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Abstract Distinctive topological indices are found to be helpful in isomer segregation, structure-
property relationship, structure-action relationship, pharmaceutical medication plan etc. in chem-
istry, biochemistry and nanotechnology.

In this paper, for a connected graph G with n vertices and m edges two novel graph irregu-
larity measures defined as IRM1(G) = M1(G) − 4m2

n and IRM2(G) = M2(G) − 4m3

n2 , where
M1(G) and M2(G) are the first and second Zagreb indices of graph G, respectively are studied
for categorical product of two connected graphs.

1 Introduction

A topological index is a numeric esteem connected with an atomic structure and are utilized
to relates the physico-synthetic properties of the molecular graphs. In molecular graph, ver-
tices relate to the molecules and edges compares to the bonds between them. Up to now, a
few topological indices have been characterized and different scientific properties and substance
applications are additionally researched. Topological indices are utilized for concentrate quan-
titative structure-activity relationships (QSAR) and quantitative structure property relationships
(QSPR) for anticipating diverse properties of synthetic mixtures for demonstrating physicochem-
ical, pharmacologic, toxicologic, organic and different properties of it and thus discovered dis-
tinctive applications in science, organic chemistry and nanotechnology. There are numerous
strategies to evaluate the molecular structures, of which the topological index is the most well
known since it can be acquired directly from molecular structures and quickly processed for
huge number of particles [20, 21, 22, 23].

Suppose G is a simple connected graph with V (G) and E(G) denote the vertex set and edge
set of G, respectively. The notation |V (G)| denotes the number of vertices in G, and |E(G)|
denotes the number of edges in G. The edge of the graph G connecting the vertices u and v
is denoted by uv. Two vertices are adjacent if there is an edge between them. The set of all
adjacent vertices to a vertex u is the neighborhood of u, denoted as NG(u). The cardinality of
the set NG(u) known as the degree of u, denoted as dG(u). A vertex u in a connected graph
G, the eccentricity eG(u) of u is the distance between u and a vertex farthest from u in G. The
minimum eccentricity among the vertices of G is its radius and the maximum eccentricity is its
diameter, which are denoted by rad(G) and diam(G), respectively. The notations used in this
paper are mainly taken from book [6].

The first Zagreb index M1(G) and the second Zagreb index M2(G) of a graph G are defined
in [11, 12, 15, 18] as:

M1(G) =
∑

u∈V (G)

(dG(u))
2 =

∑
uv∈E(G)

(dG(u) + dG(v))

M2(G) =
∑

uv∈E(G)

(dG(u)× dG(v))
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Figure 1. The categorical product of G = C5 with H = P6

For the basic pictorial of an associated graph G with |V (G)| vertices and |E(G)| edges two
novel graph irregularity indices are presented, they are characterized as

IRM1(G) = M1(G)− 4|E(G)|2

|V (G)|
(1.1)

IRM2(G) = M2(G)− 4|E(G)|3

|V (G)|2
(1.2)

The categorical product G ×H of two graphs G and H is the graph with vertex set V (G)×
V (H), where two vertices (g1, h1) and (g2, h2) are adjacent if and only if g1g2 are adjacent in G
and h1h2 are adjacent in H. For illustration, the categorical product of G = C5 with H = P6 is
shown in Figure 1.

Graph operations assume a critical part in scientific science, since some artificially fascinat-
ing graphs can be gotten from some less difficult graphs by various graph operations. In [14],
Khalifeh et al. determined some correct expressions for figuring first and second Zagreb indices
of a few graph operations. Ashrafi et al. [3] determined unequivocal expressions for Zagreb
coindices of various graph operations. Das et al. [7] inferred some upper limits for multiplica-
tive Zagreb indices of diverse graph operations. Azari and Iranmanesh [5], introduced express
formulae for registering the eccentric-distance sum of various graph operations. In [8] and [9],
the authors acquired a few limits and correct formulae for the connective eccentric index and
for F-index of various graph operations. There are a few different papers concerning topological
indices of various graph operations. For more outcomes on topological indices of various graphs
operations, intrigued perusers are alluded to the papers [1, 2, 4, 10, 14, 16, 17, 19].

2 Main Results and Discussions

Presently we express the particular properties of categorical product of graphs in type of the
accompanying Proposition.

Proposition 2.1. Let G and H be graphs of order |V (G)| and |V (H)| and size |E(G)| and
|E(H)|, respectively. Then we have:

(i) |V (G×H)| = |V (G)| × |V (H)|

(ii) |E(G×H)| = 2(|E(G)| × |E(H)|)

(iii) dG×H(u, v) = dG(u)× dH(v)

(iv) The categorical product is commutative and associative.
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Theorem 2.2. Let G and H be graphs of order |V (G)| and |V (H)| and size |E(G)| and |E(H)|,
respectively. Then Zagreb irregularity index IRM1 for G×H is

IRM1 ≤ 4|E(G)|.|E(H)|
(
(|V (G)| − rad(G))(|V (H)| − rad(H))− 4|E(G)|.|E(H)|

|V (G)|.|V (H)|

)
.

Proof. Let G and H be the graphs with vertex sets {g1, g2, . . . , g|V (G)|} and {h1, h2, . . . , h|V (H)|}
respectively. The first Zagreb index of G×H is defined as:

M1(G×H) =
∑

(g,h)∈V (G×H)

(dG(g, h))
2

=
∑

(gi,hj)(gk,hl)∈E(G×H),i6=k,j 6=l

(dG×H(gi, hj) + dG×H(gk, hl))

From Proposition 2.1, we get
M1(G×H) =

∑
(gi,hj)(gk,hl)∈E(G×H),i6=k,j 6=l

(dG(gi)× dH(hj) + dG(gk)× dH(hl))

We know that dG(g) ≤ |V (G)| − eG(g) and rad(G) ≤ eG(g).
This implies that dG(g) ≤ |V (G)| − rad(G), similarly dH(h) ≤ |V (H)| − rad(H). Putting

these values in the above equation and Proposition 2.1, we get

M1(G×H) ≤ 2|E(G)|.|E(H)| ×
[
(|V (G)| − rad(G)) (|V (H)| − rad(H))

+ (|V (G)| − rad(G)) (|V (H)| − rad(H))
]

=4|E(G)|.|E(H)| ×
[
(|V (G)| − rad(G)) (|V (H)| − rad(H))

]
Now, the Zagreb irregularity index IRM1 for G×H is defined as:

IRM1(G×H) =M1(G×H)− 4|E(G×H)|2

|V (G×H)|

≤4|E(G)|.|E(H)| ×
[
(|V (G)| − rad(G)) (|V (H)| − rad(H))

]
−4 (2|E(G)|.|E(H)|)2

|V (G)||V (H)|

=4|E(G)|.|E(H)|
[
(|V (G)| − rad(G)) (|V (H)| − rad(H))

−4 (|E(G)|.|E(H)|)
|V (G)||V (H)|

]
.

This completes the proof.

Theorem 2.3. Let G and H be graphs of order |V (G)| and |V (H)| and size |E(G)| and |E(H)|,
respectively. Then Zagreb irregularity index IRM2 for G×H is

IRM2 ≤ 2|E(G)|.|E(H)|
[
(|V (G)| − rad(G))(|V (H)| − rad(H))−

(
4|E(G)|.|E(H)|
|V (G)|.|V (H)|

)2 ]
.

Proof. Let G and H be the graphs with vertex sets {g1, g2, . . . , g|V (G)|} and {h1, h2, . . . , h|V (H)|}
respectively. The second Zagreb index of G×H is defined as:

M2(G×H) =
∑

(gi,hj)(gk,hl)∈E(G×H),i6=k,j 6=l

(dG×H(gi, hj).dG×H(gk, hl))

=
∑

(gi,hj)(gk,hl)∈E(G×H),i6=k,j 6=l

(dG(gi).dH(hj).dG(gk).dH(hl))

=
∑

(gi,gk)∈E(G)

∑
(hj ,hl)∈E(H)

(dG(gi).dH(hj).dG(gk).dH(hl))
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We know that dG(g) ≤ |V (G)| − eG(g) and rad(G) ≤ eG(g).
This implies that dG(g) ≤ |V (G)| − rad(G), similarly dH(h) ≤ |V (H)| − rad(H). Putting

these values in the above equation and using Proposition 2.1, we get

M2(G×H) ≤ 2|E(G)|.|E(H)|.
[
(|V (G)| − rad(G)) . (|V (H)| − rad(H))

. (|V (G)| − rad(G)) . (|V (H)| − rad(H))
]

=2|E(G)|.|E(H)|. (|V (G)| − rad(G))
2
. (|V (H)| − rad(H))

2

Now, the Zagreb irregularity index IRM2 for G×H is defined as:

IRM2(G×H) =M2(G×H)− 4|E(G×H)|3

|V (G×H)|2

≤2|E(G)|.|E(H)|. (|V (G)| − rad(G)) . (|V (H)| − rad(H))

−4 (2|E(G)|.|E(H)|)3

|V (G)|2|V (H)|2

=2|E(G)|.|E(H)|
[
(|V (G)| − rad(G)) . (|V (H)| − rad(H))

−
(

4|E(G)|.|E(H)|
|V (G)||V (H)|

)2

.

This completes the proof.

3 Closing Remarks

In this paper, we directed the investigation of irregularity measures of categorical product of
graphs. We exhibited the upper limits of irregularity indices of categorical product of connected
graphs in the form of its graph elements. Some different items and topological indices can be
considered for future review.
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