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Abstract In this article, we establish double integral operator involving generalized Bessel-
Maitland function defined by Khan et al. [9], which is expressed in terms of generalized (Wright)
hypergeometric function. Some special cases are deduced.

1 Introduction

In last decade many authors namely, Choi and Agarwal [1, 2, 3], Khan et al. [7-10], Ghayasuddin
and Khan [4] have introduced integral formulae associated with Bessel function. It has a wide
application in the problem of Physics, Chemistry, Biology, Engineering and Applied Sciences.
The theory of Bessel functions is closely associated with the theory of certain types of differen-
tial equations (see [21]).

The Bessel-Maitland function J#(z) [13;Eq.(8.3)] is defined by means of the following series
representation:
.- (=2)"

Jﬁ(z):;m:¢(ﬂ7V+l2—Z)~ (1.1)

Singh et al. [20] introduced the following generalization of Bessel-Maitland function:

T = 2)" (1.2)

Zrun—i—y—i— 1)n!’
where u,v,y € C,Re(u) > 0,Re(v) > —1,Re(y) > 0and ¢ € (0,1)UN and (7)o =

L, (Y)gn = w denotes the generalized Pochhammer symbol.

Recently, Ghayasuddin and Khan [4] introduced and investigated generalized Bessel-Maitland
function defined as

gn(=2)"
, 1.3
ZFmH—V—!— 1)(0)pn (13)
where p,v,7,6 € C, R(p) > 0,R(v) > —1,R(vy) > 0,R(5) > 0;p, g > 0and ¢ < R(a) + p.
In particular, Khan et al. [10] introduced and investigated a new extension of Bessel-Maitland

function as follows:

HeP5Y 4 Vgn(=2)"
a,ﬁﬂ/,mé,iﬂ Z l"(nﬁ _|_ a + 1)(5) (V)ngv (14)

v,7,6,0 € CiR(e) > 0,R(5) > 0,R(p) = 0,R(p) = 0,R(¥) > 0,R() >

where «, 3, i, p
> 0,R(6) > 0;p,q > 0,and g < R(a) +

_17%(7)
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The Mittag-Leffler (Swedish Mathematician) [12] introduced the function F,, (z) and defined
it as:

:nz:%l“(om-\—l)’ (1.5)

where z € C and I'(s) is the Gamma function; « > 0.

The Mittag-Leffler function is a direct generalization of exp(z) in which « = 1. Mittag-
Leffler function naturally occurs as the solution of fractional order differential equation or frac-
tional order integral equations.

A generalization of E, (z) was studied by Wiman [22] where he defined the function E, g(z)
as:

z) :gm, (1.6)

where «, 3 € C; R(«) > 0,R(8) > 0 which is also known as Mittag-Leffler function or Wiman’s
function.

In (1903), Prabhakar [14] introduced the function Eg 8 (2) as:

ZTL

B, ZFan+6)n" (L.7)
where «, 3,7 € C;R(a) > 0,R(8) > 0,R(y) > 0.
Shukla and Prajapati [19] defined and investigated the function £%(z) as:
EJ( Zl"an—i—ﬁ - (1.8)
where a, 8,7 € C;R(a) > 0,R(8) > 0,R(y) > 0,¢ € (0,1)UN and (7)gn = I—W
denotes the generalized Pochhammer symbol which in particular reduces to g™ 12[ (LM)"
ifg e N. e
Salim [18] introduced a new generalized Mittag-Leffler function and defined it as:
B Z I 2 (1.9)
(an + B) (O)n’

where a, 8,7,0 € C;R(a) > 0,R(3) > 0,R(y) > 0,R(5) >0

Salim and Faraj [17] introduced the generalized Mittag-Leffler functionE’; 9 % () which is
defined as:

TL
75q

Eagplz TZFan—&—B (0)pn

(1.10)

where «, 3,7,0 € C,min{R(a) > 0,R(8) > 0,R(vy) > 0,R(6) > 0} > 0;p,¢ > 0 and
q < Ra + p.

In (2016), Khan and Ahmed [11] introduced and investigated generalized Mittag Leffler func-
tion is defined as

o on (V) gn n 1.11
a,ﬁ,u,mé,p Z [an —I— 5 (V) (5)pnz ’ ( )
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where o, 8,7, 6, i, v, p, 0 € C, R(er) > 0,R(5) > 0,R(y) > 0,R(d) > 0, R(u) > 0,R(v) >
0,R(p) > 0,R(c) > 0,p,q >0and ¢ < R(c) + p.

The generalization of the generalized hypergeometric series , Fy, is due to Fox [6] and Wright
(see [23, 24]) who studied the asymptotic expansion of the generalized (Wright) hypergeometric
function defined by (see [16, p.21]; see also [15]):

p
(a1, Ay), .. , (ap, A): o JE[I [(aj + Ajk) K
WY, 2 =>4 R (1.12)
(ﬂ] y B]) ..... R (ﬂq, Bq), k=0 H] (ﬁg +B k)
j=
where the coefficients Ay,--- , 4, and By, - - - , B, are positive real numbers such that
q p
) 1+ B;—Y A;>0and0 < |z] < o0; z #0. (1.13)
, o
q p
(i) 14> B;—> A;=0and0 < |z| < A~ ™ .. A, "B .. B, (1.14)
, o
A special case of (1.12) is
p
(a1, 1), .. . (ap, 1) Hl I(a;) ag, ... . Qp s
j=
» ¥y z| == »Fy z|, (1.15)
(61 ’ )a ----- ) (qu 1)’ Hl F(ﬁj) 61, ..... s ﬁq;
J=
where , F}, is the generalized hypergeometric series defined by [15]
a1, ... , Qp, jo%s) ( n
o Qap)n 2
F, = Z—P cZ
P (61)71(5 )n ’IL'
611 """ y /qu n=0 a
:qu(Oél,"',Oép; 517"'6q; Z)a (]16)

where (\),, is the Pochhammer’s symbol [15].

Furthermore, we also state here the following interesting and useful result stated by Edward

[5, p-445]:
/ / 1 —.’L‘ >\ 1(1 )[L 1(1 y)l—A—pdx — F()‘)F(M) (1.17)

provided 0 < R(u) < R(N).

2 Unified integral operator involving generalized Bessel-Maitland function

Theorem 2.1. If o, B, 1,7, i, v, 0,p, 5, A € C,0+n+p—p—q > 0, R(a)) > 0,R(B) > 0, R(~y) >
0,R(u) > 0,R(N) > —1,R(n) > 0,R(r) > O,R(6) > 0,R(c) > 0,R(p) > 0,; p,¢ > 0and
q < R(a) + p., then

_ o 1—z)(1—y)
(1—2)* 11 —y)P 71 (1 — ay)l—oFgrpaa ay( dzd
A /O ( y) ( y) n,A,1,0,0,p 1 _ xy)z Y

(1, p); (7, 0), (e, 1), (B, 1), (
SWy (2.1)

(v,0),(0,p), A+ 1,m), (a + B,2)

_ T()r()
C(p)T(v)
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Proof. To establish our main result (2.1), we denote the left-hand side of (2.1) by I and then by
using (1.4), we have:

f—// (1=2)* (1 =)' (1 —ay)' 7

pn(Van —ay(1 —2)(1-y)1"
Z F 77”"‘ /\+ )(5)pn(’/)<m (1 - xy)Q

Now changing the order of integration and summation, (which is guaranteed under the given
condition), to get:

dxdy. (2.2)

['(6)r(v) I(p+ pn)L(y + gn)I(a +n)L(B+n)I(1+n) (—a)™
pl"v Fu+0n (m+ A+ DT+ pn)T(a+ B+2n) n!

(2.3)

Finally, summing up the above series with the help of (1.12), we easily arrive at the right-hand
side of (2.3). This completes the proof of our main result.

Next, we consider other variation of (2.1). In fact, we establish an integral formula for the
generalized Bessel-Maitland function g s p(2), which is expressed in terms of the general-
ized hypergeometric function , F.

Variation of (2.1): Let the conditions of our main result be satisfied, then the following integral
formula holds true:

1 ol
o o— _ a— aylfﬂ? I*y
[ [wa—arta-psta -y, 5200

(1 —azy)?
_ ()
A+ D(a+pB)

Alp, 1), Alg: 7). o, B, L, ; g

X ptq+3Foipin+2 dooipp |
A(o,v),A(p, 8), Al A+ 1), A2sa+B);
(2.4)

where A(m; [) abbreviates the array of m parameters %, %, e % ,m>1.

Proof: In order to prove the result (2.4), using the results

[(a+n) = I(a)(a),

() () (47,

(Gauss multiplication theorem) in (2.3) and summing up the given series with the help of (1.16),
we easily arrive at our required result (2.4).

and

3 Special Cases

In this section, we establish some special cases of generalized Bessel-Maitland functions as fol-
lows.

(i). On replacing A by A — 1 in (2.1) and then by using (1.11), we get:

B—1 l—a—p , ay(1 —z)(1 —y)
// (=) (=) 1 =), | N oy
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(Uap)v (77Q)v (av 1)7 (67 l)a (1’ 1);
5P a |, (3.1)

(v,0),(6,p), (A, n), (a+5,2);
where o, 8,1,7, 11, v,0,p,0,A € C, p,q > 0and ¢ < R(a) + p.

_ T@)re)
C(p)T(y)

(ii). On replacing A by A — 1 in (2.4) and then by using (1.11), we get:

1—2x)(1-—
// (1— )" (1_y)/3—1(] y)l a— ﬁngzgép ay(1 —=)(1 —y) dzdy

(1 —zy)?
__(a)I(B)
TN (a+ B)
Alp; 1), Alg: ), a, B, L g
7 ap’q
X p+q+3F o+ptn+2 doomipp | 7

Alo,v),A(p,0),A(n; \),  A(2;a+ B);
(3.2)
where o, 8,7,7, i, v,0,p,0,A € C, p,q > 0and ¢ < R(a) + p.

(iii). On setting 4 = v = p = 0 = 1 and replacing A by A — 1 in (2.1) and then by using (1.10),
we find:

- a i [0y —2)(1 —y)
// (1—z) "1 =) 11 —ay)'— BE’r]gp =) dxdy

('YaQ)a (aa 1)7 (Ba 1)7 (17 1);
4‘P3 a . (33)

(6,p), (A\m), (a+ B,2);
where «, 3,1,7,5,A € C, p,q > 0and ¢ < R(a) +p

_ ()
- I(y)

(iv). On setting © = v, p = o and replacing A by A — 1 in (2.4) and then by using (1.10), we find:

// (1=2)* (1 =) (1 —ay)' =~ ﬂE;gg ay(l(l—_xi(yl) ) dxdy

A(g; ), o, B, 1
Xg+3Fptn+2 af, (3.4)
A(p,6),A(m:A), A2+ B);
where «, 8,1,7,0,A € C, p,¢ > 0and ¢ < R(a) + p

(v). Onsetting y = v = p =0 = p =46 = 1 and replacing A by A — 1 in (2.1) and then by using
(1.8), we find:

1 pl
_ _ e ay(l —x)(1 —
/0 /0 ya(l o I)a 1(1 - y)ﬁ 1(1 _ :Cy)l ﬁE;”:\I y( )( y) dasdy

(1—ay)?

1 (’y,q),(a,l),(ﬂ,l),(l,l);
= Wﬂpz a |- (3.5)

(A (@ + 8,2);
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where o, 8,7,n, A € C;R(a) > 0,R(8) > 0,R(7y) > 0,R(n) > 0,R(\) > 0,9 € (0,1)JN.

(vi). On setting 4 = v, p = o, p = § = 1 and replacing A by A — 1 in (2.4) and then by using
(1.8), we find:

! ! « a—1 —1 1—a— Y,4q ay(li‘r)(liy)
L[ =yt ey et | e ey

_ I(@)r()
F(N(a + B)
Alg; ), a, B, 1, o
X q+3F5 42 ap | (3.6)

Al A),  A2sa+ B);
where «, 8,v,n, A € C;R(a) > 0,R(8) > 0,R(vy) > 0,R(n) > 0,R(\) > 0,9 € (0,1)JN.

(vii). On setting 4 = v, p = 0, p = ¢ = § = 1 and replacing A by A — 1 in (2.1) and then by
using (1.7), we obtain:

L e ] s [ay(l—2)(1 - y)
L[ et ot ey e | B S ey

1 (7,1),(&,1)7(ﬁ71),(1,1);
=41 a |. (3.7)

r
U (W Nt
where «, 3,7v,n,A € C; R(a) > 0,R(8) > 0,R(vy) > 0,R(n) > 0,R(\) > 0.

(viii). On setting p = v, p = 0, p = ¢ = 6 = 1 and replacing A by A — 1 in (2.4) and then by
using (1.8), we get:

/1 /lya(l _ x)o‘_l(l _ y)B—l(l _ xy)l—oz—BE;]Y’)\ ay(l —z)(1 —y) dxdy
0 Jo

(1 —=y)?
_ DB
- T\« +B)
v, a, 3, I, ; a
><4F,7+2 W y (38)

Am;A), A2+ B);
where «, 8,7,1,A € C; R(a) > 0, R(8) > 0,R(v) > 0,R(n) > 0,R(\) > 0.

(ix). Onsettingu =v=p=0=p=¢q =06 =y = 1 and replacing A by A — 1 in (2.1) and then
by using (1.6), we acquire:

1 pl
(] — )] — )] — ) B ay(l —z)(1 —y) "

(a, 1), (8, 1), (1,1);
= 3‘1’2 a . (39)

(A,m), (a+B,2);
where o, 3,1, € C; R(a) > 0,R(8) > 0,R(n) > 0,R()\) > 0.

(x). Onsettingu=v=p=0 =p=q =29 =+ =1andreplacing A by A — 1 in (2.4) and then
by using (1.6), we find:

: : « a—1 —1 l—a— a’y(l_x)(]_y)
L[ et ey et | B ey
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_ T(@)r)
T (e + B)
a7 ﬁ7 17 9
x3Fy 4 ﬁ (3.10)

Al N), A25a+B);

where «, 8,1, X € C; R(a) > 0,R(8) > 0,R(n) > 0, R(A\) > 0.

References

(1]

(2]

(3]

(4]

(3]
(6]

(7]

(8]

(9]

[10]

[11]

[12]
[13]

[14]

[15]
[16]

[17]

(18]

[19]

[20]

[21]
[22]

[23]

[24]

Choi, J, Agarwal, P, Mathur, S and Purohit, S.D, Certain new integral formulas involving the generalized
Bessel functions, Bull. Korean Math. Soc., 51(4)(2014), 995-1003.

Choi, J, Agarwal, P, Certain unified integrals involving a product of Bessel functions of first kind, Honam
Mathematical J., 35(4)(2013), 667-677.

Choi, J, Agarwal, P, Certain unified integrals associated with Bessel functions, Boundary Value Problem,
Vol 2013,95, 2013.

Ghayasuddin, M, Khan, W. A, A new extension of Bessel Maitland function and its properties, Matemat-
icki Vesnik, (2018), 1-11.

Edward, J, A treatise on the Integral calculas, Vol. II, Chelsea Publishing Company, New York, 1922.

Fox, C, The G and H-functions and symmetrical Fourier kernels, Trans. Amer. Math. Soc., 98(1961),
395-429.

Khan, W. A, Nisar, K S, Unified integral operator involving generalized Bessel-Maitland function, Proc.
Jangjeon Mathe. Soc. 21(2018), 339 - 346.

Khan, W. A, Nisar, K S, Beta type integral formula associated with Wright generalized Bessel function,
Acta Math. Univ. Comenianae, 1(2018), 117-125.

Khan, W. A, Nisar, K S, Choi, J, An integral formula of the Mellin transform type involving the extended
Wright Bessel function, Far East J. Math., 102(2017), 2903-2912.

Khan, W. A, Nisar, K S, Ahmad, M, On certain integral transforms involving generalized Bessel-Maitland
function, Submitted.

Khan, M. A, Ahmed, S, On some properties of the generalized Mittag-Leffler function, Springer Plus
2013,2:337.

Mittag-Leffler, G. M, Sur la nouvelle fonction E (), C. R. Acad. Sci. Paris, 137(1903), 554-558.

Marichev, O. I, Handbook of integral transform and Higher transcendental functions. Theory and algo-
rithm tables, Ellis Horwood, Chichester, New York, 1983.

Prabhakar, T. R, A singular integral equation with a generalized Mittag-Leffler function in the kernel,
Yokohama Math. J., 19(1971), 715.

Rainville, E. D, Special functions, Macmillan, New York, 1960.

Samko, S. G, Kilbas, A.A and Marichev, O.1, Fractional Integrals and derivatives. Theory and Applica-
tions, Gordan and Breach, Yverdon et al., 1993.

Salim, T. O and Faraj, W, A generalization of Mittag-Leffler function and integral operator associated
with fractional calculus, J. Frac. Calc. Appl., 3(5)(2012), 1-13.

Salim, T. O, Some properties relating to generalized Mittag-Leffler function, Adv. Appl. Math. Anal.,
4(1)(2009), 21-30.

Shukla, A. K and Prajapati, J.C, On a generalization of Mittag-Leffler function and its properties, J. Math.
Anal. Appl., 336(2007), 797-811.

Singh, M, Khan, M. A, Khan, A. H, On some properties of a generalization of Bessel-Maitland function,
Int. J. Math. Trends and Tech., 14(1) (2014), 46-54.

Watson, G. N, A treatise on the theory of Bessel functions, Cambridge University Press, 1962.

Wiman, A, Uber den fundamental Satz in der Theorie der Funktionen E,(x), Acta Math., 29(1905),
191-201.

Wright, E. M, On the coefficients of power series having exponential singularities., Proc. London Math.
Soc., 8(1933), 71-79.

Wright, E. M, The asymptotic expansion of the generalized hypergeometric function, J. London Math.
Soc., 10(1935), 286-293.



8 Musharraf Ali, Waseem A. Khan and Idrees A. Khan

Author information

Musharraf Ali, (Corresponding Author), Department of Mathematics, G.F. College, Shahjahanpur-242001, In-
dia.

E-mail: drmusharrafali@gmail.com

Waseem A. Khan, Department of Mathematics and Natural Sciences Prince Mohammad Bin Fahd University,
P.O Box 1664, Al Khobar 31952, Saudi Arabia.
E-mail: waseem08_khan@rediffmail.com

Idrees A. Khan, Department of Mathematics, Faculty of Science, Integral University, Lucknow-226026, India.
E-mail: khanidrees077@gmail.com

Received: August 2, 2018.
Accepted: November 22, 2018.



	1 Introduction
	2 Unified integral operator involving generalized Bessel-Maitland function
	3 Special Cases

