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Abstract In this paper, we establish a new class of generalized beta type integral operators
involving generalized Mittag-Leffler function. Some special cases are deduced.

1 Introduction

The Swedish Mathematician Mittag-Leffler [10] introduced the function E,(z) defined as

Eo(2) :2%1“(0;7—4—1) (1.1)

where z € C and I'(s) is the Gamma function; « > 0.

The Mittag-Leffler function is a direct generalization of exp(z) in which « = 1. Mittag-
Leffler function naturally occurs as the solution of fractional order differential equation or frac-
tional order integral equations.

A generalization of E,, (z) was studied by Wiman [19] where he defined the function £, g(z)
as
Z’I’L

Eap(z) = ;m, (1.2)

where a, 8 € C; R(a) > 0, R(3) > 0 which is also known as Mittag-Leffler function or Wiman’s
function.

Prabhakar [12] introduced the function El 5(2) in the form (see also Killbas et al. [7]):

n

N I
Eaﬁ(z) 7;1—(0[”_‘_ )’I”L" (13)

where «, 8,7 € C;R(a) > 0,R(8) > 0,R(y) > 0.

Shukla and Prajapati [17](see also Srivastava and Tomovaski [18]) defined and investigated
the function E %(2) as

i) =N~ dom 1.4
o (2) ;r(awrg) n!’ 14
r
where o, 8,7 € C;R(a) > 0,R(8) > 0,R(y) > 0,¢ € (0,1)UNand (7)gn = W
q J—
denotes the generalized Pochhammer symbol which in particular reduces to ¢2* | (Lrl)n
r=1 q

if g € N.
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A new generalized Mittag-Leffler function was defined by Salim [16] as

R - i 13

where , 8,7,6 € C; R(a) > 0,R(3) > 0,R(y) > 0,R(§) > 0.
In 1997, Chaudhary et al. [4] presented the following extension of Euler’s Beta function

O/lt“ (1 — 1) exp {_t(lp—t)]dt' (1.6)

For p = 0, the extended beta function reduces to the classical beta function.

Now we recall the classical beta function denoted by B(a,b) and is defined (see [9], see also
[14]) by Euler’s integral

1
B(a,b) = /t“"(l — ) lat = rrm (R(a) > 0,R(b) > 0). (1.7)
0

In this paper, we consider the following generalizations of Euler beta functions as

B(z,y:p;m) = /lug”_l(l —u)exp (M) dt, (1.8)
0

where %(p) > 0, m > 0. Clearly when m = 1, equation(1.7)reduce to Chaudhary et al.[2]extended
beta function (EBF)and p = 0, it reduces to Euler’s beta function [9].

The Gauss hypergeometric function, denoted by F(a, b; c; z) and confluent hypergeometric
function of the first kind, denoted by ®(b; c; z), for R(c) > R(b) > 0, are defined as follows (see
[9], see also [14]):

1
Flabe;z) = W/tb‘l(l — 1)t (1 = g2) 0t (1.9)

0
larg(1 —2)| <

and

1

- 1 b—1 c—b—1
’ 0
1
F(a,b;c;2) = Boe D) c_b /tb =)= (1 —t2)at (1.11)
0
larg(1 —2)| <

and

| 1

q)(b, C, Z) = m /tb71<1 — t)67b71 eXp(zt)dt
0

By using the series expansion of (1 — z¢)™% and exp(zt) in (1.9) and (1.10) respectively, we
obtain

Fla,byc;z) = Z;) (a)”iglb’;f’bc) ) %7: (1.12)
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(Iz] < 1,R(c) > R(b) > 0).

= B(b+n,c—b) 2"
D(b;c;z) = _ 1.1
( 7092) ;) B(b,c_b) n! ( 3)
(R(c) > R(b) > 0)
In (2004), Chaudhary et al. [5] (see also [11]) used beta function B, (a,b) to extended the
hypergeometric and confluent hypergeometric function as follows:

o

YnBs(b+mn,c—0) 2"
(a,b;¢; 2) Z B(bc—b) R (1.14)

(0 >0;]z] < 1,R(c) > R(b) > 0),

= By(b+n,c—b) 2"
D, (b;c;2) = _ 1.1
7 (b:52) 2" Blbc-b) al’ (1.15)
(0 > 0;R(c) > R(b) > 0)
and gave their Euler’s type integral representation:
1
. b— 1 )e b—1 —a ¢
F,(a,b;c;2) = b > /t (1 —2t)"%exp [ =0 —t)] dt, (1.16)
0
(6>0,0=0 and |arg(l —2z)| <mR(c) > R() > 0),
1
® (b'c‘z):;/tb”(l C et lexp st — — 7| at (1.17)
T B(b,c —b) t(l—t)| " '

0
(60>0,0=0 and R(c)>R(b)>D0).

In this paper, we obtained some theorems on Euler type integral involving generalized Mittag-
Leffler function and discussed some special cases.

2 Euler type integral operator involving generalized Mittag-Leffler function

Theorem 2.1. If o, ,7,6 € C,R(a)) > 0, R(8) > 0, R(7) > 0,R(6) > 0,R(A) > 0, p,q > 0
and ¢ < R(a) + p, then

1
—A
p—1 5—1 v,q o
/t (1 —t)°" exp (t = t)m) E7 G (2t%)dt

0

V)gn?" CA-
ZF (on + B)n B(na+ p,d; A;m). (2.1)

Proof. In order to derive (2.1),we denote L.H.S. of (2.1) by I; and then expanding Eg:qﬁ(zta) by
using (1.5), we get:

|
0 ngnao
L= [ 11— )% Nan2" "
: / ( )7 exp — Z I'(an + B)n!
0 n=0
1

an noa+p— l 5 1 —A
= t — | dt.
Zran+ﬁ n'/ eXp<tm(1—t)m>d

0
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Using beta definition of generalization of beta function (1.6),we get

qnz
cA;m).
E Fan+ﬁ B(na+ p,d; A;m)

Remark 2.1. Setting m = 1 in Theorem 2.1, the result reduces to known result of Ahmed and
Khan [1,p.481].

Theorem 2.2. If o, 3,7, 8, p, 1, A € C, R(a) > 0,R(8) > 0,R(7) > 0,R(8) > 0, R(p), R(1), RO\) >

0,R(A) > 0,p,q > 0and g < R() +p; | arg(2t9) |< m, then

/(t —a)’" 1 (b—1t)°" et +d)* exp ( 4 t)m) EE(2(b— t)F)dt.

t—a)m(b—
nzn n—2mr—
ac+dAZZ ankﬂ)n,r,B(p—mr,é—an—mr)(b—a)"+6+f ? :
r=0 n=0
: .—(b—a)c
X2 F [p mr,—=X\;p+ 6+ fn—2mr; atd |- (2.2)

Proof. On the L.H.S. of (2.2), expending the generalized Mittag-Leffler function in their
respective series, to get

b
/(t —a)’ ' (b — 1) (ct + d)* exp ((t — a)mé — t)m) EY%(2(b—t)T)dt.

b - n
= Jemar o ey e S B e

which further on using the integral [13, p.263], yields the required result (2.2).

0o o0 ) nzn .
= (ac+d)* E E : Omjﬁ)n'r‘B(pfmr,5+fnfmr)(bfa)p+6+f 2mr—1
r=0 n=0
_(h—
X251 |:p_mrv_)‘§P+5+fn—2mr;(a)c:| )
ca+d

Corollary 2.2. Putting a = 0, b = 1 in Theorem 2.2, the result reduce the following as

—A

I
)P (1 =) et + d) exp | = ) EXE(2(1 — ) )dt
0/ (t (1—1) ) ’

_ d)\ qnzn B o 5 o
;7;) an+6) (p—mr, 6+ fn—mr)

X2 F [p—mr,—)\;p—l—(S—l—fn—Zmr;_dc} . (2.3)
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Remark 2.2. Setting m = 1 in Theorem 2.2, the result reduces to known result of Ahmed and
Khan [1, p.482].

Theorem 2.3. If o, 3,7, 6, p, 1, A € C,R(a) > 0,R(B) > 0,R(7) > 0,R(5) > 0,R(p), R(), R(N) >
0,%(A) >0, p,q > 0and g < R(«) + p, then

1
A
A—1 _ P\p—A—1 4P (1 _ $\O\—a >4 @
/t (1= )p=2=1(1 = te(1 — )7 exp(tm(lt)m>Eaﬁ(zt )t
0

N (@)r (V) gnu”z" <A
ZZO om+ﬁn' ~ = BA+an+pr,p— A+ or; A;m). (2.4)

Proof. On Taking L.H.S. of Theorem 2.3, using the definition of generalized Mittag-Leffler
function (1.6) , we get

1
A
A—1 —-A—1 o\—a ’ @
/t (1= P11 — ut?(1 — £)7) " exp (tm(l—t)> B9 (%) dt.
0

|

oo (o)
_ N rﬂ)r(l _ t)o’r(a) ntna
— [ prran—1(q _ pu=asl u dt
/ ( ) Z r! °xp tml—t Z om—i—ﬂn'
0 r=0 n=0
1
gn? U Apr+an—1 +or—A—1
= t 1—t)# dt.
-3y el | (-9
n=0 r=0 0
Using the definition of generalized beta function,(1.6),we get
N (@) (Y gnu” 2"
= ———————B(A —A s Asm).
Corollary 2.4. For a = 0 in Theorem 2.3 reduces to the following result as
1
/t’\’l(l — )" exp A ) g (2t™)dt
tm(] _ t)m o,
0
= Z _ anz" BA+an,u— X A;m). (2.5)

an—l—ﬁ

Remark 2.3. For m = 1 in Theorem 2.3, the result reduces to known result of Ahmed and Khan
[1, p.483].

3 Special Cases

1. On setting § = p = ¢ = 1 in Theorem 2.1, we get

—1 5—1 —A a _ = z" A
O/t%’ (1—t)°""exp (75"1(1—16)“1) E, (2t )dt—;F(an+ﬂ)B(an+p,§,A,m), (3.1)

where E, s(z) is a Wiman function (1.2).



6 Waseem A. Khan and Moin Ahmad

2. For ¢ = 1 in Theorem 2.1, we get

1
—-A
rho—1 _ 4\0—1 Y e
/t (1 —1)°""exp <tm(1 — t)"') B (2t)dt

0

= s A; 2
Zl"an_‘_ﬁ (Om—l—p,(S, ’m)v (3 )

where El B(Z) is a Prabhakar function (1.3).

3. Setting 8 = v = ¢ = 1 in Theorem 2.1, we get

/1#’1(1 —1)°lexp (tm(:lt)m) E,(2t%)dt

0

= A; .
Zrcm—i— B(na+ p,d; A;m). (3.3)

4. Letting v = ¢ = 1 in Theorem 2.2, we get

b
/(t —a)P (b —t)"(ct +d)* exp ((t — a);’é — t>m) Eop(z(b—t)))at.

(ac+d) A Z Z I'(an+ B)B(p — mr,d + fn—mr)(b— a)p+5+fn72mr—l
r=0 n=0
XZFI |:p —mr, 7)‘7 P +d+ fn - Zmr, (i)a+azdcj| ) (34)

where E,, 5(z) is a Wiman function (1.2).

5. On putting = ¢ = 1 in Theorem 2.2, we get

/(t —a)’" 1 (b—1t)°""(ct +d)* exp ((t — a);é — t)m) E] 5(2(b— t)7)dt.

ac+d A E E T‘n' (an_’_5>B(p_mr’5+fn_mr)(b_a)p+6+fn72mr71
r=0 n=0
(b—a)
Filp—mr,=A,p+4 - 2mr; : 35
X2 1[,0 mr, =\, p+0+ fn—2mr p—— (3.5)

where E, ;(2) is a Prabhakar function (1.3).

6. On setting « = = v = ¢ = 1 in Theorem 2.2, we get

A
(=) (b— 0 + 20— t)f) "

/b(t —a)’ Y (b—1t)°" et +d)* exp (

= (ac-+d) 305 B =+ f— )b = )5
r=0 n=0
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b—a)c
X, F [pmr,)\,p—i—é—i—fanr;(ca_i_zl] , (3.6)
where exp(z) is the exponential function and R(a) > 0, R(A\) > 0; |arg(2ii‘;)| <.

7. Setting v = ¢ = 1 in Theorem 2.3, we get

1
A
A— 1 u A—1 1 — (1 —¢)o1—a E (el
/t (1= utr(1— )7} exp(tm(lt)m> (o)t
0

u"z"
= )r — D A; 7
g g Fan+5r' B\ +pr+na,u— X+ or; A;m), (3.7)

where E,, 5(z) is a Wiman function (1.2).

8. Setting ¢ = 1 in Theorem 2.3, we get

1
—A
A— 1 —A—1 ol—a «
0
ZZ Jn(@) 2" S B(A 4 pr + — XA +or;m; A) (3.8)
= Fom—i—ﬂ i pr+na, u or;m; A), .
where El B(Z) is a Prabhakar function (1.3).
9. Setting &« = f = v = ¢ = 1 in theorem 2.3, we get
1
/tA Y1 =) A1 —ut?(1 — )7} % exp S S,
tm(l =)™ + 2t
0
Tu 2"
—ZZ BA+pr+n,u—A+or;m;A). (3.9)

n=0 r=0
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