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Abstract. On pages 392 − 393 of his second note book Ramanujan defined J-invariant and
recorded 14 values of Jn leaving "J99 as J99 = · · · ". All these values have been proved by
using known values of Ramanujan-Weber class invariant Gn. Motivated by this, in this paper
we establish modular relations connecting J-invariant Jn with five other J-invariants Jr2n for
r = 3, 5, 7, 11, 13. As an application, we find several explicit evaluations of Jn for different
values of n. At last we give some relations connecting Ln and Rn for different values of n,
where Ln and Rn represent Eisenstein series.

1 Introduction

On pages 392 − 393 of his second note book Ramanujan defined J-invariant and recorded 14
values of Jn, n ≡ 3 (mod 4), leaving J99 as ”J99 = · · · ”. He also records factors of certain
polynomials in Jn.
The invariants J (τ) and j (τ) , for τ ∈ H := {τ : Im τ > 0}, are defined by

J (τ) =
g3

2 (τ)

∆ (τ)
and j (τ) = 1728J (τ) , (1.1)

where
∆ (τ) = g3

2 (τ)− 27g2
3 (τ) , (1.2)

g2 (τ) = 60
∞∑

m,n=−∞
(m,n)̸=(0,0)

(mτ + n)
−4

(1.3)

and

g3 (τ) = 140
∞∑

m,n=−∞
(m,n)̸=(0,0)

(mτ + n)
−6

. (1.4)

It can be shown that ∆ is a modular form of weight twelve, and g2 one of weight four, so that its
third power is also of weight twelve. Thus their quotient, and therefore J , is a modular function
of weight zero, in particular a meromorphic function H → C(where H is the Upper half-plane)
invariant under the action of SL(2,Z).
Moreover, the function γ (τ) is defined by[4, p. 249]

γ2 (τ) =
3
√
j (τ), (1.5)

At the top of page 392 in his second notebook [10], which is inexplicably is printed upside down,
Ramanujan defines J := Jn and u := un by

Jn =
1 − 16αn (1 − αn)

8 (4αn(1 − αn))
1/3 and Jn =

3
√

4un

23 , (1.6)



84 M.S. Mahadeva Naika, D.S. Gireesh and N.P. Suman

where n is a natural number. In the theory of elliptic functions, k, 0 < k < 1, denotes the
modulus, then

√
αn := kn is the singular modulus. Recall that Ramanujan’s definition of the

class invariant Gn,

Gn := 2−1/4q−1/24
n

∞∏
j=1

(
1 + q2j−1

n

)
, (1.7)

where n is a positive rational number and qn = exp (−π
√
n). Moreover,

Gn = (4αn (1 − αn))
−1/24

, (1.8)

Now, from (1.6) and (1.8), we find that

Jn =
1
8
G8

n

(
1 − 4G−24

n

)
. (1.9)

We now define Jn with γ2. For q = exp (2πι̇τ),

γ2 (τ) = 28 q
2/3f16

(
−q2

)
f16 (−q)

+
f8 (−q)

q1/3f8 (−q2)
. (1.10)

Setting τ =
(
3 +

√
−n
)
/2, from (1.7) and (1.10) we deduce that

γ2

(
3 +

√
−n

2

)
=

28 − 26G24
n

24G16
n

= −4G8
n

(
1 − 4G−24

n

)
. (1.11)

Hence, from (1.5), (1.9) and (1.11),

Jn = − 1
32

γ2

(
3 +

√
−n

2

)
= − 1

32
3

√
j

(
3 +

√
−n

2

)
. (1.12)

In section 2, we collect results which are very useful in proving our main identities. In section 3,
we derive modular equations connecting Jn and Jr2n for different values of r and n. Using these
modular equations, in section 5 we evaluate several values of Jn.

Lemma 1.1. [3, Ch. 34, p.319] If

h (q) =
f12
(
−q3

)
qf6 (−q) f6 (−q9)

and s =
f3 (−q)

qf3 (−q9)
, (1.13)

where

f (−q) :=
∞∏
n=1

(1 − qn) = q−1/24η (τ) , (1.14)

q = exp (2πι̇τ) , τϵH, and η (τ) denotes the Dedekind eta-function. Then

γ2 (3τ) = h (q)− 6 − 27h−1 (q) (1.15)

and
h (q) = s+ 9 +

27
s
. (1.16)

The Eisenstein series in terms of L(q) and R(q) are defined by

L(q) := 1 + 240
∞∑
n=1

n3qn

1 − qn
(1.17)

and

R(q) := 1 − 504
∞∑
n=1

n5qn

1 − qn
, (1.18)

where |q| < 1.
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Lemma 1.2. [1, Ch.15 p.367] For each positive rational n,((
8
3
Jn

)3

+ 1

)
L3
n −

(
8
3
Jn

)3

R2
n = 0, (1.19)

where Jn, Ln := L(−e−π
√
−n) and Rn := R(−e−π

√
−n) are defined as in (1.12), (1.17), and

(1.18) respectively.

Using the Lemma 1.2, at the end of section 4 we derive nine relations connecting Ln and Rn

for different values of n.
Finally, we end this section by defining modular equation. The ordinary hypergeometric series
2F1(a, b; c;x) is defined by

2F1(a, b; c;x) =
∞∑
n=0

(a)n(b)nxn

(c)nn!
,

where (a)0 = 1, (a)n = a(a+ 1)(a+ 2)...(a+ n− 1), for n ≥ 1, | x |< 1.
Let z(r) := z(r;x) := 2F1

( 1
r ,

r−1
r ; 1;x

)
and

qr := qr(x) := exp

(
−πcsc

(π
r

)
2F1(

1
r ,

r−1
r ; 1; 1 − x)

2F1(
1
r ,

r−1
r ; 1;x)

)
,

where r = 2, 3, 4, 6 and 0 < x < 1.
Let n denote a fixed rational number, and assume that

n
2F1

( 1
r ,

r−1
r ; 1; 1 − α

)
2F1

( 1
r ,

r−1
r ; 1;α

) =
2F1

( 1
r ,

r−1
r ; 1; 1 − β

)
2F1

( 1
r ,

r−1
r ; 1;β

) , (1.20)

where r = 2, 3, 4 or 6. Then a modular equation of degree n in the theory of elliptic functions
of signature r is a relation between α and β induced by (1.20). For more details on modular
equations one can see [5], [6], [7], [8], and [9].

2 Preliminary Results

In this section, we lists some identities which are useful in proving our main results.

Lemma 2.1. If P =
f(−q)

q1/3f(−q9)
and Q =

f(−q3)

qf(−q27)
, then

(PQ)3 +

(
9

PQ

)3

+ 27

[(
P

Q

)3

+

(
Q

P

)3
]
+ 243

(
1
P 3 +

1
Q3

)

+ 9
(
P 3 +Q3)+ 81 =

(
Q

P

)6

.

(2.1)

Lemma 2.2. [7] If P =
f(−q)f(−q5)

q2f(−q9)f(−q45)
and Q =

f(−q)f(−q45)

q−4/3f(−q9)f(−q5)
, then

Q3 +
1
Q3 =

(
P 2 +

92

P 2

)
+ 5

(√
P +

3√
P

)(√
Q3 +

1√
Q3

)

+ 5
(
P +

9
P

)
+ 10.

(2.2)

Lemma 2.3. [7] If P =
f(−q)f(−q7)

q8/3f(−q9)f(−q63)
and Q =

f(−q)f(−q63)

q−2f(−q9)f(−q7)
, then

Q4 +
1
Q4 − 14

(
Q3 +

1
Q3

)
+ 28

(
Q2 +

1
Q2

)
+ 7

(
Q+

1
Q

)
= P 3 +

93

P 3

+ 7
(√

P 3 +
27√
P 3

)[(√
Q3 +

1√
Q3

)
−
(√

Q+
1√
Q

)]
+ 98.

(2.3)
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Lemma 2.4. [7] If P =
f(−q)f(−q11)

q4f(−q9)f(−q99)
and Q =

f(−q)f(−q99)

q−10/3f(−q9)f(−q11)
, then

Q6 +
1
Q6 = 165

(
P +

9
P

)
+ 66

(
P 2 +

92

P 2

)
+ 11

(
P 3 +

93

P 3

)
+ 1848

+

(
P 5 +

95

P 5

)
+ 22

(
Q3 +

1
Q3

)[
2
(
P 2 +

92

P 2

)
+ 3

(
P +

9
P

)
+ 26

]

+ 55
(√

P +
3√
P

)(√
Q9 +

1√
Q9

)
+ 11

(√
Q3 +

1√
Q3

)[(√
P 7 +

37
√
P 7

)

+

(√
P 5 +

35
√
P 5

)
+ 14

(√
P 3 +

33
√
P 3

)
+ 15

(√
P +

3√
P

)]
.

(2.4)

Lemma 2.5. [7] If P =
f(−q)f(−q13)

q14/3f(−q9)f(−q117)
and Q =

f(−q)f(−q117)

q−4f(−q9)f(−q13)
, then

Q7 +
1
Q7 − 65

(
Q6 +

1
Q6

)
+ 910

(
Q5 +

1
Q5

)
− 1417

(
Q4 +

1
Q4

)
− 6994

(
Q3 +

1
Q3

)
+ 10049

(
Q2 +

1
Q2

)
+ 6981

(
Q+

1
Q

)
− 17472

+ P 6 +
96

P 6 − 13
(√

P 9 +
39

√
P 9

)[(√
Q+

1√
Q

)
−

(√
Q3 +

1√
Q3

)]

− 13
(√

P 3 +
33

√
P 3

)[
139

(√
Q+

1√
Q

)
− 179

(√
Q3 +

1√
Q3

)

−2

(√
Q5 +

1√
Q5

)
+ 52

(√
Q7 +

1√
Q7

)
+ 10

(√
Q9 +

1√
Q9

)]

+ 13
(
P 3 +

93

P 3

)[
5
(
Q3 +

1
Q3

)
− 12

(
Q2 +

1
Q2

)
− 6

(
Q+

1
Q

)
+ 26

]
.

(2.5)

3 Modular relations for J−invariant

In this section, we establish some new modular relations connecting Jn and Jk2n for k =
3, 5, 7, 11, and 13.

Lemma 3.1. If Jn is defined as in (1.9), then

Jn = J1/n. (3.1)

Proof. Using the fact that Gn = G1/n and the equation (1.9), we arrive at (3.1).

Theorem 3.2. If M =
Jn
J32n

and N = JnJ32n, then

M6 +
1
M 6 −

(
M3 +

1
M3

)[
1069956 − 421875

N3

]
−
(√

M 3 +
1√
M3

)
[

18
(

4063232
√
N3 +

15089625√
N3

)
+

33.59
√
N9

]
− 32.53

√
N3

(√
M 9 +

1√
M9

)
− 1073741824N3 − 717906250

N3 + 2587918086 = 0.

(3.2)

Proof. The equation (1.16) can be written as

s =
1
2
(h− 9 − a) . (3.3)
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If P =
f(−q)

q1/3f(−q9)
, the equation (3.3) becomes

P 3 =
1
2
(h− 9 − a) , (3.4)

similarly, we have

Q3 =
1
2
(g − 9 − b) , (3.5)

where

a2 := (h− 9)2 − 108 and b2 := (g − 9)2 − 108. (3.6)

Using the equations (3.4) and (3.5) in (2.1), we find that

8abgh2 + 8ag2h2 + 8bgh3 + 8g2h3 − 72abgh− 72ag2h− 72agh2 − 144bgh2

− 144g2h2 − 72gh3 + 648agh− 16bg2 + 216bgh− 16g3 + 216g2h+ 1296gh2

+ 288bg + 432g2 − 1944gh− 864b− 2592g = 0.

(3.7)

Using the equation (3.6) in (3.7), after collecting the terms containing a on one side and then
squaring both sides and similarly for b also, we obtain

8503056g5h5 − 153055008
(
g5h4 + g4h5)− 8503056

(
g6h2 + g2h6)

+ 229582512
(
g5h3 + g3h5)− 3443737680g4h4 + 306110016

(
g5h2 + g2h5)

− 4132485216
(
g4h3 + g3h4)− 3214155168

(
g4h2 + g2h4)− 6198727824

+ 6207230880g3h3 + 8111915424
(
g3h2 + g2h3)+ 229582512

(
g3h+ gh3)

+ 2754990144g2h2 − 4132485216
(
g2h+ gh2)+ 6198727824gh = 0.

(3.8)

Using the equation (1.5) in (1.15), we find that

h = −16Jn + 3 + r, (3.9)

similarly, we have

g = −16J9n + 3 + k, (3.10)

where

r2 = (−16Jn + 3)2
+ 27 and k2 = (−16J9n + 3)2

+ 27. (3.11)

Using the equations (3.9) and (3.10) in (3.8) and eliminating r and k using (3.11) and then setting

M =
Jn
J9n

and N = JnJ9n, we arrive at (3.2).

Theorem 3.3. If M =
Jn
J52n

and N = JnJ52n, then

M3 +
1
M3 + 21114880N +

223908975
N

− 2
(

219N2 +
39375963

N2

)
+

4851495
N3

− 20
(√

M3 +
1√
M 3

)[
1984

√
N +

103455√
N

+
998541√

N 3

]
− 125915650 = 0.

(3.12)

Proof. Proof of the equation (3.12) is similar to the proof of the equation (3.2); except that in
place of the equation (2.1), we use the equation (2.2).
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Theorem 3.4. If M =
Jn
J72n

and N = JnJ72n, then

M4 +
1
M4 − 401660

(
M3 +

1
M3

)
+ 24762303370

(
M2 +

1
M2

)
−
(
M +

1
M

)[
10422120833264 − 10576844578125

N3

]
− 98

(√
M +

1√
M

)
[

219 · 4721
√
N3 +

1698059062125√
N3

]
− 1073741824N3 +

19642711359375
N3

− 7
(√

M3 +
1√
M3

)[
218 · 31

√
N3 +

4577752675125√
N3

]
− 1063491990750√

N3

(√
M 5 +

1
M 5

)
+ 49402229030035 = 0.

(3.13)

Proof. Proof of the equation (3.13) is similar to the proof of the equation (3.2); except that in
place of the equation (2.1), we use the equation (2.3).

Theorem 3.5. If M =
Jn

J112n

and N = JnJ112n, then

M6 +
1
M6 +

23 · 312 · 512 · 11 · 173 · 293

N6 − 250N5 − 2 · 311 · 511 · 17 · 29 · 3761410391
N5

− 1210
(

229 · 3042163477N3 +
1729103636909295291515625

N3

)
+ 5082

(
114708813532559835136N2 +

997627187507837655256875
N2

)
− 14520

(
212 · 969058196940645767N +

315672079330410336180675
N

)
+ 264

(
238 · 35521N4 +

38 · 58 · 538753758144107
N4

)
−
(√

M3 +
1√
M3

)
×
[

29040
(

26 · 11106495234642221609
√
N +

15259769738816560616745√
N

)
+6050

(
14080540776447475712

√
N3 − 57740893424728065363375√

N3

)
+4840

(
227 · 46577929

√
N5 − 45498785451992309615625√

N5

)
+22

(
237 · 31

√
N7 +

39 · 59 · 11 · 13602087532679√
N7

)
− 39 · 510 · 73467730691443√

N9

]
−
(√

M9 +
1√
M9

)[
880

(
26 · 7 · 19 · 1291

√
N +

14668948511415√
N

)
+

3015857974805100253125√
N3

]
+ 1318298884208744202274348806

+

(
M3 +

1
M3

)[
7260

(
212 · 108130107511N +

816571250241026116275
N

)
−
(

2080655802368N2 +
36291152610763678821105000

N2

)
−49744633999050626147204 +

58 · 37 · 49807509355935617
N 3

]
= 0.

(3.14)
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Proof. Proof of the equation (3.14) is similar to the proof of the equation (3.2); except that in
place of the equation (2.1), we use the equation (2.4).

Theorem 3.6. If M =
Jn

J132n

and N = JnJ132n, then

M7 +
1
M7 − 39725995010

(
M 6 +

1
M6

)
+ 251870825522106514945

(
M5 +

1
M5

)
− 3131754663682480378447554052

(
M4 +

1
M4

)
− 26

(
254N6 − 321 · 512 · 116 · 233

N6

)
− 849076929439631208783010060485124

(
M2 +

1
M 2

)
+ 13

(
233 · 139788452862322661N3 +

39 · 56 · 5363832419034840795436019
N3

)
+ 78

(
M +

1
M

)[
320 · 512 · 689746645984

N6 + 125735419454302018348929110069701

−8
(

2684305981761656341921792N3 +
479032804727824838291508515625

N3

)]

+ 390
(
M2 +

1
M 2

)[
232 · 200108322229N3 +

38 · 56 · 151247093520944255102609
N3

]
+ 52

(
M 3 +

1
M 3

)
[155583746616946168979135128970

−64932389322752N3 +
4528663553255768398404504421875

N 3

]
+

85251043837240428402255741609375
N3

(
M4 +

1
M4

)
−
(√

M +
1√
M

)
×
[

15730000
(

5735052650479616
√
N9 − 65665863399178035855365625√

N9

)
+52

(
219 · 3047863736984892693435613

√
N3

−37 · 54 · 145750953896981646458894861√
N3

)]
− 52

(√
M 3 +

1√
M3

)
[

101059611570062061575230717952
√
N3 +

37 · 53 · 995738047857537295565191489√
N3

+2
(

245 · 31
√
N9 − 318 · 59 · 10652401537069457√

N9

)]
− 52

(√
M5 +

1√
M5

)
×
[

187003535742050739364560896
√
N3 − 16066804368480005174046854295375√

N3

+
1453087823243085045409078125000√

N9

]
− 52

(√
M7 +

1√
M7

)
×
[

692492058302422188032
√
N3 +

1765003190847531638397313361625√
N3

]
− 52

(√
M9 +

1√
M9

)[
583155318784

√
N3 +

6100611010501994620512827625√
N3

]
− 160601359222260535318798500√

N 3

(√
M11 +

1√
M11

)
− 20610818801497065094382882378815500 = 0.

(3.15)
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Proof. Proof of the equation (3.15) is similar to the proof of the equation (3.2); except that in
place of the equation (2.1), we use the equation (2.5).

4 Explicit evaluation for J-invariant

Theorem 4.1. We have

(i) J3 = 0, (4.1)

(ii) J5 =
13

√
5

16
− 25

16
, (4.2)

(iii) J7 =
15
32

, (4.3)

(iv) J11 = 1, (4.4)

(v) J13 = −465
16

+
135

√
13

16
, (4.5)

(vi) J27 = 5(3
1
3 ). (4.6)

Proof of (i). Setting n = 1/3 and using the fact that Jn = J1/n in (3.2), we obtain the required
result.

Proof of (ii). Putting n = 1/5 and using the fact that Jn = J1/n in (3.12), we find that(
64v2 + 200v − 55

)
(v − 1)2

(16v + 33)2
(v − 3)2

(8v + 3)2
= 0, (4.7)

where v := J5. We observe that the first factor of (4.7) vanishes for specific value of q, whereas
the other factor does not vanish. Hence, we deduce that

64v2 + 200v − 55 = 0. (4.8)

Solving the equation (4.8) for v, we arrive at (4.2).

Proof of (iii). Setting n = 1/7 and using the fact that Jn = J1/n in (3.13), we arrive at J7 =
15
32

.

Proof of (iv). Fixing n = 1/11 and using the fact that Jn = J1/n in (3.14), we obtain that
J11 = 1.

Proof of (v). Putting n = 1/13 and using the fact that Jn = J1/n in (3.15), we find that

v
(
64v2 + 3720v − 5175

)
(8v + 3) (v − 30) (16v + 33)

(
64v2 − 24v + 9

)
(
4096v4 − 238080v3 + 14169600v2 + 19251000v + 26780625

)
(
256v2 − 528v + 1089

) (
v2 + 30v + 900

)
= 0,

(4.9)

where v := J13. We observe that the second factor of (4.9) vanishes for specific value of q,
whereas the other factors does not vanish. Hence, we deduce that

64v2 + 3720v − 5175 = 0. (4.10)

Solving the above equation for v, we obtain the required result.

Proof of (vi). Setting n = 3 and using the value J3 = 0 in (3.2), we find that

v3 (v3 − 375
)3

= 0, (4.11)

where v := J27, since v ̸= 0 and solving the second factor of the above equation (4.11), we
obtain (4.6).
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Theorem 4.2. We have

(i) J63 =
5
32

(
3
4
(a1 + b1)

) 1
3

, (4.12)

(ii) J75 = 3
(

369830 − 165393
√

5
) 1

3
, (4.13)

(iii) J99 =

(
1147951079

2
+

199832633
√

33
2

) 1
3

, (4.14)

(iv) J147 =
(

531745995375 + 116036489250
√

21
) 1

3
, (4.15)

(v) J171 =
1
4
(a2 + b2)

1
3 , (4.16)

where

a1 = 180040533 + 39288067
√

21,

b1 = 273
√

2
(

434925969567 + 94908627499
√

21
)
,

a2 = 21187806942033 + 2806393586997
√

57,
and
b2 = 2

√
448923163012861107298413933

2 + 59461325524651981512667761
√

57
2 .

Proof of (i). Setting n = 7 and using J7 =
15
32 in (3.2), we get

− 1152921504606846976v12 + 2375479914053863735296000v9

+ 207306090331766784000000v6 + 149371330340291328000000000v3

+ 6256903954262253662109375 = 0,

(4.17)

where v := J63. Solving the above equation for v, we obtain (4.12).

Proof of (ii). Putting n = 3 and using the value J3 = 0 in (3.12), we find that

v6 − 19970820v3 + 4851495 = 0,

where v := J75. Solving the above equation for v, we arrive at (4.13).

Proof of (iii). Setting n = 11 and using the value J11 = 1 [3] in (3.2), we obtain that(
v6 − 1147951079v3 − 52313624

)
(v − 1)2 (

v2 + v + 1
)2

= 0, (4.18)

where v := J99. We observe that the first factor of (4.18) vanishes for specific value of q, whereas
the other factor does not vanish. Hence, we deduce that

v6 − 1147951079v3 − 52313624 = 0. (4.19)

Solving the equation (4.19) for v, we obtain (4.14).

Proof of (iv). Setting n = 3 and using the value J3 = 0 in (3.13), we find that

v2 (v6 − 1063491990750v3 + 10576844578125
)
= 0, (4.20)

where v := J147. We observe that the second factor of (4.20) vanishes for specific value of q,
whereas the other factor does not vanish. Hence, we deduce that

v6 − 1063491990750v3 + 10576844578125 = 0. (4.21)

Solving the above equation for v, we arrive at (4.15).
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Proof of (v). Setting n = 19 and using the value J19 = 3 [3, Ch.34,p.310] in (3.2), we obtain

v12 − 21187806942033v9 + 439680430611v6 − 238502206323v3 − 1137893184 = 0,

where v := J19. Solving the above equation for v, we arrive at (4.16)

Theorem 4.3.

(i) J243 = 5
(

8704c1 +
72603983653110c1

144731803018405828801
+ 151022371885959

) 1
3

, (4.22)

(ii) J275 =
544127

2
+ 121667

√
5 +

√
592131660065 + 264809328784

√
5

2
, (4.23)

where c1 = 52235675270180751422872710058531/3.

Proof of (i). Putting n = 27 and using the equation (4.6) in (3.2), we find that

v(v9 − 56633389457234625v6 − 3493071873703125v3 − 94888341796875) = 0, (4.24)

where v := J243. since v ̸= 0 and solving the above equation for v, we arrive at (4.22)

Proof of (ii). Setting n = 11 and using the value of J11 = 1 in (3.12), we obtain that

(v4 − 1088254v3 + 16869271v2 − 111059674v − 15119324)(v − 1)2 = 0,

where v := J275. Since second factor of the above equation is not vanishes for specific value of
q, therefore solving first factor for v, we arrive at (4.23).

Theorem 4.4. We have

(i) J363 = 15

(
a3

4
+

9
√

2 (b3 + c3)

4

) 1
3

, (4.25)

(ii) J387 =

(
a4

4
+

1
2

√
b4

2
+

c4

2

) 1
3

, (4.26)

(iii) J475 =
127580541

2
+ 28527876

√
5 + a5, (4.27)

(iv) J603 =

(
a6

4
+

1
2

√
b6

2
+

c6

2

) 1
3

, (4.28)

where a3 = 893587548090400075 + 155553625762776261
√

33,

b3 = 9858008717311272244225627492154461,

c3 = 1716059049900381797208659334764635
√

33,

a4 = 21134513639551192813125 + 1860790168869410611875
√

129,

b4 = 446667666780375406374724355998383412241203125,

c4 = 39326895204313325954377906531132680150421875
√

129,

a6 = 97331938812393474148072097625 + 6865265632433907880859325375
√

201,

b6 = 9473506312979507174752669289493277723352589662548820015625,

and

c6 = 668209614466884909039855025792091189769949745940542671875
√

201.
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Proof of (i). Setting n = 3 and using the value J3 = 0 in (3.14), we find that

v12 − 3015857974805100253125v9 + 42550399594309060304296875v6

+ 14121731867184302431640625v3 + 1368102191741419921875000 = 0,
(4.29)

where v := J363. Solving the above equation for v, we obtain the value of J363.

Proof of (ii). Putting n = 43 and using the value J43 = 30 [3, Ch.34,p.310] in (3.2), we get that

v12 − 21134513639551192813125v9 − 1437692133256863328125v6

− 21257969390771484375v3 + 509603748046875000 = 0,
(4.30)

where v := J387. Solving the above equation for v, we arrive at required result.

Proof of (iii). Putting n = 19 and using the value J19 = 3 [3, Ch.34,p.310] in (3.12), we get that

(v4 − 255161082v3 + 173131479v2 − 84454758v − 59373324)(v − 3)2 = 0,

Where v := J475. Since second factor of the above equation is not vanishes for specific value of
q therefore solving first factor for v, we obtain that (4.27).

Proof of (iv). Setting n = 67 and using the value J67 = 30 [3, Ch.34,p.311] in the equation
(3.2), we find that

v12 − 97331938812393474148072097625v9 − 6629735501768363752368140625v6

− 96994243056495768380859375v3 + 407097618765144591796875000 = 0,
(4.31)

where v := J603. Solving the above equation for v, we obtain the required result.

Theorem 4.5. We have

(i) J 11
9
= −

(
11
2

) 1
3 (

−104359189 + 18166603
√

33
) 1

3
, (4.32)

(ii) J 3
25
= 3

(
369830 − 165393

√
5
) 1

3
, (4.33)

(iii) J 11
25
=

544127
2

+ 121667
√

5 −

√
11
(

53830150915 + 24073575344
√

5
)

2
, (4.34)

(iv) J 3
49
= 15

(
157554369 − 34381182

√
21
) 1

3
. (4.35)

Proof of (i). Setting n = 11
9 and using the value J11 = 1 in (3.2), we find that(

u6 − 1147951079u3 − 52313624
)
(u− 1)2 (

u2 + u+ 1
)2

= 0, (4.36)

where u := J 11
9
. We observe that the first factor of (4.36) vanishes for specific value of q, whereas

the other factor does not vanish. Hence, we deduce that

u6 − 1147951079u3 − 52313624 = 0.

Solving the above equation for u, we obtain (4.32).

Proof of (ii). Putting n = 3
25 and using the value of J3 = 0 in (3.12), we find that

u6 − 19970820u3 + 4851495 = 0,

where u := J 3
25
. Solving the above equation for u, we obtain (4.33).
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Proof of (iii). Setting n = 11
25 and using the value J11 = 1 in (3.12), we find that(

u4 − 1088254u3 + 16869271u2 − 111059674u− 15119324
)
(u− 1)2

= 0,

where u := J 11
25
. Since second factor of the above equation doesn’t vanish for specific value of q,

hence solving first factor for u, we arrive at (4.34).

Proof of (iv). Putting n = 3
49 and using the value J3 = 0 in (3.13), we obtain that

u2 (u6 − 1063491990750u3 + 10576844578125
)
= 0, (4.37)

where u := J 3
49
. Since u ̸= 0 and solving second factor of the equation (4.37) for u, we arrive at

(4.35).

Theorem 4.6. We have

(i)
[(

13
√

5 − 25
)3

+ 63
]
L3

5 −
(

13
√

5 − 25
)3

R2
5 = 0, (4.38)

(ii)
(
53 + 43)L3

7 − 53R2
7 = 0, (4.39)

(iii)
(
m3

13 + 23)L3
13 −m3

13R
2
13 = 0, (4.40)

where m13 = −155 + 45
√

13,

(iv)
(
45 (a1 + b1) + 44)L3

63 − 45 (a1 + b1)R
2
63 = 0, (4.41)

(v)
(
m75 + 8−3)L3

75 −m75R
2
75 = 0, (4.42)

where m75 = 369830 − 165393
√

5,

(vi)
(
83m147 + 33)L3

147 − 83m147R147 = 0, (4.43)

where m147 = 531745995375 + 116036489250
√

21,

(vii)
[
27 (a2 + b2) + 32]L3

171 −
[
27 (a2 + b2)

]
R2

171 = 0, (4.44)

(viii)
[

403
(
a3 + 9

√
2 (b3 + c3)

)
+ 4
]
L3

363 − 403
(
a3 + 9

√
2 (b3 + c3)

)
R2

363 = 0, (4.45)

(ix)
(
m3/25 + 8−3)L3

3/25 −m3/25R
2
3/25 = 0, (4.46)

(x)
[
403m3/49 + 1

]
L3

3/49 − 403m3/49R
2
3/49. (4.47)

where m3/25 = 369830 − 165393
√

5 and m3/49 =
(

157554369 − 34381182
√

21
)
.

Proof. Substituting the values of Jn for n = 3, 5, 7, 13, 63, 75, 147, 175, 363, 3/25 and
3/49 into the equation (1.19), we readily arrive at the equations (4.38)-(4.46).

References
[1] George E. Andrews, B. C. Berndt, Ramanujan’s Lost Notebook part II, Springer Science+Business Media,

2009.

[2] B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York, 1991.

[3] B. C. Berndt, Ramanujan’s Notebooks, Part V, Springer-Verlag, New York, 1998.

[4] D. A. Cox, Primes of the form x2 + ny2.Wiley, New York, 1989.



J-invariants 95

[5] M. S. Mahadeva Naika, S. Chandankumar, Some new modular equations and their applications, Tamsui
Oxf. J. Inf. Math. Sci., 28 (4) (2012), 437-469.

[6] M. S. Mahadeva Naika, S. Chandankumar, and B Hemanthkumar, New modular relations for cubic class
invariants, Note Mat. 34(2) (2014), 75-89.

[7] M. S. Mahadeva Naika, S. Chandankumar, and M. Manjunatha, On Some new modular equations of
degree 9 and their applications, Adv. Stud. Contemp. Math., 22(1) (2012), 99-115.

[8] M. S. Mahadeva Naika, S. Chandankumar, and N. P. Suman, Certain new modular identities for Ramanu-
jan’s Cubic continued fraction, New Zealand J. Math., 42 (2012), 157-175.

[9] M. S. Mahadeva Naika, D. S. Gireesh, and N. P. Suman, Some identities for Eisenstein series, (Preprint)

[10] S. Ramanujan, Notebooks. 2 vols., Tata Institute of Fundamental Research, Bombay, 1957.

Author information
M.S. Mahadeva Naika, D.S. Gireesh and N.P. Suman, Department of Mathematics,
Bangalore University, Central College Campus, Bangalore-560 001, Karnataka, India..
E-mail: msmnaika@rediffmail.com gireeshdap@gmail.com npsuman.13@gmail.com

Received: November 21, 2014.

Accepted: January 07, 2015.


