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Abstract. The aim of this paper is to prove hyperstability results for the following cubic
functional equation on a restricted domain X

foz+y)+ fra —y) =rf(z+y) +rflz —y) +2(° =) f(2)
for all z,y € X and r is a fixed positive integre r > 2.

1 Introduction

Let X be a nonempty subset symmetric with respect to 0 and Y be a Banach space . In the paper,
we prove the hyper-stability of the cubic functional equation on a restricted domain. We say that
a function f : X — Y satisfies the cubic functional equation on X if

flrz+y) + flre —y) = rflz+y) +rflz —y) +20° = r)f(2) (1.D)

for all x,y € X such that x + y,z — y € X. We will show that (1.1) is hyper-stable for each
function f : X — Y (under some additional assumption on X)) satisfying the inequality :

5 0+ )+ s (0 = 0) = 5 o+ ) = g e =) = @) <

2(737)” [Pyl (1.2)

forall z,y € X suchthat x + y, 2 —y € X withp+ ¢ < 0and 0 < p + ¢ < 1 must satisfy
the cubic equation (1.2).

The method of the proof of the main theorem is motivated by an idea used by Brzdek in
[4] and further by Piszczek in [21] . It is based on a fixed point theorem for functional spaces
obtained by Brzdek et al. In [6] . some generalizations of their result were proved by cadariu
et al. In [15], The case of fixed point theorem for non-Archimedean metric spaces was also
studied by Brzdek and Cieplifiski in [9] . It is worth mentioning that using fixed point theorems
is now one of the most popular methods of investigating the stability of functional equations in
single as well as in several variables. Let us recall a few recent approaches of jung in [19], More
information on the application of the fixed point method was collected by Cieplifiski in [17] .
First, we take the following three hypotheses (all notations come from [16] ).

(H,)X is a nonempty set, Y a Banach spaces, and fi,..., fr : X = X and Ly, ...,Lg : X —
R are given .

(H)F : YX — YXis an operator satisfying the inequality

|17¢ () |<ZL i (@) = n(fi@) &uey™ zeX
(H3)A: R¥ — R is deﬁned by

Aé(z)::ZLi(x)é(fi(z)), SERY, reX

the mentioned fixed point theorem is stated as follows.
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Theorem 1.1. Let hypotheses (Hy) — (H,) be valid, functionse : X — Riand p : X —» Y
Sulfill the following two conditions:

i) | Folx) —e(@)]| < e(z),z € X
i) e*(z) =Y " yA"e(z) < oo, z€X

Then there exists a unique fixed point 1) of F with ||¢(z) — ¢(x)|| < e*(z), z€ X.
Moreover )(x) = lim, oo Fp(z), z€X

Throughout the paper, N, Ny and N,,,, denote the set of all positive integers, the set of all
nonnegative integers and the set of all integers greater than or equal to my, respectively.

2 Main results
In this section, we prove the hyperstability results of the generalized cubic functional equation.

Theorem 2.1. Assume that X is a nonempty symmetric with respect to O subset of a normed
space such that 0 ¢ X and there exist no € N withnx € X forx € X andn € N,,. LetY be a
Banach space, c > 0, andp+q < 0. If f : X — Y satisfies

|2(7,3_7,)f(rx+y)+2<r31_r)f(m—y)—2(7;_Uf(m+y)—2(7;_wf(x—y)—f(x) <

¢ P4 2.1
37—y el @1
forall x,y € X such that x + vy, x —y € X, then f satisfies the cubic equation on X.
Proof. First observe that there exists mg € N, such that

1
I

)(r+m)p+q+ m—r)PTd+ 1+m)PFa+ (m—1)PT < 1

1 1

for m > myp, Assume that ¢ < 0 and Replacing y with mz in (2.1 we get :

1 1 1 1
Hmf((rﬂn)x)“‘mf((r—m)x)—mf((l—m)x)—mf((l+m)x)—f(ff)H
< sy lelP Lol
such that x € X .
Further put
1 1 1 1

Fné(x) = mﬁ((r+m)x)+m§((T—m)x)—mﬁ((1+m)$)—m§((1—m)x)

reX, feY¥ande,(v):= ﬁquprHqu
Then the inequality (2.1) takes the form || F,,, f(z) — f(x)]| < €m(x) .
The operator

; (7;_ ((rm)a)+ g L 1

Ad(x) :=

suchthat 6 € RY, zeX
has the form described in (H3) with &k = 4 and

fil) =(m+r)z, fa(z) = (r—m)z, f3(z) = (1 +m)z, f4(z) = (1 —m)z,

Li(z) = Ly(z) = maLS(@ = La(z) = 202 —1)
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Moreover, for every &;u € XX andz € X

4
1 Fmé(a) - 2: 2)1(€ = w)(fi(2))]
So : (H>) is valid:
Next we can find mg € N such that
¥(r+m)p+q+¥(m—r)p+q+ 1 (1+m)P+(I+ ( _I)PJF(I <1
2(r3 —r) 2(r3 —r) 2(r2 —1) 2(r2 —1)

Therefore we obtain that

= ZA"E(:E)

n=0
e g e g (s

2(r3 —r) —2(r3 — 1) 2(r3 —r) 2(r2 —1)

1
— 1)Pt)n

+2(7‘2—1)(m )
) RS-

1- (72“314) (r+m)rta+ ﬁ(m — )Pt 4 m(l +m)pta 4 ﬁ(m — 1)pta)

Thus according to theorem 1.1 there exists a unique solution ' : X — Y of the equation:

1 1 1 1

F(z) = mF((Ter)x)JFmF((T—m)x)—mF((l+m)$)—mF((1—m)fﬂ)

such that

%T)mQHIHPJﬂl

2(r3
(@) -F ()] <
O S G s + s (m = 10970+ 3ty (L4 )P0+ s o = 1)779)

Moreover: F(z) = lim,,—0o F" f(x) .
To prove that F’ satisfies the cubic equation on X, observe that

I5gs 50w+ ) + 2(T31_T)}'”f(m _y)— 2(7"21—1)an(x )
- s ) - P @)
: ﬂﬁlm%wim“+myﬂ+uwiwwlTV”+%;_UU+mmq
+ sy = 0P el 02

forevery z,y € X,z +y € X,z —y € X. Indeed : if n = 0 then, (2.2) is simply . So, fix
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n € Ny and suppose that (2.2 holds for n and =,y € X such that x + y,x — y € X. Then

|l P f(ra + y) + = P f(re — y) — s P f (@ + )
— s P @ —y) = F ()]
— Ny (g P (4 )20+ ) + g P A (5 — m) (0 + )

s PP (14 m)(rz + ) — 5= FR(F(1 = m)(rz + )
3y (g P (4 m) 22 = y) + o= P (= m)(rz — )

s P+ m)(re = y)) = s P (= m) (e = )

— sy (e P+ m) (@ + ) + 3= P (= m) (2 + )

— st P+ m) (@ 4+ ) = s (1 = m) (@ + 1))
1y (o P+ m) (@ = 1) + sy PP (r = m) (@ — )
s P (1 m)( = y)) = sy sy P (1= m) (@ = )

sy P+ m)(@)) = =g PR A (= m) (@)

+ o P (1 +m) (@) + s P (1= m) (@)
smﬁ$@W4ffW%wmm+w> A= (P F((r+ m)(rz — )
s PR (4 m) (@ +9)) — g F (o m) (@ — y)
—Ff((r 4 m)a) ) | + = (= P = m) (4 9)

o (FP (= m) (2 = ) — 5= (F (= m) (2 + 1))
s (P = m) (@ = ) = Frf((r = m)a) ) |
Hammy e £ (L m) (re + ) + gy (g £ F (L + m) (rz — y))
— 5= (g F A (L4 m) (@ +9)) = s (= P (L m) (@ = 1))
—s=n P m)a)| + s s P (L= m) (e + )

+ 3ty G P (L= m) (1 = ) = =y g PR (1 = m) (@ + )
s A P (= m) (@ = ) = s P (1= m)a)|

< ﬁ(ﬁ(r +m)Pra + 2(7‘377‘) (m — )Pt

— r+m)PTa
gy (L m)P* o gy (m = PR ] Plly (et
(Tr )p+q (7 +])P+q (," _1)p+<1
* 2L( Tr) * ;rz nT 2L(7‘271) )

= 35 (= (2 + M)PH + g (m = 2)PH
+2(T217,1)(1 +m)Pra + m(m — 1Pra)m gy

By induction, we have shown that (2.2) holds. Letting n — 400 in (2.2) we obtain F(rx +y) +
F(re —y) =rF(z+y) +rF(x —y) +2(r* —r)F(x)

Thus, we have proved that for every m € IV, there exists a function F,,, : X — Y such that
F,, is a solution of the cubic equation on X and

[ o

1f (&)~ Fr ()] < 4G

- (m( r+m)pta 4 2(7«3 sy (m —r)Pra 4 m(l +m)Pta + z(Tl_l)(m— 1)pa)
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Since p + ¢ < 0 with ¢ < 0, the sequence
( sy ma ]+

1- (ﬁ(’“"’m)pﬂ + W(m —r)Pta + ﬁ(l +m)Pta + 2(,217,1)0”_ 1)pta

r3—r)

) )meNmo

tends to Zero. Consequently f satisfies the cubic equation on X as the pointwise limit of
(Fm)nLENmO .

Theorem 2.2. If f : X — Y satisfies

H2(r3 7T)’f(m+y) + 2(7431”]"(7"30—(@) - mf($+y) - mf(x—y) — f(@)]

" llyl? (2.3)

_°
2(r3 —r)
forall z,y € X suchthatx +y,;x —y € X ; and 0 < p+ q < 1. Then f satisfies the cubic
Sfunctional equation on X .

Proof. Assume that ¢ > 0 and replacing y with = we get :

s+ )+ 5t L)) g S+

R

srr= (1= ) = F@ £ g el = o)

Such that x € X Similarly as previously we define

Fué(a) = 5yl 100) + g€l = 20)0) = gy (1 + o)
- 2(7;_1)5((1 - %)x),x eX.cevX

and A,,6(z) 1= ﬁé((r—l—#)x)—i—ﬁé((#—r}@ 0(

(141 )2) b 5y (2~ 1))
,0 € RY, x € X and see that (2.2) is: || F,, f(z) — f(z)]| < em(a:)

€ X Obiouvsly A,,, has the

x
form described in (H3) whith K = 4 and f;(z) = (r Tz)xfz( ) (r——) ()= (1+1)
a(2) = (1= 1), Li(@) = La(2) = s+ La(a) = La(w) = g

4
| Fmé () ~ Z 2)[|(€ = w)(fi(2))]
So (H,) is valid . Next we can find mg € N,,, such that
1 1 1 1 1 1 1 1
b paiypray 1 e Dyptag b qa S yphag 0 (S ypta o
2(r3fr)(r+m) +2(r3fr)(r m) Jr2(7"271)( er) +2(r271)( m) <
For all m > my,
Therefore we obtain that
€“(z) := ZA”G(%)
n=0
om0 3 (o ey L Dy Ly Ly
i 2(r3 —r) m 2(r3 —r) m 2(r2 —1) m
1 1
_\pta
+ 2(r2 — 1)(1 m) )

cmf|z||P*

L= (= (r 3P4+ gy (= )P4+ gy (L )P0+ gy (1= 5)Pt9)
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Thus, according to theorem 1.1 there exists a unique solution /' : X — Y of the equation

Fol@) = gy Pl (0 4 20)8) + grs Pl = 1008) = gy P (14 0)0)-

1 1
——F (1 — —
2(r2 1) m((1 = 2)z)
h that F < syl
suc a ||f(x) - m(x)“ — 1*(2(,“31_7“)(T+i)p+q+ﬁ(r7%)p+q+2(7‘2‘_])(1+#)p+q+m(17%)p+q)

and F,,, 2z +y) + Fin(2x —y) = 2F(z + y) + 2Fn(z —y) + 12F,(z) w e X ,y € X,
z+yeX,z—yeX
In this way we obtain a sequence (Fy,)men,,, of cubic functions on X such that || f(z) —

mq HIHPJFQ

It follows; with

3
F T < 2(r°—r)
m(@)l < lf(zwlfr) (’"Jr%)mum(’ui)mq*z(ﬂ]q) (H%)mq*z(ﬂ]fn (I=5)P+0)

m — oo, that f is cubic on X .

m

Remark 2.3. In the case p > 1, the considered cubic equation is not hyperstable.
Show for example: X = R — {[—+/2(r> —1);1/2(r* —1)]} and f : X — R be a constant
f(z) = ¢,z € X for some ¢ > 0. In this case f satisfies the inequality

f(TfC‘f‘y)“‘z(ﬁl_r)f(m—y)—2(7421_1),7((334‘1‘/)—2(7;_Uf($+y)—f($)||

)

C
< |z |P ||y |7
< sy el

forall z,y € z such that x +y,z —y € X , with p > 1, but is not a solution of the cubic equation
on X.

Theorem 2.4. Assume that X is a nonempty, symmetric with respect to 0 subset of a normed
space such that 0 ¢ X and there existd ng € N withnz € X forx € X andn € N,,, . LetY be
a Banach space, c > 0,andp < 0. If f : X — Y satisfies

1f(ra +y) + flre —y) —rf(z+y) —rflz—y) =207 =) f@)] < c(lle]” + lyl?) 24)
forall x,y € X suchthat x +y ;x —y € X, then f satisfies the cubic equation on X .

Proof. Replacing (z,y) by (maz, (rm)x) , where m € N* — {1;2} in (2.4), we get

I (@) + F(@rm = Da) = rf(((r + Dm = D) = rf((1 = r)m+ D) = 2(r* =) f(mz)]

&
35 =y (M (rm = 1)) (2.5)
forallz € X

Further put

Fmé(x) = 2(r° = r)€((m)a) +r(((1 = r)m+ Da) +r(((r + Dm — 1)z) = £((2rm — 1)z)

r€X,¢eY¥and e, () := c(mP + (rm — 1)P)||z||

Then the inequality (2.5) takes the form || 7, f(z) — f(2)|| < em(z) . 2 € X

The operator A,,6(z) := 2(r* — r)d(mz) + r6((1 —r)m + D) + r5(((r + 1)m — 1)) +
5((2rm — 1)x)

o€ Rf, reX

has the form described in (H3) with k = 4 and fi(z) = mz ;f2(z) = (
f) = ((r+ Dm —Da; fa(z) = 2rm — Da ; Li(z) = 2(r* —r) 5 La(
Ly(x) =1forallz € X

Moreover , for every &, € YX and z € X , we have



THE GENERALIZED HYPER-STABILITY 491

4
1Fmé(x) = Fonp(@)|| < Li(@) (& = p)(fi())l
i=1
So,H, is valid. Now, we can find my € N* — {1;2} such that
2(r —rymP +r((r— Dm+ 1P +r((r+ Dm—1)P + 2rm - 1)P < 1

for all mg < m
Therefore, we obtain that

€ (x) 1= Z A"e(x) = c(mP + (rm — 1)P)||z||? Z(Z(r3 —r)mP +r((1 —r)m+ 1)P+
n=0 n=0

c(mP 4 (rm — 1)P)

P m = 1) 4 Crm = V) = 303 = e 5 (3 17+ 1(m = 17 & @rm = 197

for allx € X and m > my. The rest of the proof is similar to the proof of Theorem 2.1.

Corollary 2.5.. Assume that X is that a nonempty symmetric with respect to 0 subset of a
normed space such that 0 ¢ X and Y be a banach space. Let F : X*> — Y be a mapping such
that F(zo,yo) # 0 for some xg,yo € X and

1z, )l < cll]”lly]l (2.6)

Or
1F(z, )| < (=7 + [lylI”) (2.7)

Forall x,y € X, where ¢ > 0 and p,q € R . Assume that the numbers p; q satisfy p + q < 1 and
p+q # 1 Inthe case (2.8) and p < 0 in the case (2.7), Then the functional equation:

h(rz +y) 4+ h(rz —y) + F(z,y) = rh(z +y) +rh(z —y) + (2(r* — r)h(z) (2.8)
z,y € X Has no solution in the class of functions h : X —Y

Proof. Suppose that h : X — Y is a solution to (2.8); Then(2.1)or (2.3)holds, and conse-
quently, according to above theorems, & is cubic on X, which means that F'(zg,yo) = 0 . This
is contradiction.
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