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Abstract The Prime graph associated to rings denoted by PG(R). PG;(R) is a graph with
all the elements of a ring R as vertices, and two distinct vertices z, y are adjacent if and only if
eitherz-y =0ory-z =0orxz+y € U(R), the set of all units of R and PG(R) is a graph with
all the elements of a ring R as vertices, and two distinct vertices z, y are adjacent if and only if
eitherx -y =0ory-z =0o0rxz+y € Z(R), the set of all zero divisors of R (including zero).
In this paper the chromatic number of prime graphs PG, (R) and PG»(R) of ring Z,,, where n
is power of a prime number, are studied.

1 Introduction

The concept of graph for a commutative ring was began when Beck in [1] introduced the notion
of zero divisor of graph. The graph I'j (R) defined by R. Sen Gupta et al. [7] as: Let R be a ring
with unity. Let G = (V, E)) be an undirected graph in which V = R - {0} and for any a,b € V,
ab € Eifandonly if a # band eithera-b=0orb-a = 0ora + bis a unit. Also, the graph
I';(R) defined by R. Sen Gupta et al. [7] as: Let R be a ring with unity. Let G = (V, E) be
an undirected graph in which V' = R - {0} and for any a,b € V, ab € E if and only if a # b
and either a - b = O orb-a = 0 or a + b is a zero divisor (including zero). Another graph
structure associated to a ring called prime graph was introduced by Satyanarayana et al. [3].
Prime graph is defined as a graph whose vertices are all elements of the ring and any two distinct
vertices x,y € R are adjacent if and only if xRy = 0 or yRx = 0. This graph is denoted by
PG(R). Significant results obtained from above motivated us to introduce new graphs PG| (R)
and PG,(R) in [9] and [10] respectively. From the results on chromatic number in [8] in this
paper we studied the results on chromatic number of PG (R) and PG,(R) of ring Z,,, where n
is power of a prime number.

2 Preliminary Definitions

Here we are listing some preliminary definitions of graph theory and Algebra. For more details
the reader is referred to [2]-[6].

Definition 2.1. [4] A ring R is a set together with two binary operations + and - (called addition
and multiplication) satisfying the following axioms:

(i) (R,+) is an abelian group.
(ii) - is associative: (a-b)-c=a-(b-c),forall a,b,c € R.

(iii) The distributive law holds in R : for all a,b,c € R,a-(b+c¢) = (a-b) + (a - c) and
(a+b)-c=(a-c)+(b-c)foralla,b,ce€R.

Moreover, if a ring R satisfies the condition a - b = b - a, for all a,b € R, then we say that R is a
commutative ring. If R contains the multiplicative identity i.e. (1-a=a-1 =a, for all a € R)
then we say that R is a ring with identity.
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Definition 2.2. [4] Let R be a ring. A non-zero element a of R is called a zero-divisor if there is
a non-zero element b in R such that a - b =0 or b - a = 0 . The set of all zero-divisors in a ring
R is denoted by Z(R).

Definition 2.3. [4] The elements which are not zero-divisors are called units. The set of all units
in aring R is denoted by U(R).

Definition 2.4. [8] A graph G consists of a set V' called vertex set together with a set £ of
unordered pairs of distinct elements of V' called edge set.

Definition 2.5. A graph that has neither self-loops nor parallel edges is called a simple graph.

Definition 2.6. A simple graph in which every pair of vertices is adjacent is called as a complete
graph. Complete graph on n vertices is denoted by K.

Definition 2.7. [8] A Graph H is said to be a subgraph of a graph G if all the vertices and edges
of H are also the vertices and edges of G.

Definition 2.8. [8] A star graph is a graph with n vertices such that exactly one vertex has degree
n — 1 and the remaining n — 1 vertices have degree 1.

Definition 2.9. [8] A clique is a complete subgraph of a graph.

Definition 2.10. [8] A coloring of a graph is an assignment of k—colors to the vertices of G
such that no two adjacent vertices are assigned the same color. The chromatic number x(G) of a
graph G is the minimum value of &k for which G has a k—coloring.

Definition 2.11. [7] For a ring R, a simple undirected graph G = (V, E) is said to be a graph
I'; (R) if all the nonzero elements of R as vertices, and two distinct vertices a and b are adjacent
if and only if eithera- b =0orb-a =0 or a + b is a unit.

Definition 2.12. [7] For a ring R, a simple undirected graph G = (V, E) is said to be a graph
I',(R) if all the nonzero elements of R as vertices, and two distinct vertices a and b are adjacent
if and only if either a - b =0 orb-a = 0 or a + b is a zero divisor (including zero).

3 The Prime Graph of PG,(Z,,)

In this section we investigate the chromatic number of PG4 (Z,,) for some particular values of n.
Theorem 3.1. For the ring Z,,

1
xPG(Zy) = %, if p is odd prime.

=2=p, ifp=2.

Proof. Let a and b be any two elements of Z, — {0}, then a and b are not adjacent if and only
if pla+b. In PG (Z,—{0}) there are p— 1 elements which contains two sets of non-adjacent ele-
ments. So these non-adjacent elements can be colored with same % colors.

Also, the vertex 0 is adjacent to all the vertices of PG(Z,). So, the vertex 0 can be colored

with a single color except the color assigned to the % vertices. Thus, the graph PG(Z,) can
be properly colored with % + 1 equals to pTH colors. Therefore, xPG1(Z,) = pT“,
odd prime.

In case when p = 2, Z, = {0, 1}. As the graph PG, (Z,,) we are considering a simple graph.

So, the graph PG/ (Z,) is a star graph and hence xPG(Z,) =2 = p.

if pis an

O

Theorem 3.2. For the ring sz,

plp+1)
2 bl

=3=p+1 ifp=2.

xPG(Z,) = if p is odd prime.
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Proof. In PG/ (Z,> — {0}) there are p — 1 elements which are divisible by p and all are adjacent
to each other. So, these elements induces a complete subgraph k,_;. All the vertices of this
clique can be colored with p — 1 colors.

The remaining p(p — 1) elements which are not divisible by p, are adjacent to p — 1 elements
form two complete subgraphs having @ elements in each subgraph. So, the vertices in these
two complete subgraphs can be properly colored with ;;(pr1) colors except the colors assigned
to the vertices of the clique k,_;.

Also, the vertex 0 is adjacent to all the other vertices of PG| (sz). So, the vertex O can be

colored with a single color except the colors assigned to the vertices of the cliques k,_; and
k-1 . Thus, the graph PG (Z,2) can be properly colored with (p — 1) + ;;(pr1) + 1 colors.

Therefore, x PG 1(Z,2) = w, if p is an odd prime.

In case when p = 2, Z4 = {0, 1,2,3}. The elements 0 and 2 are adjacent to every element in
PG4 (Zy4). So, the vertices 0 and 2 are colored by two different colors. Also, the elements 1 and
3 are adjacent to elements 0 and 2 but not adjacent to each other. So, the vertices 1 and 3 can be
colored with a single color except the colors assigned to the vertices 0 and 2. Thus, the graph
PG4 (Z4) can be properly colored with 3 colors. Hence, xPG1(Z4) =3 =p+ 1.

|

Theorem 3.3. For the ring Z,,

_ - +2p+1)
2 )
=4=p+2, ifp=2.

XPG1(Z,3) if p is odd prime.

Proof. Any two non-zero elements in PG (Z,s) are adjacent if and only if both these elements
are divisible by p?. There are p— 1 elements divisible by p? and all are adjacent to each other. So,
these vertices induces a complete subgraph k,_; and the vertices of this clique can be colored
with p — 1 colors.

There are p(p — 1) elements divisible by p but not p*. These elements are not adjacent to each
other but are adjacent to all other elements. So, all these vertices can be colored with a single
color.

The remaining p?(p — 1) elements which are not divisible by p and p? are adjacent to the

e . 2(p—1
elements divisible by p, p*> and the vertex 0 and form two complete subgraphs having %

elements in each subgraph. So, the vertices in these two complete subgraphs can be properly
2
colored with % colors except the colors assigned to the vertices of the clique k,_; and the
vertices divisible by p but not p.
Also, the vertex 0 is adjacent to all the other vertices of PG(Z,3). So, the vertex 0 can be

colored with a single color except the colors assigned to the vertices of the cliques k,_1, k2,

and the vertices divisible by p but not p?>. Thus, the graph PG, (Z,3) can be properly colored

with (p — 1)+ 1+ w + 1 colors. Therefore, xPG(Z,3) = w , if p is an odd
prime.

In case when p = 2, Zg = {0,1,2,3,4,5,6,7}. Here, the elements O and 4 are adjacent to
all the elements in PG/ (Zg). So, the vertices 0 and 4 can be colored with two distinct colors.
Also, the elements 2 and 6 are adjacent to all the elements except themselves. So, the vertices
2 and 6 can be colored with a single color except the colors assigned to the vertices 0 and 4.
Also, the elements {1, 3,5, 7} are not adjacent to each other but are adjacent to other elements in
PG4(Zsg). So, the vertices {1,3,5,7} are colored with a single color except the colors assigned
to the vertices {0,2,4,6}. Thus, the graph PG;(Zg) can be properly colored with 4 colors.
Hence, xPG(Zs) =4 =p+ 2.

O
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Theorem 3.4. For the ring Z,,

4.3 2
XPG1(Zys) = %, if p is odd prime.
=5=p+3, ifp=2.

Proof. Any two non-zero elements of PG (Z,s) are adjacent if and only if both these elements
are divisible by p? and p?. There are p? — 1 elements divisible by p? and p? and all are adjacent to
each other. So, these vertices induces a complete subgraph k,,_; and the vertices of this clique
can be colored with p> — 1 colors.

There are p?(p — 1) elements which are divisible by p but not p? and p*. These elements are
not adjacent to each other but are adjacent to the elements divisible by p* and the elements in
a set of units. So, the vertices divisible by p can be colored with any one color assigned to the
vertices divisible by p?.

The remaining p*(p — 1) elements which are not divisible by p, p?> and p? are adjacent to all
the elements in a set of non-zero zero divisors and form two complete subgraphs having w
elements in each subgraph. So, the vertices in these two complete subgraphs can be properly
colored with @ colors except the colors assigned to the vertices of the clique k,._;.

Also, the vertex O is adjacent to all other vertices in PGl(Zp4). So, the vertex 0 can be
colored with a single color except the colors assigned to the vertices of the cliques cliques k,._,
k3,1 - Thus, the graph PG/ (Z,:) can be properly colored with (p* — 1) + w + 1 colors.
Therefore, x PG1(Z1) = % ,if p is an odd prime.

In case when p = 2, Zis = {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15}. Here, the ele-
ments {0,4,8, 12} forms a complete subgraph k4 and the vertices of this clique can be colored
with 4 colors. The elements {2,6, 10, 14} are not adjacent to each other and the elements 4
and 12. So, these vertices can be colored with any one color assigned to the vertices 4 and 12.
The elements {1,3,5,7,9,11, 13,15} are not adjacent to each other but are adjacent to all the
elements in a set {0,2,4,6,8,10,12,14}. So, these vertices can be colored with a single color
except the colors assigned to the vertices of the clique k4. Thus, the graph PG(Z;¢) can be
properly colored by 5 colors. Hence xPG1(Zis) =5 =p + 3.

|

Theorem 3.5. For the ring Z,s,

_ P -p 2P+ 1)
= 5 ;
=6=p+4, ifp=2.

xPG1(Zys) if p is odd prime.

Proof. Any two non-zero elements of PG (Z,s) are adjacent if and only if both these elements
are divisible by p* and p?. There are p? — 1 elements divisible by p* and p? and all are adjacent to
each other. So, these vertices induces a complete subgraph k,,_; and the vertices of this clique
can be colored with p> — 1 colors.

There are p?(p — 1) elements which are divisible by p?>. These elements are not adjacent to
each other and the elements divisible by p but are adjacent to the elements divisible by p* and
p>. So, these vertices can be colored with a single color except the colors assigned to the vertices
divisible by p* and p>.

There are p*(p — 1) elements which are divisible by p. These elements are not adjacent to
each other and the elements divisible by p? and p?, but are adjacent to every element from the set
of units in a graph. So, these vertices can be colored with any one color assigned to the vertices
divisible by p* and p°.

The remaining p*(p— 1) elements which are not divisible by p, p?, p*> and p* are adjacent to all

ptp=1)

the elements in a set of non-zero zero divisors and form two complete subgraphs having =—5—

elements in each subgraph. So, the vertices in these two complete subgraphs can be properly
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4
colored with %ﬁl) colors except the colors assigned to the vertices of the clique k,,_; and the

vertices divisible by p?.
Also, the vertex 0 is adjacent to all other vertices in PG| (Zp5 ). So, the vertex 0 can be colored

with a single color except the colors assigned to the vertices of the cliques k>, k ,4(,_,) and the

2
vertices divisible by p*. Thus, the graph PG(Z,s) can be properly colored with (p* — 1) + 1 +

@ + 1. Therefore, x PG (Z,s) = w , if p is an odd prime.

In case when p = 2, In PG, (Z3,) the elements {0, 8, 16,24} form a complete subgraph ky.
So, the vertices of this clique can be colored with 4 colors. The elements {4, 12,20,28} are
not adjacent to each other but are adjacent to all the elements in a set {0, 8,16,24}. So, these
vertices can be colored with a single color except the colors assigned to a clique k4. The elements
{2,6,10, 14, 18,22,26,30} are not adjacent to each other and the elements divisible by 23 and
22. So, these vertices can be colored by any one color assigned to the vertices divisible by 2% and
22. Also, The elements in a set of units are not adjacent to each other but are adjacent to all the
elements in a set of zero-divisors. So, these elements can be colored by a single color except the
colors assigned to the clique k, and the elements divisible by 22. Thus, the graph PG (Z3;) can
be properly colored with 6 colors. Hence xPG1(Z3;) = 6 = p + 4.

|

Theorem 3.6. From the above discussion we conclude that
For the ring 7y,
p+1

xPGi(Z,) = — if p is odd prime.

For the ring szn,

pZn _ p2n—l + 2pn

XPG] (szn) = ) 5

if pis odd prime andn = 1,2,3, ...

For the ring Zpn+1,

p2n+l 7p2n + z(pn + 1)
2 )

XPG1(Zypni1) = if pis odd prime andn = 1,2,3, ...

For the ring Zy»,

XPG(Zyn) =p+ (n—1), ifp=2andn=1,23,...

4 The Prime Graph of PG,(Z,,)

In this section we investigate the chromatic number of PG,(Z,,) for some particular values of n.

Theorem 4.1. [10] PG»(Z,-), where r € N — {1}, has two components consisting of zero
divisors and units of (Zy-) respectively. The first is ky-—1 consists of all zero divisors and the
other is ky-—1, 1 consists of all the units and the element zero.

Theorem 4.2. [10] Let n = p", where p is an odd prime and r € N — {1} then PG,(Z,)
has (p + 1)/2 components, one is k,-— consisting of the zero divisors and (p — 1)/2 copies of

kpr-1 -1 (U{O} for the units and the element zero.

Theorem 4.3. [10] Let F be a finite field with |F'| = p™,p > 3 for some prime p and n € N, then
PG,(F) is a union of (p™ — 1)/2 copies of ks in which the element zero is adjacent to all the
vertices.
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Theorem 4.4. For the ring Z,,
xPG,(Zy,) =3, if p is odd prime.
=2=p, ifp=2.

Proof. The graph PG5(Z,,) is a union of % copies of k3 in which the element zero is adjacent
to all the vertices. Hence, xPG»(Z,) = 3, if p is odd prime. In case when p = 2, Z, = {0, 1}.
PG»(Z,) is a star graph hence, xPG2(Z,) =2 = p. O

Theorem 4.5. For the ring Z,,
xPG1(Zy) = p, if p is odd prime.
=3=p+1 ifp=2.

Proof. The graph PG(Z,2) has % components. One is k, consisting of all the zero divisors
and an element zero. So, the vertices of this complete subgraph can be colored with p colors.
Second component contains ’%1 copies of k, , | J{0} consisting of all the units and the element
zero. So, the vertices of this complete bipartite subgraph can be colored with any two colors as-
signed to the vertices of the clique k, except the color assigned to the vertex 0. Hence, PG> (Z,.)
can be properly colored with p colors. Therefore, xPG2(Z,») = p, if p is odd prime.

In case when p = 2, Z4 = {0,1,2,3}. Here, the elements {0, 1,3} form a clique k3. So,
the vertices of this clique can be colored with 3 colors. An element 2 is adjacent to the vertex 0
only. So, the vertex 2 can be colored with any one color assigned to the vertices of the clique k3
except the vertex 0. Thus, xPG»(Z4) =3 =p+ 1.

|

Theorem 4.6. For the ring Z,,
XPGZ(Zp3> = P27 if p is odd prime.

Proof. The graph PG»(Z,3) has ”;l components. One is k. consisting of all the zero divisors
and an element zero. So, the vertices of this complete subgraph can be colored with p? colors.
Second component contains % copies of &, > (J{0} consisting of all the units and the element
zero. So, the vertices of this complete bipartite subgraph can be colored with any two colors
assigned to the vertices of the clique k,. except the color assigned to the vertex 0. Hence,
PG, (Z,>) can be properly colored with p* colors. Therefore, xPG1(Z,3) = p?, if p is odd
prime.

In case when p = 2, Zg = {0,1,2,3,4,5,6,7}. Here, the elements {0,1,3,5,7} form a
clique ks. So, all the vertices of this clique can be colored with 5 colors. The elements {2,4,6}
are adjacent to each other and form a clique k3 but are not adjacent to the elements in a clique
ks except the vertex zero. So, the vertices of this clique can be colored with any three colors
assigned to the vertices of the clique ks except the vertex 0. Thus, xPG2(Zg) =5 = p* + 1.

|

Theorem 4.7. For the ring Z,,
XPGy(Zy) = P, if p is odd prime.

Proof. The graph PG5(Z,:) has % components. One is k3 consisting of all the zero divisors
and an element zero. So, the vertices of this complete subgraph can be colored with p? colors.
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Second component contains % copies of k3 3 [ J{0} consisting of all the units and the element
zero. So, the vertices of this complete bipartite subgraph can be colored with any two colors
assigned to the vertices of the clique k,; except the color assigned to the vertex 0. Hence,
PG5 (Z,+) can be properly colored with p* colors. Therefore, xPG1(Z,x) = p*, if p is odd
prime.

In case when p = 2, Z;s = {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15}. Here, the el-
ements {0,1,3,5,7,9,11,13,15} form a clique k9. So, all the vertices of this clique can be
colored with 9 colors. The elements {2,4,6,8, 10,12, 14} are adjacent to each other and form
a clique k7 but are not adjacent to the elements in a clique kg9 except the vertex zero. So, the
vertices of this clique can be colored with any seven colors assigned to the vertices of the clique
kg except the vertex 0. Thus, xPG2(Zs) =9 = P>+ 1.

O

Theorem 4.8. For the ring Zps,

XPG(Zy) = ", if p is odd prime.

Proof. The graph PG5(Z,s) has pTH components. One is k,« consisting of all the zero divisors
and an element zero. So, the vertices of this complete subgraph can be colored with p* colors.
Second component contains % copies of k4 4 [ J{O} consisting of all the units and the element
zero. So, the vertices of this complete bipartite subgraph can be colored with any two colors
assigned to the vertices of the clique k,« except the color assigned to the vertex 0. Hence,
PG, (Z,s) can be properly colored with p* colors. Therefore, xPG1(Z,5) = p*, if p is odd
prime.

In case when p = 2, In Zj3, the elements {0, 1,3,5,7,9, 11,13, 15,17, 19,21, 23,25,27,29,31}
form a clique k7. So, all the vertices of this clique can be colored with 17 colors. The elements
{2,4,6,8,10,12, 14,16, 18,20,22,24,26,28,30} are adjacent to each other and form a clique
k15 but are not adjacent to the elements in a clique k17 except the vertex zero. So, the vertices of
this clique can be colored with any fifteen colors assigned to the vertices of the clique k7 except
the vertex 0. Thus, xPG2(Z3,) = 17 = p* + 1.

|

Theorem 4.9. From the above discussion we conclude that,For the ring Zy», where n > 2
XPGy(Zyn) = p™ ', if p is odd prime.
:pn_1+17 lfp:2

References

[1] Beck I., Coloring of Commutative Rings, Journal of Algebra. 116, 208-226 (1) (1988).

[2] S. Bhavanari and S. P. Kuncham, Discrete Mathematics and Graph Theory, Prentice Hall India Pvt. Ltd,
(2009).

[3] S.Bhavanari, S. P. Kuncham and Nagaraju Dasari, Prime Graph of a Ring, J. of Combinatorics, Informa-
tion & System Sciences. 35, 27-42 (1-2) (2010).

[4] David S. Dummit and Richard M. Foote, Abstract Algebra, Second Edition. John Wiley & sons, Inc.

[5] Narsingh Deo, Graph Theory with Applications to Engineering and Computer Science, Prentice Hall of
India Pvt. Ltd, (1997).

[6] Chris Godsil and Gordon Royle, Algebraic Graph Theory, Springer-Verlag, Newyork Inc.

[7] R. Sen Gupta, The Graph I'»(R) over a ring R, International Journal of Pure and Applied Mathematics.
86, 893-904 (6) (2013).

[8] K. Patraand S. Kalita, Prime Graph of the Commutative Ring Z,,, MATHEMATICA, Centre for Industrial
and Applied Mathematics. 30, 59-67 (1) (2014).



104 Sandeep S. Joshi and Kishor F. Pawar

[9] Kishor F. Pawar and Sandeep S. Joshi, The Prime Graph PG (R) of a Ring, Palestine Journal of Mathe-
matics. 6, 153-158 (1) (2017).

[10] Sandeep S. Joshi and Kishor F. Pawar, On Prime Graph PG»(R) of a Ring, International Journal of
Mathematical Combinatorics.,3,11-22 (2019).

[11] Kishor F. Pawar and Sandeep S. Joshi, Study of Prime Graph of a Ring, Thai Journal of Mathematics.,
17, 369-377 (2)(2019).

[12] Sandeep S. Joshi and Kishor F. Pawar, Energy, Wiener Index and Line Graph of Prime Graph of a Ring,
International Journal of Mathematical Combinatorics.,3,74-80 (2018).

Author information

Sandeep S. Joshi, Department of Mathematics, D.N.C.V.P’s Shirish Madhukarrao chaudhari College, Jalgaon
-425 001, (M.S.), INDIA.
E-mail: sandeep.s. joshi07@gmail.com

Kishor F. Pawar, Department of Mathematics, School of Mathematical Sciences, North Maharashtra
University, Jalgaon - 425 001, (M.S.), INDIA.
E-mail: kfpawar@mu.ac.in

Received: April 18, 2018.
Accepted: June 22, 2018



	1 Introduction
	2 Preliminary Definitions
	3  The Prime Graph of PG1(Zn)
	4 The Prime Graph of PG2(Zn)

