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Abstract. In the present paper we study the extended generalized ¢-recurrent o-Kenmotsu
manifolds and discuss its different geometric properties. Among the results established here it is
shown that an extended generalized ¢-recurrent a-Kenmotsu manifold is an Einstein manifold
and the curvature tensor have also been calculated. Finally an example of extended generalized
¢-recurrent a-Kenmotsu manifolds have been constructed.

1 Introduction

A differentiable manifold M of dimension (2n + 1) is said to have an almost contact structure
if the structural group of its tangent bundle reduces to U(n) x 1, ([1], [19]) equivalently an
almost contact structure is given by a triplet (¢, £, n) satisfying certain conditions (see Section
2). Many different type of almost contact structures are defined in the literature (Cosymplec-
tic, almost Cosymplectic, Sasakian, Qusi-Sasakian, a-Kenmotsu, almost a-Kenmotsu,(see [8],
[10], [11],[18]). These manifolds appear for the first time in [9], where they have been locally
classified.

In 1977, Takahashi [17] introduced the notion of local ¢-symmetry on Sasakian manifold.
Generalizing the notion of local ¢-symmetry of Takahashi [17], U. C. De, et al.([3], [4]) in-
troduced the notion of ¢-recurrent Sasakian manifolds and the notion of ¢-recurrent Kenmotsu
manifolds. In ([14], [15], [16]) Shaikh et al. also studied the locally ¢-symmetry L P-Sasakian
and locally ¢-recurrent (LC'S),,-manifolds. Firstly, the notion of generalized recurrent manifold
has been introduced by Dubey[7] and after studied by De and Guha[5]. Then again the notion of
generalized Ricci-recurrent manifolds has been studied by De et al.[6].

A Riemannina manifold (M", g), n > 2-is called generalized recurrent if its curvature tensor
R satisfies the condition

(1.1) VR=A®R+B®G,

where A and B are two non-vanishing 1-forms defined by A(x) = g(, A;) and B(x) =
g(*, \2) and the tensor G is defined by

(12) G(X,Y)Z =g(Y,2)X — g(X, 2)Y

forall X,Y,Z € x(M), where x(M) being the Lie algebra of smooth vector fields. Here A; and
A, are vector fields associated with 1-form A and B respectively. If the 1-form B vanishes, then
(1, 1) tensor field turns into the notion of recurrent manifold.

A Riemannina manifold (M™, g), n > 2, is called generalized Ricci-recurrent [6] if its Ricci
tensor of type (0, 2) satisfies the condition

(1.3). VS=A®S+B®y.

In particular if B = 0, then (1.3) reduces to the notion of Ricci-recurrent manifolds [6].
Moreover, Ozgiir[9] studied generalized recurrent Kenmotsu manifolds and after that Basari
and Murathan [2], introduced the notion of generalized ¢-recurent Kenmotsu manifold. Extend-
ing the notion of Basari and Murathan [2] Shaikh et al. ([16], [13]) introduced the notion of
extended generalized ¢-recurrent 5-Kenmotsu and L P-Sasakian manifolds. Recently Parakasha
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[12] also studied the extended generalized ¢-recurrent Sasakian manifolds. In [11], Oztiirk, Ak-
tan and Murathan studied a-Kenmotsu and generalized recurrent a-Kenmotsu manifolds. Moti-
vated by the above studies, in this article we plan to study the extended generalized ¢-recurrent
a-Kenmostsu manifolds.

The present paper is organized as follows: Section 2 explores the some preliminaries about -
Kenmotsu manifolds. In Section 3 we discuss the extended generalized ¢-recurrent a-Kenmotsu
manifold and we obtain necessary and sufficient condition for such a manifold to be genralized
Ricci-recurrent. Further we shown that an extended generalized ¢-recurrent a-Kenmotsu mani-
fold is Einstien manifold and also obtain curvature tensor R. In the last section the existence of
an extended generalized ¢-recurrent a-Kenmotsu manifold is ensured by an example.

2 Preliminaries

Let M be areal (2n + 1)-dimensional C°°-manifold and x (M) the Lie algebra of C'*°-vector
fields on M. An almost contact structure on M is defined by (1, 1)-tensor field ¢, a vector £ and
1-form n on M such that for any point p € M, we have

(2.1) ¢p2 =T+ 1,08, (&) =0, npdp =0, (&) = 1,

where I denotes the identity transformation of the tangent space at a point p. Manifolds
equipped with an almost contact structure are called almost contact manifolds.
A Riemannian manifold M with metric tensor g and with a triplet (¢, £, 7) such that

(2.2) 9(X,9Y) = g(X,Y) — n(X)n(Y)
and
(2.3) 9(§, X) = n(X)

is an almost contact metric manifold. Then M is said to have (¢, £, 1, g)-structure.

An almost contact metric manifold M is said to be contact metric manifold. M is said to be
a-Kenmotsu if dn = 0 and d® = 2an A P, a being a non-zero real number constant, where the
2-from @ is define as

(2.4) P(X,Y) =g(¢X,Y).

We know that an almost contact metric manifold M is said to be normal if the Nijenhuis
torsion tensor

No(X,Y) = [¢X,9Y] — ¢[6X, Y] = 6[X, Y] + ¢*[X, Y] + 2dn(X, V)¢,

vanishes for any X,Y € x(M). Remarking that a normal almost a-Kenmotsu manifold is said
to be a-Kenmotsu manifold («) # 0) [8].
Moreover, if the manifold M satisfies the following relations:

(25) (Vxo)(Y) = —alg(X, ¢Y)E + n(Y)oX],
and
(2.6) Vxé=—a¢*X,

then, (M mEl g €, g) is called a-Kenmotsu manifold ([1], [8]), where V denotes the Rieman-
nian connection of g.
On an a-Kenmotsu manifold M, the following relations hold ([8], [19]).

(2.7) (Vxn)Y = ag(¢X,Y),

(2.8) R(X,Y)¢ = ’[n(X)Y —n(Y)X],
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(2.9) R(&,X)Y = o?[—g(X, V)¢ +n(Y)X],
(2.10) S(X,¢) = —2na’n(X),

(2.11) R(&, X)¢ = o’[X —n(X)¢] = —a’¢’X,
(2.12) 9(R(&, X)Y.€) = ®[—g(X,Y) +n(X)n(Y)],
(2,13) N(R(X,Y)Z) = ’[~g(X, Z)n(Y) = g(Y, Z)n(X)]

forall X,Y, Z € x(M).
Since g(QX,Y) = S(X,Y), we have

S(0X,0Y) = g(QoX, ¢Y),

where (@ is the Ricci operator. Using the properties g(X, ¢Y) = —g(¢X,Y), (2.1) and (2,10),
we obtain

(2.14) S(¢X,¢Y) = S(X,Y) + 2na’n(X)n(Y).

Also, we have

(2.15) (Vxn)(Y) = a[g(X,Y) = n(X)n(Y)]

Now, we can state and prove some basic result in an o-Kenmotsu manifold.

Lemma 2.1. Let (M*™"*1, ¢, &, 1, g) be an a-Kenmotsu manifold. Then for any vector fields X,Y
and Z, the following relation holds

(2.16) (VwR)(X,Y)¢ = a*[g(¢W, 0 X)Y — g(6W, ¢Y ) X] + aR(X,Y)$*W
Sor any vector fields X, Y, Z,W € x(M).

Proof. Using (2.6), (2.7) and (2.8), we can easily obtain (2.16). O

Lemma 2.2. In a Riemannian manifold (M™, g) the following relation holds
Sor any vector fields X, Y, Z,W € x(M).

Proof. It is easy and obvious and hence we omit the proof. O

3 Extended generalized ¢-recurrent a-Kenmotsu manifold

Definition 3.1. An a-Kenmotsu manifold (M?"1 ¢ ¢ 7, g) , n>1, is said to be an extended
generalized ¢-recurrent o-Kenmotsu manifold if its curvature tensor R satisfies the following
relation

(3.1) #(VwR(X,Y)Z) = AW)¢*(R(X,Y)Z) + B(W)$*(G(X,Y)Z)

for any vector fields X, Y, Z,W € x(M), where A and B are two non-vanishing 1-form such
that A(X) = g(X,\) and B(X) = g(X, ;). Here \;, X, are vector fields associated with
I-forms A and B recpectively.

Theorem 3.1. An extended generalized ¢-recurrent a-Kenmotsu manifold (M*"*' ¢,.€,n,g) ,
n>1, is generalized Ricci-recurrent if and only if the sum of associated 1-froms A and B is zero.
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Proof.Let us consider an extended generalized ¢-recurrent a-Kenmotsu manifold. Then using
(2.1),1in (3.1), we have

(3.2) ~(VwR)(X,Y)Z +n(VwR(X,Y)Z)¢
= AW)[=R(X,Y)Z + n(R(X,Y)Z)¢]
+BW)[-G(X,Y)Z +n(G(X,Y)Z)g],

from which it follows that

(3.3) —9(VwR(X,Y)Z,U) +n((Vw R(X,Y) Z)n(U))
= AW)[=g(R(X,Y)Z,U) + n((R(X,Y) Z)n(U)]
+ BW)[-9(G(X,Y)Z,U) + n((G(X,Y) Z)n(U)]-

Lete;:i=1,2,...... ,2n + 1, be an orthonormal basis of the tangent space at any point of mani-
fold M.

Setting X = U = ¢; in (3.3) and taking summation over ¢, 1 <14 < 2n + 1, and then using (1.2),
we get

(34) —(VwS)(Y. 2) + g(VwR) (&, Y)Z,€)
= AW)[-S(Y, Z) +n(R({,Y)Z)]
+BW)[-(2n — 1)g(Y, Z) —n(Y)n(Z)].
Using (2.8) , (2.16) and (2.17), we have
(35) 9(VwR)(§,Y)Z,€) = 0.
By the virtue of (2.9) and (3.5), it follows from (3.4) that
(3.6) (VwS)(Y,Z) = A(W)S(Y, Z)
+[2n = 1)B(W) — AW)]g(Y, Z)
+[AW) + B(W)n(Y)n(Z)].

If AW)+ B(W) = (A+ B)(W) = 0, that is, the sum of associated 1-forms A and B is zero,
then (3.6) reduces to

(3.7) VS=AS+¢v®y,

where (W) = 2nB(W) for all W € x(M).

O

Theorem 3.2. An extended generalized ¢-recurrent a-Kenmotsu manifold (M>"*+! ¢, ¢, 1, 9)
, n>1, is an Einstein manifold. Moreover the associated 1-forms A and B are related by
A+ B=0.

Proof. Seiting Z = ¢ in (3.6) , using (2.3) and (2.10), we obtain

(3.8) (Vi S)(Y,€) = 2nA(W) + B(W)n(Y).

Also, we have

(3.9) (VwS)(Y,€) = VwS(Y,€) — S(VwY,§) — S(Y, V).
Using (2.7) and (2.10) in (3.9), we get

(3.10) (VwS)(Y,€) = —2na’g(¢W, ¢Y) — S(Y, —ad®W).
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By (3.8) and (3.10) we have

(3.11) —2na’g(¢pW, ¢Y) — S(—ag®W,Y) = 2nA(W) + B(W)n(Y).
Again setting Y = £ in (3.11), we get

(3.12) AW)+ B(W) =0, forall W e x(M).

By taking account of (3.12) in (3.11), we have

(3.13) aS(P*W,Y) = —2na’g(eW,Y)

Further, using (2.1) and (2.2), we get

(3.13) aS(W,Y) = —2na’g(W,Y).
(3.14) S(W,Y) = —2na’g(W,Y).

From (3.12) and (3.14), the theorem follows.

It is known that an o-Kenmotsu manifold is Ricci-semi symmetric if and only if it is an Ein-
stein manifold. From Theorem (3.2), we have the following.
O
Corollary 3.1. An extended generalized ¢-recurrent a-Kenmotsu manifold (M?"+! ¢, &, g) ,
n>1, is Ricci-semi symmetric.

Theorem 3.2. In an extended generalized ¢-recurrent a-Kenmotsu manifold (M2"*! ¢, €. 7, g),
the eigen value of Ricci tensor S corresponding to the eigen vector \; is

r—2na*(2n — 1)
3 .

Proof. Changing W,X.,Y cyclically in (3.3) and adding them, we get by virtue of Bianchi
identity and (3.12) that

(3.15) AW){9(R(X,Y)Z,U) - g(G(X,Y)Z,U)}
+{n(R(X,Y)Z) = n(G(X,Y)Z)} n(U)]
+ AX){g(R(Y,W)Z,U) — g(G(Y,W)Z,U)}
+{(n(RY,W)Z) —n(G(Y,W)Z)} n(U)]
+ AY){g(RW,X)Z,U) — g(GW,X)Z,U)}
+ {n(RW, X)Z) —n(G(W, X)Z)} n(U)] = 0.

Setting Y = Z = ¢; in (3.15) and taking summation over i, 1 <14 < 2n + 1, we get

AW)[S(X,U) — 2na’g((X,U)] — A(X)[S(U, W) — 2na’g((U,W)]
—AR(W, X)U) — —A(R(W, X){)n(U)) — A(X)g(W,U)
+AW)g(X,U) = {A(X)n(W) — A(W)n(X)} = 0.

Again setting X = U = ¢; in the above relation and taking summation over i, | < i < 2n+ 1,

we have
r —2na*(2n —
2

(W) = D g, n).

This proves the theorem.
O
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Theorem 3.4. An a-Kenmotsu manifold (M?"*! ¢ &, n,g) , n>1, is an extended generalized
¢-recurrent, if and only if the following relation holds:

(3.16) (VwR)(X,Y)Z = [{g(¢W, 6X)g(Y, Z) — g(¢W, oY )g(X, Z)}
—ag(R(X, Y)W, Z) + an(W)g(R(X,Y)Z,§)
+ AW)[R(X,Y)Z — n(R(X,Y)Z)§)]
+BW)[G(X,Y)Z —n(G(X,Y)Z,¢)]

Proof. Using (2.16) and (2.17) in (3.2), we have (3.16). Conversely, applying ¢> on both sides
of (3.16), we get the relation (3.1). O

Theorem 3.5. In an extended generalized ¢-recurrent a-Kenmotsu manifold (M>"*+1 ¢, & 1, )
, n>1, the curvature tensor is of the form

(3.17) aR(X, Y)W = ’[g(¢W, ¢X)Y — g(¢W, ¢Y) X]
(@Y )n(W)n(X) = XIn(W)n(Y)]
+ [@AW) + BW)]|[-n(X)Y —n(Y)X].
Proof. Setting Z = £ in (3.2), we get
(3.18) (VwR)(X,Y)E = AW)R(X,Y)¢ + B(W)G(X,Y)E.
By the virtue of (2.8) and (1.2), the above equation gives
(3.19) (VwR)(X,Y)é = &’[g(¢W, X)Y — g(6W, ¢Y ) X]

—aR(X,Y)E+ an(W)R(X,Y)E.
From (2.16) and (3.19), we obtain (3.17).

4 Example of Extended Generalized ¢-recurrent a-Kenmotsu manifold

Let us consider the manifold M = {(z,y, z) € R}, where (z,y, z) are the standard coordi-
nates in ). The basis are

—« 6 —azé — -« ﬁ —« g — é
e; = (ke ax+kze ay),ez—(kle zay kse zay),e3—

i

where k% + k% # 0, a# 0 for constant k1, k, and «. Here {ey, ey, e3} are linearly independent
at each point of M. The Riemannian metric is defined as

gler,er) = glez,e2) = gles,ez) =1, gler,e2) = gler, e3) = g(ea, e3) = 0.

Let 7 be the 1-form defined by n(X) = g(X, e3) for any vector field X on M and ¢ be the
(1,1) tensor field defined by ¢(e1) = ez, ¢(e2) = —e1, ¢(e3) = 0. Then using linearity of g and
¢, we have

¢*X = -X +n(X)es, nles) =1, g(¢X,0Y) =g(X,Y)—n(X)n(Y)

for any vector fields X and Y on M.
Let V be the Levi-Civita connection with respect to the metric g. Then we get

le1,e3] = ey, [e2,e3] = aez,  er, e2] = 0.
Using Koszul’s formula, the Riemannian connection V of the metric g is given by

ZQ(VXYv Z) = Xg(Y,Z) +YQ(Z5X) - Zg(X,Y) —g(X, [Y, ZD
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- g(Y, [X7 Z]) —I—g(Z, [Xv Y])

Koszul’s formula yields

Ve e1 = aes, Ve €2 = —e3, Ve 63 = aeg
Vee1 = —e3, Ve = —aes, Ve,e3 = ae
Ve361 = 07 Ve3€2 = 0, Ve3€3 = 0

Thus it can be seen that M is an a-Kenmotsu manifold. Hence by simple calculation we can
obtain the curvature tensor components

R(er,er)er = a(aey —e1),  Rler,ex)er = a(es — aey),
R(e1,er)e3 =0, R(ey,e3)e = a’es,
R(e1,e3)er = aes, Rler,e3)es = —a’ey,
R(ez, e3)e; = aes, R(ea, e3)er = a’es,
R(ey,e3)es = —a’e;

and the components which can be obtained from these symmetry properties. Since {ej, ez, €3}
form a basis of the a-Kenmotsu manifold, any vector field X,Y, Z € x(M) can be written as

X =aje; +biex + cyes,

Y = aze; + bres + cae3,
Z = azer + bzex + cze3,

noindent where a;, b;, c; € R (the set of all positive real numbers), ¢ = 1,2, 3. Then
(41) R(X, Y)Z = 04(62 — ael)[(albz — azbl)b3 + 3((1162 — azcl)03]
+ afae; — e1)[(a1by — azby)az — 3(bica — apey )bs)
+ 04263[(a162 — azcl)ag + (b]Cz — bzcl)b3],
(4.2) G(X, Y)Z = (a2a3 + bobs + CQC3)(CL1€] + bres + C1e3)

- (a2a3 + b1bs + 0103)(a261 + ey + 0263).
By the virtue of (4.1) we have the following

(4.3) (VE,R)(X,Y)Z = —2a%(5bicy — byer)bses — 10a%(arby — azby)bses

— 2a2€3 [S(Cllbl — a2b1)03 + (Sbl —Cc) — b201)a3]62,

(4.4) (VEZR)(X,Y)Z = —100&363[((11@ — a2b1)03 — (alcz — azcl)b3]€1

— 1005363((a162 — agcl)a3 + 10a3(a1b2 — azbl)a3]63,

(4.5) (Ve,R)(X,Y)Z =0.
From (4.1) and (4.2), we get
¢2(R(X>Y)Z) =riel + e

and
P*(G(X,Y)Z) = sie1 + s2e2,
where
r1 = alae; —e1)[2(a1by — azb1)bs + (a1c2 — azey )3,

Ty = a(ez — ael)[2(a]b2 — azb])b3 — (b]Cz — 5201)63],
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s1 = aa(bibs + cie3) — ai(babs + cac3),
Sy = bz(a1a3 + 0163) — bl(a2a3 + 0203).
Also from (4.3)-(4.5), we obtain

(4.6) O (Vi R)(X,Y)Z) = uje; + viea

fori =1,2,3, where

(4.7) Uy = —2&263 (51)]02 — sz] )b3,
v = —20&263[(5a1b1 — a2b1)83 + (Sblcz — bzcl)aﬂ,
uy = —100’e3[(arby — asbi)es — (arca — azer)bs),

vy = —10a’e3(ajcy — aser)as,

u3z = 07 vy = 0.
Let us consider the 1-forms

S1U; — S2U;
4.8 Ale;) = "2 and Ble;) =
( ) (6 ) 181 — 1282 an (6 ) 181 — 1282

T1V; — ru;

such that rys; — rsy # 0, sju; — spv; # 0 and ryv; — rpu; # 0 for i = 1,2,3 from (3.1), we
have
?*((Ve, R)(X,Y)Z) = A(e:)¢*(R(X,Y) Z) + B(e:)$*(G(X,Y)Z)

fori=1,2,3.

By the virtue of (4.6)-(4.8), it can be easily shown that the manifold satisfies the relation (4.8).
Hence the manifold under consideration is a extended generalized ¢-recurrent a-Kenmotsu man-
ifold, which is neither ¢-recurrent nor generalized ¢-recurrent.
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