o ’)3 + 020" — 203K, (5) — 60%0" Ky (s)} (Ko (8) — Ta (8))
+{70(0')* +40%0" — 207k (5)} (ki (5) — T4 () + Ta (5))
+o (k Z’(S) ' (8) + 74 (8)) + 60%0" {(ky (s) — 72 (5)) + 74 ()}
—203K., (8) ko (8) + 300" (1 — 0) 74 (8) + 600'7, (s) + 0> (3 — o) 7 ()

Theorem 2.6. Let o (s) be a regular curve and its affine binormal indicatrix be ~ (). Then affine
frame is

ty (5) = —qta () — pra (s)
Ny, (5) = utq (s) + vng (s) + wby (s) (2.31)
) (ou —wq)ty (s) + (00" 4+ ou — wp)nq (s)
by () = { +(ow' 4 ov)by (5) }
and the affine curvatures are

- owp — oo’ (W' +v) — o? (W’ + 20" + u)
Fin (3) "

g

() = {

o (Ww—uw —uw) + o (u”w —uw" —2uv’ — uz) }
quw

+uwp — 2ww'q — wrq' — wug

with the parametrization o = ds/ds which is satisfy the equations
oq {vz(g)’ + 0% — wu} +op {wz(ﬁ)/ - uv} =1,
v w

{400'0" + (o ’)3—|—02 " — 203Kl (s) — 60%0"Fq (5)} (Fa (s) — Ta (5))
+{70 )? +40%0" —207Fa ()} (R (s) = 74 (8) + Ta ()
+o? (R (s) — ~'"()4'?"())+6020 {(Fa (5) =7a (s)) +7a ()}
—20%K!, (8) Fo (8) + 300" (1 — 0) 7o (8) + 600’7, (s) + 0> (3 — o) 7/ (s)

where p = 0o (), q =074 (8),u=—0¢,v=—0c(p' + q) and w = —op.

=0

According to the classification in theorem 1.1, we obtain indicatrices of some space curves
in affine 3-space. The black is the main curve, the red curve is tangent indicatrix, the blue curve
is affine normal indicatrix and the green curve is binormal indicatrix of the main curve.



8 Yilmaz Tuncer, Hiiseyin Kocayigit and Murat Kemal Karacan

] I~ =~ >
M

_.\\ Ll C >

o Wﬂ;
05 4
) 1 2
L2 3 ] Mg 2 19 05 T
4 2

Fid T T4

-1
0

, ﬁ\
Z

(a) The curve given in (i) (b) The curve given in (ii)(kx = (c) The curve given in (iii)(k =
1/2) 0,7=2)
(ﬁ<j>
4 \/ /

7
\

;

}
L
[l -l -

4
19
Tigg !

(d) The curve given in (iii)(x = (e) The curve given in (iv)(x = (f) The curve given in (iv)(x =
I, 7=-1) 0, 7=-2) 1/14, 7= —1/3)

Figure 1. Some curves given in theorem 1.1 and their indicatrices in affine 3-space.
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