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Abstract. A study of nearly C'-manifold has been made. Using some suitable D conformal
transformations, the deformation of the characteristic structure of nearly C-manifold has been
investigated and it is seen that the characteristic structures are invariant under D conformal trans-
formations. Necessary and sufficient conditions for the main and deformed manifolds have also
been obtained.

1 Introduction

D-conformal transformations are very useful tools in differential geometry, particularly in man-
ifold theory. In 1968, Tanno defined D-homothetic transformations which are special classes of
D-conformal transformations [15] He used them to get Betti numbers of certain contact Rie-
mannian manifolds [14]. On the other hand, D-conformal transformations are used to define new
classes of manifolds from existed manifolds. While Jamssens and Vanhecke introduced almost
a-Kenmotsu manifolds in 1981 [8], Kim and Pak defined almost a-cosymplectic manifolds by
defining suitable D-conformal transformations [9].

In the present paper, we consider a class of D-conformal transformations which is defined by
[11] on nearly C-manifolds (which were introduced by Balkan and Aktan in 2016 [1]). Section
2 contains few known definitions and results that are required for further investigation. Nearly
C-manifolds have been studied in section 3 and finally the effect of D-conformal transformation
on nearly C'-manifold has been considered. A nearly C'-manifold is not a C-manifold and it is a
class of globally framed f-manifolds analogue to nearly Kéhler manifolds [6].

The notion of globally framed manifold or globally framed f-manifold, which is general-
ization of complex and contact manifolds, was introduced by Nakagawa in 1966 [10]. Then,
Blair defined three classes of globally framed manifolds, called K-manifold, S-manifold and
C-manifold [2]. Many researchers studied on these manifolds. Falcitelli and Pastore introduced
almost Kenmotsu f-manifolds in 2007 [3]. In 2014, Oztiirk et al. defined almost a-cosymplectic
f-manifolds, which are generalization of almost C-manifolds and almost Kenmotsu f-manifolds
[12].

2 Preliminaries

Let M be (2n + s)-dimensional manifold and ¢ is a non-null (1, 1) tensor field on M. If ¢
satisfies
¢ +9=0, 2.1)

then ¢ is called an f-structure and M is called f-manifold [16]. If ranky = 2n, namely s = 0,
 is called almost complex structure and if ranky = 2n + 1, namely s = 1, then ¢ reduces an
almost contact structure [S]. rankyp is always constant [13].

On an f-manifold M, P, and P, operators are defined by

P]:—QOZ, P2:@2+I7 (22)

which satisfy
P +P =1, P =P, P} =D,

2.3
P =Pipo=9p, Pyp=¢pP=0. (@)



210 Yavuz Selim Balkan and Nesip Aktan

These properties show that P; and P, are complement projection operators. There are D and
D+ distributions with respect to Py and P, operators, respectively [17]. Also, dim (D) = 2n and
dim (D) = 5.

Let M be (2n + s)-dimensional f-manifold and ¢ is a (1, 1) tensor field, &; is vector field
and 7’ is 1-form for each 1 <i < s on M, respectively. If (¢, &;, n°) satisfy

(&) = d], (2.4)

Pr=—I+) 1 e, (2.5)
i=1
then (p, &, 1) is called globally framed f-structure or simply framed f-structure and M is
called globally framed f-manifold or simply framed f-manifold [10]. For a framed f-manifold
M, the following properties are satisfied [10]:

¢& =0, (2.6)
ntop=0. 2.7
If on a framed f-manifold M, there exists a Riemannian metric which satisfies
' (X) =g(X, &), (2.8)
and .
g(eX, oY) =g(X, V)= > 7' (X)n (Y), (2.9)
i=1

for all vector fields X, Y on M, then M is called framed metric f-manifold [4]. On a framed
metric f-manifold, fundamental 2-form ® defined by

Q(X,Y)=g(X, ¢Y), (2.10)
for all vector fields X, Y € x (M) [4]. For a framed metric f-manifold,
Ny 42> dff @& =0, (2.11)
i=1

is satisfied, M is called normal framed metric f-manifold, where IV, denotes the Nijenhuis
torsion tensor of ¢ [7].

3 Nearly C'-manifolds

In this section, we recall some basic facts about nearly C'-manifolds for further properties from

(1]

Definition 3.1. Let M be globally framed f-manifold and V is Levi-Civita connection. For each
X, Y € x (M),
(Vx@)Y + (Vyp) X =0, 3.0

is satisfied, then M is called nearly C'-manifold.
On a nearly C-manifold, we can define H,; and H® tensor fields by
H; X = Vx&, (3.2)

and _
H'X =V, X, (3.3)

for all vector fields X on M and foreach1 <i <s.



Deformations of Nearly C'-manifolds 211

Corollary 3.2. For H; and H' tensor fields, the following relation holds:
H;X = —pH'oX + p*H'X. (3.4)

Proposition 3.3. For each 1 < i < s, H; and H* tensor fields satisfy the following properties:

(1) H; (&) =0, H' (&) :SO,
(2) HipX + oH; X = = 3 oH' (7 (X) &),

i=1
(3) tr (H,) = 0, ’
(4) (Vxp) & = —pHi X,
for all vector fields X € x (M) .

Lemma 3.4. On a nearly C-manifold M, the following identity holds:
9 (HiX, Y)+g(X, HY) Z{n 9 (X, Hy&) +1* (X)g (Y, Hi&)},  (3.5)

for all vector fields X, Y € x (M) .

Corollary 3.5. On a nearly C-manifold M, for each 1 < i < s, the characteristic vector field &;
is not Killing.

Lemma 3.6. Let M be a nearly C-manifold and R is the Riemannian curvature tensor of M.
Then the following identities hold [1]:

9(R(pX, oY) pZ, W) =g (R(X, Y)Z, W)

S (X)g(R(6n Y) 2 W) — o (V) g (R(X, &) 2. W)}, OO
§(R (& XY, z> G (VxH)Y. 2)
{77 ((HioHy) X, Z) (3.7)

77 "(Z)g ((HZon)X, Y},

S

(R(eW, ¢X)Y, Z) = g(R(W, X)Y, Z)+g(Vwe) X, (Vye) 2)+> g (HW, X)g(Z, HyY).
= (3.8)

Definition 3.7. Let M be a nearly C-manifold. If at any point p € M the sectional curvature
K (X, ¢X), which is denoted by K, is independent of the choice of the tangent vector X €
T,M, such that X # 0 and for each 1 <7 < s X_1¢&;, then it is said that M has the pointwise
constant -sectional curvature K, .

4 D-conformal Transformations on Nearly C-manifolds

Definition 4.1. Let M be a globally framed f-manifold and 8 be a non-zero smooth function
which satisfies d3 A n° = 0 for each 1 < i < s. Then, for each A\ € R, the D-conformal
transformation of (o, &, n%, g) on M are defined by

N -1 o s
o=, 51::5&:, =B, 9=Ag+(B2*A);nZ®nZ- .1

Furthermore, M is a globally framed f-manifold admitting a (@, 5:, 0, §> f-structure. Addi-
tionally, we can define a fundamental 2-form ® (X, Y) = § (X, Y.

In view of this definition, we can give following corollaries:

Corollary 4.2. M is a globally framed f-manifold if and only if M is a globally framed f-
manifold.
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Corollary 4.3. There is relation between @ and @ such that
D (X, Y) =G (X, pY) =g (X, oY), 4.2)

namely, D = \D for all X and Y vector fields. Where A\ € R and ® and P are Sfundamental
2-forms on M and M, respectively.

Proposition 4.4. Let M and M be globally framed f-manifolds such as stated in the above. The
following identities hold

Vx& =X (;) &+ V& + %n (X) &, 43)
VeX =VeX + %Ui (X) & (4.4)

; n" (6XY) = ; {n* (VxY)+en® (X)n" (Y)}, 45)
VxY = VY + igwk (2) 7" (¥) &, 4.6)

k=1

for all vector fields X, Y. Where V and V denotes Levi-Civita connections on M and M , Te-

spectively. We set €}, := dp [(f“ for simplicity.
Proof. From Koszul formula, we have
27 (%XY Z) 9(VxY, 2)
+2(8* - X) 2:? (VxY)n’c (2) 4.7)
+22d5(§k) " (X)n* (V) n* (Z).

On the other hand, using (4.1), we find

2 (VXY 2)g (VXY Z)

);
() (Fx) 2. @9

In view of (4.7)~and (4.8), we get (4.5) and (4.6). Putting Y = EZ in (4.6), we have (4.3). Again,
choosing X = ¢&; and Y = X we obtain (4.4). O

Theorem 4.5. Let M be globally framed f-manifold and M be a globally framed f-manifold
which is gotten from M by using D-conformal transformations. Then, M is a nearly C-manifold
if and only if M is a nearly C-manifold.

Proof. Replacing Y by ¢Y in (4.6) and using (2.6) and ¢ = ¢, we have
(Vx8) Y = (Vxo) V. 4.9)

Similarly, we get
(vyg,z) X = (Vyp) X. (4.10)
Now, adding (4.9) and (4.10) side by side, we have

(Vx@) Y + (Vv @) X = (Vx) Y + (Vye) X. @.11)
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Since M is a nearly C'-manifold, we find
(ﬁxa) Y + (%gz) X =0, 4.12)

which means M is a nearly C'-manifold.

Conversely, let M be a nearly C-manifold. Then (4.10) is satisfied. Considering (4.6), we
have (Vx@)Y + (Vy@) X = 0. Since ¢ = ¢, we obtain (Vx¢)Y + (Vyg) X = 0 which
means M is a nearly C'-manifold. This completes our proof. O

Let M and M be globally framed f-manifolds such as stated in the above. On globally
framed f-manifold M, H; and H' tensor fields are defined by H,X =V ng and H'X = V X,

respectively. Then, considering definitions of H; and H* tensor fields, we have

~ 1 1 Ei 4
HX = -HX+X 2 (X) €& 4.13
S+ x (5 )6+ S ()¢ @13)
and |
HiX = —H,X + 2y (X) & (4.14)

B B

Now, we can give a corollary similar to Corollary 3.2.

Corollary 4.6. There is a relation between H; and H' tensor fields such as

HX = —QHGX + BPHX + %n (X)&. (4.15)
Proof. From (4.1), we find
1
& = Bsﬁﬁu (4.16)
for each 1 <i < s. Differentiating (4.16) with respect to X, we get
HX=-GHGX +FHX+Y 1o (ﬁxé) & 4.17)
Finally, using (4.3) and (4.5), we obtain desired result. O

Theorem 4.7. Let M be a nearly C-manifold and M be a nearly C-manifold which is gotten
from M by using D-conformal transformations. Denote R and R the Riemannian curvature

tensor of M and M ,respectively, then the following identity holds

R(X,Y)Z=R(X,Y)Z+Y {A(X,Y, Z)- A (Y, X, Z)}, (4.18)
k=1

for all vector fields X, Y, Z and for each 1 < k < s. Here, for each 1 < k < s, the Ay, tensor
fields are defined by

A (X, Y, Z) = X ()t (V) 0 (2) & + ex X (;) 7 (V)1 (2) &
teng (Y, HX) 0t (2) &+ enX (;) W (Z) 0 (V) &+ eng (Z, HX)n (V)& (4.19)
fepX (;) o (V)0 (2) & + exn® (V)0 (2) Hi X,

Proof. Let V and V be Levi-Civita connections on M and M. All vector fields X , Y, Z itis
well-known that the Riemannian curvature R of M is defined by
R(X,Y)Z=VxVyZ-VyVxZ-Vix yZ. (4.20)

Taking (4.6) into account of (4.20) and making necessary calculations, we easily get (4.19). O



214 Yavuz Selim Balkan and Nesip Aktan

Lemma 4.8. Let M and M be nearly C-manifolds which are stated in the above. For all vector
fields X, Y, Z and for each 1 < k < s, the Ay, tensor fields satisfy

> Ap(X, @Y, Z) ngg CH X)) n* (2) &, 4.21)
and . .\

S AX, Y, 32) = erg ($Z, HyiX)n* (YV) & (4.22)

k=1 k=1
Proof. Putting Y = @Y in (4.19) and using (2.7), we obtain (4.21). Similarly, setting Z = ¢Z
in (4.19), then we have (4.22). O

Theorem 4.9. Let M and M be nearly C-manifolds which are stated in the above and let R
and R denote the Riemannian curvature tensors of M and M ,respectively. Then the following
identities are satisfied:

’g(ﬁ(x; Y)Z, W): [ (R(X,Y)Z, W)+ > {g(Ax (X, Y, Z), W)

—g (A (Y, X, Z), W)} + (8% = )) Z% F(R(X, Y) Z) (4.23)
0" (A (X, Y, Z)) —n* (A (Y, X, Z))}nF (W

g (R ngYZW)—i—g( (X, V) 2, W) +3 (R(X, )32, W)

A (4.24)
g( (X,Y)Z, ch) - z_: (Br(X,Y, Z, W) — By (Y, X, Z, W)},
g(R((pX PY)3Z, W R(X,Y)Z, W)
(4.25)
- 5 O (09 (R(6 V)2 W) = (V) (RX. &) 2 W)},

g( (PX, oY) Z ) =N (R(X,Y)0Z, oW)
+[A+s (8- ; e {9 (BY, H@X) ik (2)nF (W) (4.26)
—g(2X, HxY) n* (Z)nF (W)},

~(é (€ X)Y. 2) = ¥ (Gl X, Y. 2) - G (X, 6. Y. 2))

+E{)\n ((Hio Hy) X, Z) = [A+s (82 = A\)]n" (2) g ((Hi o Hy) X, Y)}

4.27)

and
g(R(<pX PY) Z, W) =Mg(R(X,Y)Z, W)
+9(Vx@)Y, (Vz9) W)+
A+ s (8- N)] 2 g((pK H@XW (2) (4.28)

) —g9 (86X, HypY)n* (2)} nF (W
+ (B2 = 1) k; {9(Vx@)Y, Hk<pX)77 (W)—n (R(X7 Y)Z)n* (W)},

M

g (HLX, ¥) g (HZ, W)}

b
l

\_/,_Aﬁ

for all vector fields X, Y, Z, W, where By, and C\, tensor fields are defined by

By, (X, Y, Z, W) = )\g(Ak (@X, Y, Z), W)
(82 = N) 1" (A (§X, Y, Z2)) 0™ (W)
A +5(8%=N)] e {g (@Y, HeX)n* (W)n* (Z)
9(Z, HyX)n* (W)n" (Y)} +exdn™ (Z)n* (Y) g (6W, HpX)

(4.29)
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and
foreach 1 <k <s.

Proof. (4.23): It is clear from (4.18).
(4.24): Replacing X by ¢ X in (4.23) and using (4.19) and (4.21), we get

§(R(3X, V)2, W) = Mg (R(3X, V) Z, W)
+§1 lg9(Ak (PX, Y, Z), W) —erg (§X, Hp,Y)nk (W)nF (Z)]}

H(B =) 3 (REX, V) Z) 0 (44 (BX. Y, 2)
—seng (§X, HyY)n* (Z)} n* (W).

431

We can obtain the other terms of (4.23), similarly. Then adding the gotten equations side by
side, we find (4.24).

(4.25): Replacing X, Y, Z and W by ¢X, ¢Y, ¢Z and pW, respectively in (4.23) and
considering (4.21) and (4.22), then we get

7 (R@X, 3Y) 82, oW) = Ag (R(3X, 3Y) 37, pW). (4.32)

Putting (3.6) into (4.32), we have desired result.

(4.26): Similar to the last calculations, taking X = ¢ X and Y = @Y in (4.23), we get (4.26)
by using (4.21) and (4.22).

(4.27): We can get easily from (3.7) and (4.23).

(4.28): Finally, in (4.23), using (3.8), we have (4.28). O

Theorem 4.10. Let M and M be nearly C-manifolds which are stated in the above. M has
the pointwise constant p-sectional curvature K if and only if M has the pointwise constant
p-sectional curvature K.

Proof. Let M be a nearly C-manifold with pointwise constant p-sectional curvature K. At any
point p € M, for each 1 < k < s and for all vector fields X such that X | &, we have

Using (4.1) in the last equation and takin (4.23) into account of gotten equation, we obtain

§(R(@X, X)8X, X) + K5 (X, X)g(X, X)

_ _ (4.34)
In view of (4.33), we have
7 (REX, X)PX, X) + 5 (X, X)§(X, X) =0, (4.35)

which means M has the pointwise constant (-sectional curvature K, at any point p € M.

Conversely, let M has pointwise constant (-sectional curvature K,. Then (4.35) is satisfied.
Here, we can see easily that (4.33) holds from (4.1) and (4.23). This completes the proof. O
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