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Abstract In this paper, we establish a new class of generalized beta type integral operators
involving generalized Mittag-Leffler function. Some special cases are deduced.

1 Introduction

The Swedish Mathematician Mittag-Leffler [10] introduced the function Eα(z) defined as

Eα(z) =
∞∑
n=0

zn

Γ(αn+ 1)
, (1.1)

where z ∈ C and Γ(s) is the Gamma function; α ≥ 0.

The Mittag-Leffler function is a direct generalization of exp(z) in which α = 1. Mittag-
Leffler function naturally occurs as the solution of fractional order differential equation or frac-
tional order integral equations.

A generalization of Eα(z) was studied by Wiman [19] where he defined the function Eα,β(z)
as

Eα,β(z) =
∞∑
n=0

zn

Γ(αn+ β)
, (1.2)

where α, β ∈ C;<(α) > 0,<(β) > 0 which is also known as Mittag-Leffler function or Wiman’s
function.

Prabhakar [12] introduced the function Eγα,β(z) in the form (see also Killbas et al. [7]):

Eγα,β(z) =
∞∑
n=0

γn
Γ(αn+ β)

zn

n!
, (1.3)

where α, β, γ ∈ C;<(α) > 0,<(β) > 0,<(γ) > 0.

Shukla and Prajapati [17](see also Srivastava and Tomovaski [18]) defined and investigated
the function Eγ,qα,β(z) as

Eγ,qα,β(z) =
∞∑
n=0

γqn
Γ(αn+ β)

zn

n!
, (1.4)

where α, β, γ ∈ C;<(α) > 0,<(β) > 0,<(γ) > 0, q ∈ (0, 1)
⋃
N and (γ)qn =

Γ(γ + qn)

Γ(γ)

denotes the generalized Pochhammer symbol which in particular reduces to qqn
q∏
r=1

(
γ + r − 1

q
)n

if q ∈ N.



2 Waseem A. Khan and Moin Ahmad

A new generalized Mittag-Leffler function was defined by Salim [16] as

Eγ,δα,β(z) =
∞∑
n=0

γn
Γ(αn+ β)

zn

(δ)n
, (1.5)

where α, β, γ, δ ∈ C;<(α) > 0,<(β) > 0,<(γ) > 0,<(δ) > 0.
In 1997, Chaudhary et al. [4] presented the following extension of Euler’s Beta function

Bp(a, b) =

1∫
0

ta−1(1− t)b−1 exp
[
− p

t(1− t)

]
dt. (1.6)

For p = 0, the extended beta function reduces to the classical beta function.

Now we recall the classical beta function denoted by B(a, b) and is defined (see [9], see also
[14]) by Euler’s integral

B(a, b) =

1∫
0

ta−1(1− t)b−1dt =
Γ(a)Γ(b)

Γ(a+ b)
, (<(a) > 0,<(b) > 0). (1.7)

In this paper, we consider the following generalizations of Euler beta functions as

B(x, y; p;m) =

1∫
0

ux−1(1− u)y−1 exp
(

−p
um(1− u)m

)
dt, (1.8)

where<(p) > 0,m > 0.Clearly whenm = 1, equation(1.7)reduce to Chaudhary et al.[2]extended
beta function (EBF)and p = 0, it reduces to Euler’s beta function [9].

The Gauss hypergeometric function, denoted by F (a, b; c; z) and confluent hypergeometric
function of the first kind, denoted by Φ(b; c; z), for <(c) > <(b) > 0, are defined as follows (see
[9], see also [14]):

F (a, b; c; z) =
1

B(b, c− b)

1∫
0

tb−1(1− t)c−b−1(1− tz)−adt (1.9)

|arg(1− z)| < π

and

Φ(b; c; z) =
1

B(b, c− b)

1∫
0

tb−1(1− t)c−b−1 exp(zt)dt (1.10)

F (a, b; c; z) =
1

B(b, c− b)

1∫
0

tb−1(1− t)c−b−1(1− tz)−adt (1.11)

|arg(1− z)| < π

and

Φ(b; c; z) =
1

B(b, c− b)

1∫
0

tb−1(1− t)c−b−1 exp(zt)dt.

By using the series expansion of (1 − zt)−a and exp(zt) in (1.9) and (1.10) respectively, we
obtain

F (a, b; c; z) =
∞∑
n=0

(a)nB(b+ n, c− b)
B(b, c− b)

zn

n!
, (1.12)
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(|z| < 1,<(c) > <(b) > 0).

Φ(b; c; z) =
∞∑
n=0

B(b+ n, c− b)
B(b, c− b)

zn

n!
. (1.13)

(<(c) > <(b) > 0)

In (2004), Chaudhary et al. [5] (see also [11]) used beta function Bσ(a, b) to extended the
hypergeometric and confluent hypergeometric function as follows:

Fσ(a, b; c; z) =
∞∑
n=0

(a)nBσ(b+ n, c− b)
B(b, c− b)

zn

n!
, (1.14)

(σ ≥ 0; |z| < 1,<(c) > <(b) > 0),

Φσ(b; c; z) =
∞∑
n=0

Bσ(b+ n, c− b)
B(b, c− b)

zn

n!
, (1.15)

(σ ≥ 0;<(c) > <(b) > 0)

and gave their Euler’s type integral representation:

Fσ(a, b; c; z) =
1

B(b, c− b)

1∫
0

tb−1(1− t)c−b−1(1− zt)−a exp
[
− σ

t(1− t)

]
dt, (1.16)

(σ > 0;σ = 0 and |arg(1− z)| < π;<(c) > <(b) > 0),

Φσ(b; c; z) =
1

B(b, c− b)

1∫
0

tb−1(1− t)c−b−1 exp
[
zt− σ

t(1− t)

]
dt, (1.17)

(σ > 0;σ = 0 and <(c) > <(b) > 0).

In this paper, we obtained some theorems on Euler type integral involving generalized Mittag-
Leffler function and discussed some special cases.

2 Euler type integral operator involving generalized Mittag-Leffler function

Theorem 2.1. If α, β, γ, δ ∈ C,<(α) > 0,<(β) > 0,<(γ) > 0,<(δ) > 0,<(A) > 0, p, q ≥ 0
and q < <(α) + p, then

1∫
0

tρ−1(1− t)δ−1 exp
(

−A
tm(1− t)m

)
Eγ,qα,β(zt

α)dt

=
∞∑
n=0

(γ)qnzn

Γ(αn+ β)n!
B(nα+ ρ, δ;A;m). (2.1)

Proof. In order to derive (2.1),we denote L.H.S. of (2.1) by I1 and then expanding Eγ,qα,β(zt
α) by

using (1.5), we get:

I1 =

1∫
0

tρ−1(1− t)δ−1 exp
(

−A
tm(1− t)m

) ∞∑
n=0

(γ)qnzntnα

Γ(αn+ β)n!
dt.

=
∞∑
n=0

(γ)qnzn

Γ(αn+ β)n!

1∫
0

tnα+ρ−1(1− t)δ−1 exp
(

−A
tm(1− t)m

)
dt.



4 Waseem A. Khan and Moin Ahmad

Using beta definition of generalization of beta function (1.6),we get

=
∞∑
n=0

(γ)qnzn

Γ(αn+ β)n!
B(nα+ ρ, δ;A;m).

Remark 2.1. Setting m = 1 in Theorem 2.1, the result reduces to known result of Ahmed and
Khan [1,p.481].

Theorem 2.2. If α, β, γ, δ, ρ, µ, λ ∈ C,<(α) > 0,<(β) > 0,<(γ) > 0,<(δ) > 0,<(ρ),<(µ),<(λ) >
0,<(A) > 0, p, q ≥ 0 and q < <(α) + p; | arg( bc+dac+d) |< π, then

b∫
a

(t− a)ρ−1(b− t)δ−1(ct+ d)λ exp
(

−A
(t− a)m(b− t)m

)
Eγ,qα,β(z(b− t)

f )dt.

= (ac+ d)λ
∞∑
r=0

∞∑
n=0

(−A)r

r!
(γ)qnzn

Γ(αn+ β)n!r!
B(ρ−mr, δ + fn−mr)(b− a)ρ+δ+fn−2mr−1

×2F1

[
ρ−mr,−λ; ρ+ δ + fn− 2mr;

−(b− a)c
ca+ d

]
. (2.2)

Proof. On the L.H.S. of (2.2), expending the generalized Mittag-Leffler function in their
respective series, to get

b∫
a

(t− a)ρ−1(b− t)δ−1(ct+ d)λ exp
(

−A
(t− a)m(b− t)m

)
Eγ,qα,β(z(b− t)

f )dt.

=

b∫
a

(t− a)ρ−1(b− t)δ−1(ct+ d)λ
∞∑
r=0

(−A)r

(t− a)mr(b− t)rmr!

∞∑
n=0

(γ)qnzn(b− t)fn

Γ(αn+ β)n!
dt.

=
∞∑
m=0

∞∑
n=0

(−A)r

r!
(γ)qnzn

Γ(αn+ β)r!

b∫
a

(t− a)ρ−mr−1(b− t)δ+fn−mr−1(ct+ d)λdt,

which further on using the integral [13, p.263], yields the required result (2.2).

= (ac+ d)λ
∞∑
r=0

∞∑
n=0

(−A)r

r!
(γ)qnzn

Γ(αn+ β)n!r!
B(ρ−mr, δ + fn−mr)(b− a)ρ+δ+fn−2mr−1

×2F1

[
ρ−mr,−λ; ρ+ δ + fn− 2mr;

−(b− a)c
ca+ d

]
.

Corollary 2.2. Putting a = 0, b = 1 in Theorem 2.2, the result reduce the following as

1∫
0

(t)ρ−1(1− t)δ−1(ct+ d)λ exp
(

−A
tm(1− t)m

)
Eγ,qα,β(z(1− t)

f )dt

= dλ
∞∑
r=0

∞∑
n=0

(−A)r

r!
(γ)qnzn

Γ(αn+ β)n!
B(ρ−mr, δ + fn−mr)

×2F1

[
ρ−mr,−λ; ρ+ δ + fn− 2mr;

−c
d

]
. (2.3)
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Remark 2.2. Setting m = 1 in Theorem 2.2, the result reduces to known result of Ahmed and
Khan [1, p.482].

Theorem 2.3. If α, β, γ, δ, ρ, µ, λ ∈ C,<(α) > 0,<(β) > 0,<(γ) > 0,<(δ) > 0,<(ρ),<(µ),<(λ) >
0,<(A) > 0, p, q ≥ 0 and q < <(α) + p, then

1∫
0

tλ−1(1− t)µ−λ−1(1− utρ(1− t)σ)−a exp
(

−A
tm(1− t)m

)
Eγ,qα,β(zt

α)dt

=
∞∑
n=0

∞∑
r=0

(a)r(γ)qnurzn

Γ(αn+ β)n!
B(λ+ αn+ ρr, µ− λ+ σr;A;m). (2.4)

Proof. On Taking L.H.S. of Theorem 2.3, using the definition of generalized Mittag-Leffler
function (1.6) , we get

1∫
0

tλ−1(1− t)µ−λ−1(1− utρ(1− t)σ)−a exp
(

−A
tm(1− t)m

)
Eγ,qα,β(zt

α)dt.

=

1∫
0

tλ+αn−1(1− t)µ−λ−1
∞∑
r=0

urtρr(1− t)σr(a)r
r!

exp
(

−A
tm(1− t)m

) ∞∑
n=0

(γ)qnzntnα

Γ(αn+ β)n!
dt

=
∞∑
n=0

∞∑
r=0

(γ)qnznur(a)r
Γ(αn+ β)n!r!

1∫
0

tλ+ρr+αn−1(1− t)µ+σr−λ−1dt.

Using the definition of generalized beta function,(1.6),we get

=
∞∑
n=0

∞∑
r=0

(a)r(γ)qnurzn

Γ(αn+ β)n!
B(λ+ αn+ ρr, µ− λ+ σr;A;m).

Corollary 2.4. For a = 0 in Theorem 2.3 reduces to the following result as

1∫
0

tλ−1(1− t)µ−λ−1 exp
(

−A
tm(1− t)m

)
Eγ,qα,β(zt

α)dt

=
∞∑
n=0

(γ)qnzn

Γ(αn+ β)n!
B(λ+ αn, µ− λ;A;m). (2.5)

Remark 2.3. For m = 1 in Theorem 2.3, the result reduces to known result of Ahmed and Khan
[1, p.483].

3 Special Cases

1. On setting δ = p = q = 1 in Theorem 2.1, we get

1∫
0

tρ−1(1− t)δ−1 exp
(

−A
tm(1− t)m

)
Eα,β(zt

α)dt =
∞∑
n=0

zn

Γ(αn+ β)
B(αn+ρ, δ;A;m), (3.1)

where Eα,β(z) is a Wiman function (1.2).
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2. For q = 1 in Theorem 2.1, we get

1∫
0

trho−1(1− t)δ−1 exp
(

−A
tm(1− t)m

)
Eγα,β(zt

α)dt

=
∞∑
n=0

zn(γ)n
Γ(αn+ β)n!

B(αn+ ρ, δ;A;m), (3.2)

where Eγα,β(z) is a Prabhakar function (1.3).

3. Setting β = γ = q = 1 in Theorem 2.1, we get

1∫
0

tρ−1(1− t)δ−1 exp
(

−A
tm(1− t)m

)
Eα(zt

α)dt

=
∞∑
n=0

zn

Γ(αn+ 1)
B(nα+ ρ, δ;A;m). (3.3)

4. Letting γ = q = 1 in Theorem 2.2, we get

b∫
a

(t− a)ρ−1(b− t)δ−1(ct+ d)λ exp
(

−A
(t− a)m(b− t)m

)
Eα,β(z(b− t)f )dt.

= (ac+ d)λ
∞∑
r=0

∞∑
n=0

(−A)rzn

r!
Γ(αn+ β)B(ρ−mr, δ + fn−mr)(b− a)ρ+δ+fn−2mr−1

×2F1

[
ρ−mr,−λ, ρ+ δ + fn− 2mr;

(b− a)c
ca+ d

]
, (3.4)

where Eα,β(z) is a Wiman function (1.2).

5. On putting = q = 1 in Theorem 2.2, we get

b∫
a

(t− a)ρ−1(b− t)δ−1(ct+ d)λ exp
(

−A
(t− a)m(b− t)m

)
Eγα,β(z(b− t)

f )dt.

= (ac+ d)λ
∞∑
r=0

∞∑
n=0

(−A)rzn(γ)n
r!n!

Γ(αn+ β)B(ρ−mr, δ + fn−mr)(b− a)ρ+δ+fn−2mr−1

×2F1

[
ρ−mr,−λ, ρ+ δ + fn− 2mr;

(b− a)c
ca+ d

]
, (3.5)

where Eγα,β(z) is a Prabhakar function (1.3).

6. On setting α = β = γ = q = 1 in Theorem 2.2, we get

b∫
a

(t− a)ρ−1(b− t)δ−1(ct+ d)λ exp
(

−A
(t− a)m(b− t)m + z(b− t)f

)
dt.

= (ac+ d)λ
∞∑
r=0

∞∑
n=0

(−A)r

r!n!
B(ρ−mr, δ + fn−mr)(b− a)ρ+δ+fn−2mr−1
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×2F1

[
ρ−mr,−λ, ρ+ δ + fn− 2mr;

(b− a)c
ca+ d

]
, (3.6)

where exp(z) is the exponential function and <(a) > 0,<(λ) > 0; |arg( bc+dac+d)| < π.

7. Setting γ = q = 1 in Theorem 2.3, we get

1∫
0

tλ−1(1− t)µ−λ−1{1− utρ(1− t)σ}−a exp
(

−A
tm(1− t)m

)
Eα,β(zt

α)dt

=
∞∑
n=0

∞∑
r=0

(a)rurzn

Γ(αn+ β)r!
B(λ+ ρr + nα, µ− λ+ σr;A;m), (3.7)

where Eα,β(z) is a Wiman function (1.2).

8. Setting q = 1 in Theorem 2.3, we get

1∫
0

tλ−1(1− t)µ−λ−1{1− utρ(1− t)σ}−a exp
(

−A
tm(1− t)m

)
Eγα,β(zt

α)dt.

=
∞∑
n=0

∞∑
r=0

(γ)n(a)rurzn

Γ(αn+ β)r!n!
B(λ+ ρr + nα, µ− λ+ σr;m;A), (3.8)

where Eγα,β(z) is a Prabhakar function (1.3).

9. Setting α = β = γ = q = 1 in theorem 2.3, we get

1∫
0

tλ−1(1− t)µ−λ−1{1− utρ(1− t)σ}−a exp
(

−A
tm(1− t)m + zt

)
dt.

=
∞∑
n=0

∞∑
r=0

((a)rurzn

r!n!
B(λ+ ρr + n, µ− λ+ σr;m;A). (3.9)

Acknowledgement All authors would like to thank Integral University, Lucknow, India, for pro-
viding the manuscript number IU/R&D/2018-MCN000439 for the present research work.

References
[1] S. Ahmed, M. A. Khan, Euler type integral involving generalization Mittag-Leffler function Commun.

Korean Math. Soc., 29(2014) (3), 479-487.

[2] L. C. Andrews, Special functions for engineers and mathematicians, SPIE Optical Engineering Press,
Bellingham, WA; Oxford University Press, Oxford 1988.

[3] L. Carlitz, Some extension and convolution formulas related to Mac Mohan’s master theorem,SIAM J.
Math. Ann., 8(2)(1977), 320-336.

[4] M. A. Chaudhry, A. Qadir, M. Rafiq and S. M. Zubair, Extension of Euler’s beta function, J. Comput.
Appl. Math., 78(1997) (1), 19-32.

[5] M. A. Chaudhry, A. Qadir and H. M. Srivastava and R. B. Paris, Extended hypergeometric and confluent
hypergeometric functions, Appl. Math. Comput., 159(2004) (2), 589-602.

[6] M. A. Chaudhry and S. M. Zubair, Generalized incomplete gamma functions with applications, J.Comput.
Appl. Math., 75(1994) (1), 99-24.

[7] A. A. Kilbas, M. Saigo and R. K. Saxena, Generalized Mittag-leffler function and generalized fractional
calculus operators, Integral Tran. Spec. Funct., 15(2004), 31-49.

[8] S. Khan, B. Agrawal, M. A. Pathan and F. Mohammad, Evaluations of certain Euler type integral, Appl.
Math. Comput., 189(2007) (2), 1993-2003.



8 Waseem A. Khan and Moin Ahmad

[9] Y. L. Luke, The Special functions and their approximations, Vol.1, New York, Academic Press, 1969.

[10] G. M. Mittag-Leffler, Sur la nouvelle function Eα(x), C. R. Acad. Sci Paris, 137(1903), 554-558.

[11] R. K. Parmar, A new Generalized of Gamma,Beta, hypergeometric and confluent hypergeometric func-
tions, Le, Mathematiche, Vol. LXVIII (2013), 33-52.

[12] T. R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function in the kernal,
Yokohama Math. J., 19(1971), 7-15.

[13] A. P. Prudnikov, Yu. A. Brychkov and O. I. Matichev, Integrals and Series, vol.I, Gordan and Breach
Science Publishers, New York, 1990.

[14] E. D. Rainville, Special functions, The Macmillan Company, New York, 1960.

[15] T. O. Salim, and W. A. Faraj, A generalization of Mittag-Leffler function and integral operator associated
with fractional calculus, App. Math. Comput., 3(2012)(5), 1-13.

[16] T. O. Salim, Some properties relating to the generalized Mittag-Leffler function, Adv. Appl. Math. Anal.,
4(2009), 21-80.

[17] A. K. Shukla and J. C. Prajapati, On a generalization of Mittag-Leffler function and its properties, J. Math.
Ann. Appl., 336(2007), 797-811.

[18] H. M. Srivastava and Z. Tomovski, Functional calculus with an integral operator containing a generalized
Mittag-leffler function in the kernel, Appl. Math. Comput., 211(2009), 198-210

[19] A. Wiman, Uber den fundamentalsatz in der theory der functionen, Acta Math., 29(1905), 191-201.

Author information
Waseem A. Khan, Department of Mathematics and Natural Sciences Prince Mohammad Bin Fahd University,
P.O Box 1664, Al Khobar 31952, Saudi Arabia.
E-mail: waseem08_khan@rediffmail.com

Moin Ahmad, Department of Mathematics, Faculty of Science, Integral University, Lucknow-226026, India.
E-mail: moinah1986@gmail.com

Received: July 7, 2018.

Accepted: August 29, 2018.


	1 Introduction
	2 Euler type integral operator involving generalized Mittag-Leffler function
	3 Special Cases

