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Abstract The Mittag-Leffler function was introduced by Gosta Mittag-Leffler in 1903. Due
to its diverse applications, many of its extensions, generalizations and variants have been pre-
sented and investigated. In this paper we introduce a new extension of the Mittag-Leffler func-
tion defined by (Shukla and Prajapati) by using extended Beta function. Then we investigate
certain useful properties and formulae associated with the extended Mittag-Leffler function such
as integral representation, Mellin transform, recurrence relation and derivative formulae.

1 Introduction

Many authors have developed integrals, involving a variety of special functions see [9]-[15]. In
1903, the Swedish Mathematician Gosta Mittag-Leffler [S] introduced the function

:ZF(#"H), (2 € C:R(a) > 0) (1.1)
n=0

which is called Mittag-Leffler function. Wiman [2] gave and investigated a generalization of the
Mittag-Leffler function

n

Eop(z) = nzz() m7

(2,8 € C;R(r) > 0) (1.2)
Prabhakar [16] introduced the following generalization of E, s(z) as follows

Zran+ﬁ — (z,a, 8 € C;R(a) > 0) (1.3)

where (\),, is the Pochhammer symbol.
In 2007, Shukla and Prajapati [1] introduced the function £} (2) which is defined for o, 8,y €
CiR(a) > 0,R(8) > 0,R(~) > 0and g € (0,1) UN.

EJ (= G 1.4
Z F (an + B)n (1.4)

In this paper, we extend the Mittag-Leffler function E%(2) in the following way

n

7.0
E)S Zr an+ﬁ ( )qnn' (1.5)
we get,
'ycq 7+qn Cc— )(C)qnzn
z B(v,c —y)'(an + 8)n! (16)
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where p > 0;R(c) > R(y) > 0;, 8,7,¢ € C; R(a) > 0.R(B) > 0;¢ € N.
Here B, (z,y) is the extended Euler’s Beta function.

] —P
Bye) = [0 a > 0% > 0R6) >0 (17

and By(z,y) = B(z,y) is the familiar Beta function [3]
The generalization of the extended beta function (1.7)

1
By (e) = [ 700 g 0.0 > 0R0) > 0] (1)

By the use of (1.8) we further give the extension of the extended Mittag-Leffler function as
follows

< g 7+qn ¢ =) (c)gn2"
B 2o 4 1.
Z B(v,c —v)T'(an + B)n! (1.9)
where p > 0; R(c) > R(v) > 05, 8,7v,¢ € C;R(a) > 0.R(3) > 0;¢ € N.
For our purpose, we recall the Fox-Wright function ,%¥, [3]
v (a1, A1), - a(avap)' Z p [(oj + Ajn)z" L10)
ree 1 L(8j + Bjn)n! .
(61’31)7 7(BQ7B¢1);
where the coefficients A; € R (j =1,--- ,p)and B; € R*(j =1,--- ,¢) such that
q P
+Y B —> 4;>0
j=1 j=1
A special case of (1.10) reduces to the generalized hypergeometric function , Fy,
(0117141), a(apaAp); P l"(a) Qap, o, 0ps
W, ===l e P 1.11)

i DB

(51731)7 7(5anq); Bla 7ﬂq;

We also recall the generalized Gamma function F](f’ﬁ ) [4]
T8 () :/ o (a;ﬂ; —t— 7%) dt,  [min{R(a),R(8),R(z)} > 0:p € R{] (1.12)
0

LB (o — )l (x)
[(a)l(8 — )

The special case of (1.12) when o = g and p=0 is seen to yield the familiar Gamma function
I'(x).

Féa,ﬂ)(x) =T (g) = (1.13)

2 Properties of the extended Mittag-Leffler function

Here we give an integral representation and the Mellin transform of the extended Mittag-Leffler
function.

Theorem 2.1. Let ¢,a, 3,7, A € C with R(c) > R(y) > 0 and R(a) > 0,R(B) > 0. Also let
peR" and p e C\Z~, then

. 1 ! —p
EVCtAP (Y= — [ N e R A ———— | EST (492)dt. (2.1
wp " (5P) B(%cv)/o (=1 N Ty apltz)dt - (21)
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Proof. Using (1.8)in (1.9)

E’Yﬁﬁ?\ﬂ / $ran— 1 11 g \; p: —P dt (C)qnzn

Interchanging the order of summation and integration in the above equation which is verified
under the given conditions here, we get

: 1 ! =0 (€)gn(2t9)
E%C’qa)\#’ : — / t’Y—l 1—+¢ c—vy—1 F |:)\’ : :| qn di
a,f3 (Z p) B(’}/,C—’}/) o ( ) 11 P nZO (Oé’fl—i‘ﬁ
Using (1.4), we get desired result. O
Corollary 2.2. Setting t = - in (2.1) and under the same conditions on parameters we get,
. 1 < gyt —p(1 +u)? ulz
B GTAP p) = / Fy |\ p; £ d
B IR (Ean ikl (T R A ()

2.2)

Corollary 2.3. Setting t = sin’6 in (2.1) and under the same conditions on parameters we get,

: 2 7 —p
EV ST (4 ) = 7/ sin0)>~(cos9)> 1 F {)\; ; ]
ag’ " (#P) B(y,e—7) Jo (sin )7 (cos 6) P GinZ 6 cos? 0
x B9 (2 sin 0)do 2.3)

Kurulay and Bayram [8] presented the following recurrence relation for the extended Mittag-
Leffler function (1.3)

c c d c
a,ﬁ(tz) = BEa,ﬁ+l(t’z) + OZZ@EQ,[?JA (tZ)

We have derived the following recurrence relation for the extended Mittag-Leffler function (1.4)

C c,q d C
ES%(t12) = BESS,  (t72) + az B, (t72) (2.4)

Corollary 2.4. Let ¢, «, 3,7y, A € C with R(c) > R(y) > 0 and R(a) > 0,R(5) > 0. Also let
peR" andp € C\Z~, then

OB, A, ay(c)qz Letl,g:h0 .
By 5™ (2p) = BEYGH (50) + =~ B L1 (25p) 2.5)

Proof. Applying (2.4) to the integrand in (2.1), we obtain

. ) d
CTNP . T, Ao/
El;;q P(z;p) = BE;E& P(z;p) + azd—Eg EL #(z;p)

Then we use (3.10) with n = 1 in the derivative term in above equation we achieve our result. O

Theorem 2.5. Let v,c,\,3 € C, a € (0,00), p € [0,00), ¢ € N; R(c) > R(y) > 0,
min{R(B), R(A), R(p)} > 0. The Mellin transform of the extended Mittag-Leffler function (1.9)
is given by

(c;a)  (v+s,9);
2‘{’2 z (26)

(c+2s,q) (8, );

TP ($)(e — vy + s)
(e =)

M{EY 5" (2:p)s s} =
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Proof. Taking Mellin transform of the extended Mittag-Leffler function (1.9), we have
MU EL 5" (23p); 5} = /0 P BT (25p) dp @7
Applying (1.9) to (2.7), we have
Dﬁ{E'y,c,q;)\,p(z.p)_s} _ 1 /Oops—l /1 t’y_l(l _t)c—’y—llFl |:/\P —p :l
o B(y,e=7) Jo 0 t(1—1)

x Eg% (t12)dtdp
Interchanging the order of summation and integration, which is gauranteed under the conditions
here, we have

o 1 b o1 g
MYEL G (:p); s} = M/O T )
* s—1 -p
Fi | X p; dpdt 2.8
x/op 11[,Pt(1_t)}10 (2.8)
O

Consider inner integral and take u = (&5

/pHIFl {A;p; L }dp=/ w (1= 6)* Ry [As ps —uldu
0 t(1—1t) 0

:ts(l—t)s/ w1 Fy [ py —u)du
0

=t°(1 = t)*T*")(s)
where ') (s) is the extended gamma function given in (1.10).
Now putting back this value in (2.8), we get

) (s) /1
— = st — e sl ESD (192 dt
B(v,c=7) Jo 4= aslt"?)

Then using (1.4) and interchanging order of summation and integration

MET G (2:p); s} =

1
By > el [y

Using definition of Beta function

_ re Z c)gn?" F(’y +s+qn)l(c—v+s)
(e - om—i—ﬁ ['(c+2s+qgn)

_FO"p)(s) c—’y—i—s Z I'(c+ qn)[(y + s+ qn)z"
N ()T I'(c+2s+ gn)'(an + 8)n!

By virtue of (1.10), we get our result.

Corollary 2.6. Setting s = 1 in the result of Theorem 2.5 and using (1.11), we obtain an integral
formula involving extended Mittag-Leffler function (1.9)

) + 17 5
% meahe.. _ ple—") (¢.q) (v q)

Eoz,B (Z, p)dp = )\F(’y) Z\PZ . (29)
0 (c+2,9) (8, );

Corollary 2.7. On setting A = p in (2.9), we get an integral formula involving the extended
Mittag-Leffler function (1.5)

s (c—) (;q)  (v+La)
/ Eg’g’q(z;p)dp — 7 ¥, z (2.10)
A ,

(c+2,9) (B,a);
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3 Derivative formula of the extended Mittag-Leffler function

Here, we define a further extension of a known extended Riemann-Liouville fractional derivative
and present a derivative formula for the extended Mittag-Leffler function.

The well known Riemann-Liouville fractional derivative of order  where () > 0 is defined
by

= #dim ’ _ p\ym—p—1
DL} = g g |, SO =" G.1)
where m € N; m — 1 < R(u) < m; z > 0. In particular,
1 d [*
Du{f(z)} = m%/o fO)(z—t)~"dt, [0<R(p) <1;z>0] (3.2)

Ozarslan and Yilmaz [7] extended the Riemann-Liouville fractional derivative in (3.1) as follows

D f(2)} = d:mn/ 1) et T dt (3.3)

where p € [0,00); m e N; m — 1 <§R(,u) <m; x>0
In particular,

1 d[* —po?
0L} = Ty [, 1O ) e G4

where p € [0,00); 0 < R(p) < 1; > 0 Here, we define a further extension of the extended
Riemann-Liouville fractional derivative (3.3) by

.%‘2

: /f (z—t)" P [A e t)}dt (3.5)

DN Af(@)} = F(mi—uda:m

where p € [0,00); meN; m —1 <R(u) <m; >0, AeC; pe C\{0,-1,-2,-3---}In
particular

2
©;‘;§,p{f(x)}=r— /f (z— )" Fy {A p,(pxt)}dt (3.6)

where p € [0,00); 0 < R(pu) <1;2>0, AeC; pec C\{0,-1,-2,-3---}

It is obvious that the special cases of (3.5) when A = p and p = 0 reduces to the extended
Riemann-Liouville fractional derivative (3.3) and the Riemann-Liouville fractional derivative
(3.1), respectively.

We provide some formulas for the B,*(,y) function in (1.6) and the Beta function B(z,y),
which are easily derivable and given in the following lemma

Lemma 3.1. The following formulas holds

Yy
B 1)= ——B 7
(z,y+1) Py (z,9) (3.7)

X
B(zx+1,y) = mB(fﬂay) (3.8)
ByP(z,y) = ByP(z + 1,y) + By (z,y + 1) (3.9)

We give a derivative formula for the extended Mittag-Leffler function (1.7) which is asserted by
the following theorem

Theorem 3.2. Let v,c,a, 8 € C;n € Ny; p € [0,00), p€ C\ {0,—-1,-2,-3---}; R(a) >0
and R(c) > R(y) > 0, then

ar VsCy @A, P
dzn a,f3

(Z;p) _ (c)q(c + Q)q e ((Z)—i‘ Q(TL - 1)) ( ) Eg-&;Ll](;LJch-&-qn,q A, p(z;p) (3.10)
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Proof.
d g S By (v + anye = 7)(€)gnz™!
4 peann(sp) = 3 2o
dz - B(’y,cf’y)r(an—i—ﬂ)(nfl)!
= By (v +qn + g, ¢ = ) (¢)gniq2"

B(y,c—~ )F(cm—i—a—t—ﬂ)n!

2 ByP(y+aqn+q,c—y)(c+ @) gnz"
:(C)qz £ -

“~  B(y,c—7)(an+a+ B)n!

which upon using (3.8), leads to

i ByP(y 4 qn+q,¢ =) (¢ +q)gnz"
B(y+1,¢c—y)T(an+ a+ 8)n!

differentiating again we get

£E77c7q;k7p(z. ) _ (c)q(c + Q)qV(’Y + 1) i B;\’p(’}’ +qn+2q,c— ’7) (C + 2q)qnzn
dz2" B b= cle+1) B(y+2,¢c—y)T'(an + 2a + 8)n!
Differentiating n times we get our result. O

Theorem 3.3. Let v,¢,a, 8 € C;n € Ny; p € [0,00), p€ C\{0,—-1,-2,-3---}; R(a) >0
and R(c) > R(y) > 0, then

dr — C, i, o —n— c,q; «@

T BT (uatip)y = T BT (2 p) (3.11)

Proof. By using (1.9), it is easy to avail the desired result.- O

Theorem 3.4. Letp € [0,00),z € (0,00) andp € C\ {0,—1,-2,-3---}. Also, let m — 2 <
R(6 —¢) <m—1form € N. Then

S+l—c,py 5—1 c+m 1 q i (6 +n) cHm+l—2
Danp 27 E, Y= ;( ) c+m+l—l)x
X(C+m_ l)q(c+m— 1 —l—q)q---(c—l—m— 1+q(n— 1))qE6+qnc+m 1+qnq>\/)(xq.p)
(c—i—m—l)n a,an+f ’
(3.12)
Proof. Let £ be the left side of (3.12), by using (3.5), we have
1 am [T s o 3 —pa?
o= t51 _tc+m52EC+m l’qtq Fi[\: ,76%
r(m+c—5—1)dxm/o (=1 R )
which, upon taking ¢t = xu becomes
B 1
I'm+c—0-1)
am ct+m—2 ! 6—1 ctm—86—2 prctm—1,q . e -p
deim {JZ /0 u (1 —U) Ea,ﬁ (quuq)lFl[A,p, m}du

Applying (2.1), we get
1"(6) am
I'(c+m—1)dz™

By using Leibnitz’s generalized rule for differentiation of product of two functions, we have

') (™ d"! ima d' o setm—1.q
e S A ctTm —F scrm—LhL,g;Ap (9.
e 3 () (i i e

Using (3.10) and the following formula we get our result
d .,  Tla+1)

— c+m—2 d,c+m—1,q;\,p .
£ = {atm=2El (a%;p)

« a—l

dal” CT(a—1+1)
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