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Abstract In this paper, an integral representation for the solution of a diffusion equation
with discontinuous coefficients which are important equations of Quantum physics, has been
obtained. Existence of transformation operator for equation has been proved, some important
properties of kernel function have been taken.

1 Introduction

Diffusion equation has a place in quantum physics. It originated from the problem of describing
interactions between colliding particles in physics [8]. Inverse problems of spectral analysis
consist in recovering operators from their spectral characteristics. Such problems often appear
in mathematics, mechanics, physics, electronics, geophysics, meteorology and other branches of
natural sciences. Some aspects of direct or inverse spectral problems for second order differential
pencils were studied in ([2], [3], [4], [6], [7], [9], [13], [14], [15]).

Transformation operators have been played important role in spectral theory of operators of
mathematical physics. Marchenko ([10], [11], [12]) first applied the transformation operator to
the solution of the inverse problem. They were also used in the fundamental paper of Gelfand
and Levitan ([5]).

This paper deal with diffusion equation with discontinous coefficient

' +2Ap(2) +q(2)]y =Np(x)y, 0<z <7 (1.1)
e(0,A) =1, ¢ (0,)) = w,\ (1.2)
where
p(x) € W3 (0,7),q(x) € Ly (0,7), (1.3)
A is the spectral parameter, w, = (_1)V+1 i, v=1,2 and
1 <z<
p(w)—{ ] Oswsa o et (1.4)
a“, a<x<m

In this work, we obtain the integral representation for solution of equation (1.1) with discon-
tinous coefficient and investigate some properties for the kernel of the integral representation.

2 Representation For The Solution

The main result of this section is the following theorem proved by using method in [1].
Theorem 2.1. If conditions (1.3), (1.4) are fulfilled, then equation (1.1) has a unique solution
e, (z, M) satisfying initial condition (1.2) for all A, such that
nt(x)
ev (T, \) = eyo (z,\) + / K, (z,t) e Mdt 2.1

— it ()
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where | .
+4/ :U—i—a(lq:\/p(x)), ai:2<1:|:a>,
R, (2) euvAT 0<z<a
evo (T, A) =
04+RV72 (.’17) euu,)\(owc—anra) + OC_RV}3 (m) ewu)x(—owchroera)7 a<x<m.

Moreover, the function K, (z,-) € Ly (—p™ (), u" (x)), the function K, (z, t) is countinous
0K, (z,t) OK,(x,t)

and has partial derivatives for t # p~ (x) and it processes the following

. ot
properties:
nt(x) nt(x)
. [ [@=t)la(®)|+2lp(t)]dt
7) / |K, (x,t)|dt<C e 0 — 1], 0 < C-constant
—pt(z)

i) Sy (0" () + s (0) K (0" (0)

=1 (1 1 w, ./ 1.2 o)
o) < * \/p<x>) [\/@p (@) +a (@) + 555p <‘”>} ¢

i) LK (1™ () — 0) — K, (1™ (2) +0)} -
\wﬁm D) (K, (o () — 0) — Ky (21 () +0)}

- = (- ) oo ra@ - o) e 0

i) 2Ky (=" (2) = S () Ko (- () = O

v)for0 <z <a;

and for a <z < m;

R, —i / p(t t)dt + — / (t)Ry 3 (t)dt
0

a

vi) If p(z) € W) (0,7) and g (z) € WY (0,) then the function K, (z,t) satisfies the fol-
lowing equation almost everywhere:

K, (z,t

) O*K, (z,t
o2 @) —55

) 2w,p (2) 0K, (z,t)

ot

—q(@) K, (z,t) =0
Consider an integral equation for the solutions e,, (x, ),

e (2, 0) = eno (2, A) + / ® (2,4, ) (200 (£) + 4 (£)) en (£, \) dt, 22)
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where ® (z,¢,\) = &, (z,¢, \) and
@, (2,6, ) = (1) [s00 (2, A) oo (£ A) — 500 (£, A) o (z,N)]

forv=1,2.

It is clear from (1.2) that the solutions s, o (z, ) and ¢, o (x, \) satisfy the initial conditions
50,0 (0,0) = &5 (0,0) = 0,5, (0,A) = (~1)"*", ¢,0 (0,A) = 1 while p () = ¢ (z) = 0.

The functions s, o (2, \) and ¢, o (x, \) satisfing the following equations.

cvo (T, A) =
CoS Az, 0<z<a
:{a+cos)\(ax—aa+a)+acosA(—ax—O—aa—i—a), a<z<m
Sp0(x,A) =
(71)”1 sin)\Ax, 0<z<a

(1! [aJr sin A (ozx; aa+ a) . sin A (—ax)\Jr aa+ a)

or

su.0 (2, )\)_;<1+ ;(@) sm,;+ (x) +% <1_ 1 ) sin)\;;\— (x)7

cvo (2, 0) = (-1 [; (1 + pl(x)> cos A\t (z) + % (1 - ;(@) cos A\~ (az)]

Then the function @ (z,¢, \) has been identified as follows:

® (2,t,A) =
sin A\ (z —t)
smA(z = t) t<z<a
A
_ a+sm)\[oza:—aa+a—t] +a_31n/\[—cvz+aa+a—t]7 t<a<a
) A
sin Ao (z — t)
sinAa (z —1) a<t<zx

Aa ’
From the equation (2.1) and (2.2), we obtain the following integral equation for the kernel
K, (z,t) ( for the simplicity it’s assumed that ax — aa — a < 0)
if0<z<aq,lt|] <z
z+t)/2

, Tt +t\ 1
Ky(o:,t):u;]?<x2 )R <x2 )+2 | 0w R (w)d
0

—wy, / p(u) K, (u,t — 2z 4+ u) du + w, /
(z—t)/2 (z+t)

p(u) K, (u,t +z—u)du
/2
+7/q(u) /Ky(u,f)dédu.

0 t—x+tu
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fa<ax<m —art+as—a<t<aor—aas—a;

wyat [(t4+ar—aa+a t+ar—aa+a
K, (z,t) = | —
B I
a+ (t+ax—aa+a)/2
+7 / q(u) Ry (u)du

0

+w,a" / p(u) K, (u,t +ax —aa+a—u)du

(t+az—aa+a)/2

—w,a” / p(u) K, (u,t+ar—aa—a+u)du
—t—az+oaa+ta)/2

t+ar—aata—u t—azr+aata—u

(

at | a |

& / ¢ () / K, (u,€) dedu+ % / a(w) / K, (u,€) dédu
0 t—ar+aa—a+tu 0 t+ar—aa—a+u

W / p(u)K,,(u,tfozx—Q—ozu)du—i—&/p(u)Ku(u,t—l—amfau)du
« a

(—t+az+aa—a)/2a a

T t+ar—au

+% /q(u) / K, (u,€) dedu.

a t—az+oau

fa<z<m,arx—aa—a<t<—ax+aa+a;

wyat t+ar—aa+a t+ar—aa—+a
K, (z,t) = 3 p( 3 >Ru,l (2>

wy,o t—oar+aa+a t—aoar+aa+a
gy (e (1o

2 2 2
(t+azx—aa+a)/2 (t—az+aa+ta)/2

+% / q(u) Ry (u)du+ % / q(u) Ry (u)du
0 0

—w,at / p(u) K, (u,t —ax + aa —a+u)du
(—t+az—aa+ta)/2

+ w,a’ / p(u) K, (u,t+ax —aa+a —u)du
(t+arx—aa+a)/2

xT

—% p(u) K, (u,t — ax + au) du
a
—wya” / p(u) Ky, (u,t +ax —aa —a+u)du
(—t—oaztaata)/2
+ w,a” / p(u) K, (u,t —az+aa+a—u)du

(t—az+aa+a)/2
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t+ar—aata—u

+ a
K, (u, &) dédu + 0‘7 / q(u) / K, (u,€) dédu
0

t—ax+aa—atu

t—azrt+aata—u

t+ar—aa—a+u

+az_/aq(U)
0

4 W p(u) K, (u,t + az — au) du + i/q(u) / K, (u,&) dédu.

t+ar—au

[e%

a t—azxt+au

fa<z<nm,—-ar4+ac+a<t<ar—aa+a

a

at wy,a t—ar+aa+a t—ar+aa+a
K, (z,t) = 7/q(u) R, (u)du+ 5 p( 3 )R,,yl (2>
0

+

wyat t+axr+aa—a t+axr+aa—a [ r
) p( o )Ru,z <2a) - 7/q (u) Ry (u) du
0

w,a” (—t—l—am—i—aa—i—a)R (—t—i—am—l—aa—i—a)
- v,3

202 200 200
(t+az+aa—a)/2a (—t+az+aata)/2a
« o
+E / q(u) Ry (u) du+ >0 / q(u) Ry 3 (u)du
—w,at / p(u) K, (u,t —ax + aa —a+u)du
(—t+az—aa+ta)/2
a t+ar—aata—u a
at a~
+ EX q(u) K, (u,§) dédu — N q(u) Ry (u)du
0 t—azx+aa—atu (t—az+aa+a)/2
+w, o / p(u) K, (u,t —azx+aa+a—u)du

(t—aztaata)/2

+a2_/“q(u)

+ 2 / p(u) K, (u,t + ax — au) du
a
(t+az+aa—a)/2a

t—art+aata—u T
K, (u,§) dédu — &/p (u) Ky (u,t — az + au) du
a
a

t+ar—aa—a+u

t+ar—au

+21a‘7q (u) / K, (u,§) d¢du.

t—azrt+au

By the method of successive approximations,
incase of 0 < z < a, |t| < x;

z+t)/2

(
(0) _& r+1 T+t l /
K (2,t) = zp( 5 )Ru,l( >t 5 q (u) Ry,1 (u)du,

x

K (x,t) = —w, / p(u) KD (u,t — 2+ u) du
(z-t)/2
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x x t+x—u
_ 1 _
o, [ p K e wdus g fa) [ KRS 6 dedu
(z+t)/2 0 t—x+u
we get

7‘[(50) (x,t)’dtg o (),

where
n*(x)

@)= [ le=0la@l+2lp@)d
0
By the mathematical induction method, one can easily verify that the inequality

is valid.
Incaseofa< e <7,—-ar4+aa—a<t<ar—oaas—a;

KO (a,8) = 200, (t toz—cat a) y (Hwaaﬂ>

2 2 2
(t+az—aa+a)/2
ot
+7 / q (’LL) Ry’l (u) du,
0
K (z,t) = wya™ / p(u) Ky (u,t + ax — aa +a—u)du

(t+azx—aa+a)/2

—w,a” / p(u)K,Enfl) (u,t +azx —aa —a+u)du
(—t—az-+aata)/2
L a ttaz—aata—u
v faw [ EET w dsau
0 t—aztaa—atu

a t—art+aata—u

+ 5 faw [ K g deda
0

t+ar—aa—a+t+u

x

- % / p () K7 (u,t — ax + au) du
(—t+az+aa—a)/2a
+% p(u) K7 (u,t 4 ax — au) du
x t+ar—au
+ 1 ) / K5V (u, €) dedu
20 q v s .
a t—axr+au

Moreover, forincasesa < v < m,ar —aa—a < t < —ar+aa+aanda < z < 7
, —ar + aa + a < t < ar — aa + a by the mathematical induction method we obtained the

following in equalities:
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and

n+1
(n) < g (CL’)
/ ‘KV (x,t)‘dt_C’(n+1)!,
—pt(x)

where 0 < C' =constant. From the validity of the obtained estimations, we get

+( n(x)

W [ lw—bla@l+2lp(t)at

/ K (w)ldi< 0 (7@ —1) < e 9 .
—pt(z)

for the function K, (z,-) € Ly (—u*(z), u"(z)) .
Under condition (1.2), uniqueness of the solution of the equation (1.1) is proved.
Substituting e (z, \) and e” (z, \) instead of y and y” in equation (1.1) respectively, we di-
rectly get the properties i), 7i¢) and iv). Using integral equation for K, (z,t), the property v) is
taken for functions R, 1 (x), R, (z), R, 3(x).
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