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Abstract. Let R be a commutative ring with identity. A unital R-module M is called a fully
invariant multiplication module provided for each fully invariant submodule L of M there exists
an ideal A of R such that L = AM. It is proved that every direct sum of isomorphic copies of
a fixed fully invariant multiplication module X is also a fully invariant multiplication module.
In particular this implies that every free R-module is a fully invariant multiplication module. In
case R is a domain then every fully invariant multiplication module X is either torsion-free or
BX = 0 for some non-zero ideal B of R and every torsion-free fully invariant multiplication
module is divisible or reduced. If R is a Dedekind domain then every finitely generated torsion-
free R-module is a fully invariant multiplication module and a classification is given for all
torsion fully invariant multiplication R-modules.

1 Introduction

All rings are commutative with an identity and all modules are unital. For any undefined terms
see [4]. Let R be aring and let M be an R-module. Recall that a submodule L of M is called
Sully invariant provided o(L) C L for every endomorphism ¢ of M. Clearly 0 and M are fully
invariant submodules of M. Every submodule of the R-module R is fully invariant. In case M
is the direct sum of isomorphic copies of a simple R-module U then it is easy to check that 0 and
M are the only fully invariant submodules of M. It is clear that the sum and the intersection of
any collection of fully invariant submodules are also fully invariant. Thus the collection of fully
invariant submodules of M form a sublattice of the complete modular lattice of all submodules
of M. Note that the submodule AM of M is fully invariant for every ideal A of R.

The module M is called a multiplication module provided for each submodule N of M there
exists an ideal B of R such that N = BM. Note that if M is a multiplication module then every
submodule of M is fully invariant. The study of multiplication modules dates back to [14]. For
more information about multiplication modules see [1]-[3], [5]-[6], [14], [17]-[20] and [22]. In
particular, [1] contains many references and [22] discusses multiplication modules over certain
non-commutative rings.

Given an R-module M and submodules L, N of M then (N :p L) will denote the set of
elements r € R suchthatrL C N. Note that (N :p L) is an ideal of R for all submodules L, N of
M. We now define the R-module M to be a fully invariant multiplication module in case for each
fully invariant submodule K of M there exists an ideal G of R such that K = GM. It is clear
that the module M is a fully invariant multiplication module if and only if K = (K :g M)M
for every fully invariant submodule K of M. Clearly a module M is a multiplication module
if and only if M is a fully invariant multiplication module and every submodule of M is fully
invariant. It is also clear that any isomorphic copy of a fully invariant multiplication module is
also a fully invariant multiplication module. It is well known (and easily proved) that if X is
any non-zero R-module then the R-module X ¢ X is not a multiplication module. However, our
above comments show that every direct sum of isomorphic copies of a fixed simple module is a
fully invariant multiplication module. We shall prove that, for each fully invariant multiplication
R-module Y, every direct sum of isomorphic copies of Y is a fully invariant multiplication
module (see Theorem 2.8). In particular, this shows that every direct sum of isomorphic copies
of a fixed multiplication module is a fully invariant multiplication module (Corollary 2.9). Thus
for any ring R, every free R-module is a fully invariant multiplication module (Corollary 2.10).
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In addition if M; (1 <14 < n) is a collection of R-modules for some positive integer n such that
R = anng(M;) + anng(M;) forall 1 < i # j < nthenthe R-module M = M; & --- & M, isa
fully invariant multiplication module if and only if A; is a fully invariant multiplication module
forall 1 <i < n (Corollary 2.12). Here, for any R-module X, anng(X) denotes the annihilator
of X in R, thatis anng(X) ={r € R : rX =0}.

Let R be a domain. If M is a fully invariant multiplication module over the ring R then
M is torsion-free or BM = 0 for some non-zero ideal B of R (Lemma 4.1). Moreover every
torsion-free fully invariant multiplication R-module is divisible or reduced (Proposition 4.4). On
the other hand, every torsion-free divisible R-module is a fully invariant multiplication module
(Proposition 4.6).

Now suppose that R is a Dedekind domain. It is proved that a non-zero torsion R-module
M is a fully invariant multiplication module if and only if there exist positive integers n, k; (1 <
i < n), distinct maximal ideals P; (1 < < n) and index sets I, (1 < j < n) such that

M = (R/Plkl)(ll) PP (R/Pr’f")u")'

(Theorem 5.3). One consequence is that a finitely generated R-module M is a fully invariant
multiplication module if and only if M is torsion-free or there exist positive integers n, k; (1 <
i < n), distinct maximal ideals P; (1 < i < n) and index sets I, (1 < j < n) such that

M = (R/Plkl)ul) = (R/Pj:?n)(ln)'
(Corollary 5.4).

2 Fully invariant multiplication modules
Let R be a ring. Note the following elementary and (well known) fact.

Lemma 2.1. Let an R-module M = @;c; M; be the direct sum of submodules M; (¢ € I) and
let L be a fully invariant submodule of M. Then L = @®;cr (L N M;).

Corollary 2.2. Let an R-module M = @;c; M; be the direct sum of R-modules M; (i € I) and
let L be a fully invariant submodule of M. Then L = @;¢; L; for some fully invariant submodule
L; of M; foralli e I.

Proof. By Lemma 2.1. O

Let M be any R-module. If M is a multiplication module then so too is any homomorphic
image of M. This is not true for fully invariant multiplication modules. Let Z denote the ring of
rational integers, let p be any prime in Z and let U and V' be cyclic Z-modules of order p*>. We
claim that the Z-module M = U & V is a fully invariant multiplication module. For, let L be
any fully invariant submodule of M with L # 0, M. By Corollary 2.2, L = pU & 0 or 0 & pV
or pU @ pV. If 6 is the endomorphism of M defined by 0(u,v) = (v,u) forallu € U,v € V
then 0(pU ®0) = 0@ pV and 6(0 ® pV') = pU & 0. Thus L = pU & pV = pM. It follows that
M is a fully invariant multiplication module. Now let N denote the submodule U & pV of M.
Note that N is a homomorphic image (and also a maximal submodule) of M. The socle L of N
is pU @ pV which is a fully invariant submodule of N. However L # a(U & pV') = aN for any
a € Z. Thus the module N is not a fully invariant multiplication module. However we have the
following result.

Proposition 2.3. Let K be a fully invariant submodule of a fully invariant multiplication module
M. Then the module M /K is also a fully invariant multiplication module.

Proof. Let L be a submodule of M containing K such that L/K is a fully invariant submodule
of M/K. Let ¢ be any endomorphism of M. Since p(K) C K, ¢ induces a mapping @ :
M/K — M/K defined by @(m + K) = ¢(m) + K for all m € M. It is easy to check that ¢
is an endomorphism of M /K. Hence ¢(L/K) C L/K and it follows that o(L) C L + K = L.
Hence L is a fully invariant submodule of M. By hypothesis, there exists an ideal B of R such
that L = BM and this implies that L/K = B(M/K). It follows that M /K is a fully invariant
multiplication module. O

Corollary 2.4. Let R be any ring and let M be a fully invariant multiplication R-module. Then
the R-module M /AM is a fully invariant multiplication R-module for any ideal A of R.

Proof. By Proposition 2.3. O
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Recall the following elementary facts.

Lemma 2.5. Let R be any ring and let L C K be submodules of an R-module M such that L is
a fully invariant submodule of K and K is a fully invariant submodule of M, Then L is a fully
invariant submodule of M.

Lemma 2.6. Let R be any ring and let an R-module M = K @ K’ be the direct sum of submod-
ules K, K’. Then K is a fully invariant submodule of M if and only if Hom(K, K') = 0.

Proposition 2.7. Let R be any ring and let a fully invariant multiplication R-module M = K@K’
be a direct sum of submodules K, K’ such that Hom(K, K') = 0 or K’ is fully invariant in M.
Then K is a fully invariant multiplication module.

Proof. Suppose first that Hom(K, K’) = 0. Let L be any fully invariant submodule of K. By
Lemmas 2.5 and 2.6, L is a fully invariant submodule of M and hence L = BM = (BK) ®
(BK') = BK for some ideal B of R. It follows that K is a fully invariant multiplication module.
Now suppose that K’ is a fully invariant submodule of M. Apply Proposition 2.3. O

Given any index set I, M (1) will denote (as usual) the module @icr M; where M; = M for
alli e 1.

Theorem 2.8. Let R be any ring and let M be any fully invariant multiplication module over the
ring R. Then the R-module M7 is a fully invariant multiplication module for every index set 1.

Proof. Let M; = M foreachi € I andlet X = ®;c; M;. LetY be any fully invariant submodule
of X. Then Y = ®;c; N; where N; is a submodule of M; for all ¢ € I (Corollary 2.2). Let j and
k be distinct elements of I. Let ¢ : X — X be the mapping defined by ¢({m;}) = {m/} where
m; € M; (i € T) and m; = my,mj, = m; and m; = O foralli € I\ {j,k}. Itis clear that ¢
is an endomorphism of M. Let u = {u;} € L where u; € N; (i € I). Then ¢(u) € L implies
that u; € N and uy, € N;. It follows that N; = Ny, for all j,k € I. Thus Y = @;c1 IV; where
N; = N (i € I) for some submodule NV of M. Because Y is a fully invariant submodule of X it
is easy to see that IV is a fully invariant submodule of M and hence N = BM for some ideal B
of R. Thus Y = BX. It follows that X is a fully invariant multiplication module. O

Corollary 2.9. Let R be any ring and let M be any multiplication module over the ring R. Then
the R-module M7 is a fully invariant multiplication module for every index set I.

Proof. By Theorem 2.8. O

Corollary 2.10. Let R be any ring. Then every free R-module is a fully invariant multiplication
R-module.

Proof. By Corollary 2.9 because the R-module R is a multiplication module. O

Corollary 2.10 raises the question whether every projective module over an arbitrary ring is
a fully invariant multiplication module. We shall return to this question in §5. Next we give
another result concerning direct sums. It raises the question when the direct sum M; @ M, of
fully invariant multiplication modules M, M5 is a fully invariant multiplication module.

Theorem 2.11. Let R be any ring and let M, and M, be R-modules such that R = anng (M;) +
annp(M;). Then the R-module M = M, & M, is a fully invariant multiplication module if and
only if both M| and M, are fully invariant multiplication modules.

Proof. Let A; = anng(M,) (i = 1,2) and note that R = A; + A;. Suppose first that M is a fully
invariant multiplication module. Let ¢ : M; — M, be any homomorphism. Then

o(My) = (A1 M + Ay My) = (A1 M) + ¢(A2 M)

= Lp(O) + Az(p(Ml) C A,M, = 0.

It follows that Hom (M, M,) = 0. By Proposition 2.7, M, is a fully invariant multiplication
module. Similarly, M, is a fully invariant multiplication module.

Conversely, suppose that M and M, are both fully invariant multiplication modules. Let N
be any fully invariant submodule of M. Then N = N; & N, for some fully invariant submodule
Np of M; and some fully invariant submodule N, of M, (Corollary 2.2). By hypothesis, there
exist ideals B; ( = 1,2) such that N; = B;M; (i = 1,2). Now we have M7 = (A + A;)M; =
A, M, and similarly M, = A M5, so that

(A2By + A1 By)M = Ay B\ M, + Ay B\ My + A\ By M + A B, M,
= Ay B My + A1ByMy = B1M; + BoMy; = Ny + Ny = N.
It follows that M is a fully invariant multiplication module. O
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Let R be any domain which is not a field and let U be a simple R-module. Let M denote
the R-module R & U. The modules R and U are both multiplication modules and hence also
fully invariant multiplication modules. However M is not a fully invariant multiplication module
because Soc(r M) = 0@ U which is a fully invariant submodule of M but Soc(gM ) # BM for
any ideal B of R. Thus the arbitrary direct sum of fully invariant multiplication modules need
not be itself a fully invariant multiplication module. Compare Theorem 2.11.

Corollary 2.12. Let R be any ring, let n be a positive integer and let M; (i € I) be R-modules
such that R = anng(M;) + anng(M;) for all 1 < i < j < n. Then the R-module M =
M, & --- & M, is a fully invariant multiplication module if and only if M; is a fully invariant
multiplication module for all 1 <i < n.

Proof. By Theorem 2.11 and induction on n. O

Corollary 2.12 is not true for infinite direct sums. For, let IT denote any infinite set of primes
in Z. Let M denote the semisimple Z-module ®,cri (Z/Zp). Clearly R = anng(Z/Zp) +
anng(Z/Zq) for any distinct primes p, ¢ in IT. There exist disjoint infinite subsets IT; and IT, of
IT such that IT = IT; UII,. Let L = @pcm, (Z/Zp). Then L is a full invariant submodule of M
but L # AM for any ideal A of R. Thus M is not a fully invariant multiplication module.

3 Special submodules

If Ris aring and M a faithful multiplication module then there is an easy description of various
submodules of M, in particular the socle, the singular submodule, the radical and the prime
radical of M (see, for example, [6]).

Let R be any ring and let M be an R-module. Recall that the socle of M is the sum of
all simple submodules of M and is zero in case M has no simple submodule. The radical of
M is the intersection of all maximal submodules of M and is M in case M has no maximal
submodule. A non-zero submodule L of M is called essential provided L N N # 0 for every
non-zero submodule N of M. The singular submodule of M is the submodule consisting of all
elements m € M such that Em = 0 for some essential ideal £ of R. The socle, radical and
singular submodule of the R-module M will be denoted by Soc(rM), Rad(r M) and Z(zr M),
respectively, and of the R-module R simply by Soc(R), Rad(R) and Z(R), respectively. For a
faithful multiplication module M, Soc(r M) = Soc(R)M, Rad(r M) = Rad(R)M and Z(r M) =
Z(R)M (see [6, Theorem 2.7 and Corollary 2.14]).

Let A be any non-empty collection of ideals of R. For any R-module M, let T4 (M) denote
the set of elements m € M such that (4; N--- N A,)m = 0 for some positive integer n and
ideals A; € A(1 < i < n). Itis easy to check that T4 (M) is a submodule of M. Note that if .4
consists of all the maximal ideals of R then T4 (M) = Soc(gM) and if A is the set of essential
ideals of R then T4 (M) = Z(gM). We denote T'4 (g R) simply by T'4(R). Now we prove:

Theorem 3.1. Let R be any ring and let M be a faithful fully invariant multiplication module.
Then TA(rM) = T 4(R)M for any non-empty collection A of ideals of R.

Proof. Let B denote the collection of finite intersections of ideals in A. Let a € T)4(R). Then
Ba = 0 for some B € B and hence BaM = 0. This implies that aM C T4(rM). It follows
that T4(R)M C TA(rM). On the other hand, let m € T4(grM). There exists C' € B such
that Cm = 0. Let L = {x € M : Cx = 0}. Then L is a fully invariant submodule of
M. By hypothesis, there exists an ideal G in R such that L = GM and hence CGM = 0.
Because M is faithful, CG = 0 and G C T4(R). Now m € GM and we have proved that
Ta(rM) C T4(R)M. The result follows. O

The next result generalizes [6, Corollary 2.14].

Corollary 3.2. Let R be any ring and let M be a faithful fully invariant multiplication module.
Then

(a) Soc(rRM) = Soc(R)M, and

(b) Z(gM) = Z(R)M.

Proof. (a) Apply Theorem 3.1 with A the collection of maximal ideals of R.
(b) Apply Theorem 3.1 with A the collection of essential ideals of R. O

The corresponding result for the radical is the following one. It generalizes [6, Theorem 2.7].
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Theorem 3.3. Let R be any ring and let M be a fully invariant multiplication module. Then
Rad(rM) = CM where C is the intersection of all maximal ideals P of R such that M # PM.

Proof. If Rad(rM) = M then CM C Rad(grM). Now suppose that M contains a maximal
submodule L. There exists a maximal ideal @ of R such that Q(M /L) = 0 and hence QM C L.
Note that QM # M and hence C C @ and CM C QM C L. Thus CM C Rad(ypM). Next
note that because Rad(r M) is a fully invariant submodule of M, there exists an ideal B of R
such that Rad(grM) = BM. Let G be any maximal ideal of R such that M # GM. Note that
M /GM is a semisimple R-module so that BM = Rad(rM) C GM.If B¢ Gthen R = B+G
and hence M = BM + GM = GM, a contradiction. Thus B C G. It follows that B C C. We
conclude that Rad(z M) = BM C C'M and the result follows. O

Corollary 3.4. Let R be any ring and let M be a finitely generated faithful fully invariant multi-
plication module. Then Rad(grM) = Rad(R)M.

Proof. Suppose that M = PM for some maximal ideal P of R. By the usual determinant
argument, M being finitely generated implies that there exists p € P such that (1 — p)M = 0.
But M being faithful gives that 1 — p = 0 and hence P = R, a contradiction. Thus M # PM
for every maximal ideal P of R. Now apply Theorem 3.3. O

Let R be any ring and let M be any non-zero R-module. A proper submodule L of M is
called prime in case whenever » € R and m € M such thatrm € Lthenm € LorrM C L. Itis
well known and easy to prove that a submodule N of M is prime if and only if P = (N :g M)
is a prime ideal of R and the (R/P)-module M /N is torsion-free. Given any prime ideal @
of R, a submodule K of M will be called Q-prime if K is a prime submodule of M such that
Q = (K :g M). We define the prime radical, denoted by rad(z M), to be the intersection of all
prime submodules of M and to be M in case M has no prime submodule. There is an extensive
literature on prime submodules of a module M and attempts to describe rad(z M) stretching back
to the early 1970s (see, for example, [6], [8] - [13], [15] and [21]).

Let P be any prime ideal of a ring R. Given an R-module M we define Kp(M) to be the
set of all elements m € M such that cm € PM for some ¢ € R\ P. Note that Kp(M) is a
submodule of M containing PM such that Kp(M)/P M is the torsion submodule of the (R/P)-
module M /PM and hence Kp(M) = M or Kp(M) is a P-prime submodule of A/. We include
the next result for completeness.

Lemma 3.5. Let P be a prime ideal of a ring R and let M be an R-module such that M #
Kp(M). Then Kp(M) is the intersection of all P-prime submodules of M. Moreover Kp (M)
is a fully invariant submodule of M.

Proof. Let L be any P-prime submodule of M. Then PM C L and M/L is a torsion-free
(R/P)-module. It follows that Kp(M) C L. The first part of the result follows. Let ¢ be any
endomorphism of M. Let m € Kp(M). There exists ¢ € R\ P such that cm € PM and hence

cp(m) = p(em) € o(PM) = Po(M) € PM.

It follows that ¢(m) € Kp(M) for every endomorphism ¢ of M. Thus Kp(M) is a fully
invariant submodule of M. O

Corollary 3.6. Let R be a ring and M an R-module. Then rad(zkM) = NKp(M) where the
intersection is taken over all prime ideals P of R. Moreover rad(r M) is a fully invariant sub-
module of M.

Proof. By Lemma 3.5. O

Given a ring R and a non-zero R-module M, let II(M) denote the collection, possibly empty,
of prime ideals P of R such that M # Kp(M). Note the M # K p (M) if and only if the (R/P)-
module M/PM is not torsion. Compare the next result with [6, Theorem 2.12].

Theorem 3.7. Let R be a ring and let M be an R-module. Then rad(zM) = BM where B is
the intersection of all prime ideals P of R such that M # Kp(M).

Proof. If M does not contain any prime submodules then rad(rM) = M and B = R so the
result is true in this case. Now suppose that M does contain a prime submodule so that the
collection IT(M) is non-empty (Lemma 3.5). By Corollary 3.6, rad(r M) = Npcriar) Kp(M)
and rad(gM) = CM where C = (rad(gM) :g M). Let P € II(M). Then CM = rad(zgM) C
Kp(M)and M # Kp(M). Because the submodule Kp(M) is P-prime, C C P. It follows that
C C B. On the other hand, BM C PM C Kp(M). It follows that BM C rad(z M) and hence
B C (rad(gM) :g M) = C. It follows that B = C as required. o
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Corollary 3.8.Let R be a ring and let M be a finitely generated faithful R-module. Then
rad(g M) =rad(rR) M.

Proof. Let G = rad(gR). It is well known that G is the set of all nilpotent elements of R and
also the intersection of all prime ideals for R. Let P be any prime ideal of R. Suppose that
M = Kp(M). There exist a positive integer n and elements m; (1 < ¢ < n) in M such that
M = Rmy + -+ + Rm,,. Foreach 1 < i < n there exists ¢; € R\ P such that ¢;m; € PM.
Using the usual determinant argument, it follows that dM = 0 for some d € R\ P. But M is
faithful, so that d = 0, a contradiction. Thus M # Kp(M) for every prime ideal P of R. Now
apply Theorem 3.7. O

4 Modules over domains

In this section we shall look at modules over domains. If R is a domain then every fully invariant
multiplication module is torsion or torsion-free, as we show next.

Lemma 4.1. Let R be a domain and let M be any fully invariant multiplication module over R.
Then M is torsion-free or there exists a non-zero ideal B of R such that BM = 0.

Proof. Suppose that the R-module M is not torsion-free. Then there exists a non-zero element
m € M and a non-zero ideal G of R such that Gm = 0. Let L = {x € M : Gz = 0}. Note that
L is non-zero because m € L. It can easily be checked that L is a fully invariant submodule of
M and hence L = HM for some ideal H of R. Note that H # 0. Next GHM = GL = 0 and
G H is a non-zero ideal of R. O

Note the following simple fact.

Lemma 4.2. Let R be a domain and let M be a torsion-free R-module. Then AM is an essential
submodule of M for every non-zero ideal A of R.

Proof. Let N be any submodule of M such that AM NN = 0. Then AN C AM N N gives that
AN = 0 and hence N = 0. O

Corollary 4.3. Let R be a domain and let M be a torsion-free fully invariant multiplication
R-module. Then every non-zero fully invariant submodule of M is essential in M.

Proof. By Lemma 4.2 . O

Let R be any domain. An R-module M is called divisible in case M = aM for every non-
zero element a of R. Injective modules are divisible (see for example [16, Proposition 2.6]) and
every torsion-free divisible R-module is injective (see, for example, [16, Proposition 2.7]). An
R-module X is called reduced in case it does not contain a non-zero divisible submodule.

Proposition 4.4. Let R be a domain. Then every torsion-free fully invariant multiplication R-
module is divisible or reduced.

Proof. Let M be a torsion-free fully invariant multiplication module which is not reduced. Let
L be the sum of all divisible submodules of M. Then L # 0 and it is easy to check that L
is divisible. In this case L is injective and hence a direct summand of M. If N is a divisible
submodule of M then so too is ¢(N) for every endomorphism ¢ of M. It follows that L is a
fully invariant submodule of M and hence L is essential in M by Corollary 4.3. Thus M = L,
as required. O

Recall that an R-module M is called uniform in case L N N # 0 for all non-zero submodules
L, N. Presumably the next result is well known.

Lemma 4.5. Let R be a domain and let M be a non-zero torsion-free R-module. If L is a
fully invariant submodule of M then aL C bL for all elements a,b in R such that aM C bM.
Moreover, the converse holds if M is uniform.

Proof. Suppose first that L is fully invariant in M. If M = 0 then there is nothing to prove.
Suppose that M # 0. Let a be a non-zero element of R such that aM C bM for some b € R.
Clearly b # 0. Let m € M. Then am = bm’ for some element m' in M. If am = bm for some
m € M then b(m’ — m) = 0 and hence m = m’. We can define a mapping ¢ : M — M by
p(m) = m/ for all m € M. It is easy to check that ¢ is an endomorphism of M. It follows that
©(L) C L and hence aL C bL. If a = 0 then aL C bL forall b € R.
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Conversely, suppose that M is uniform and that L has the stated property. Let 6 be any
non-zero endomorphism of M. There exists a non-zero element m € M such that #(m) # 0.
Because M is uniform, we have Rm N Rf(m) # 0 and hence am = bf(m) # 0 for some non-
zero elements a,b of R. Let 0 # x € M. Then Rx N Rm # 0 gives that rx = sm for some
non-zero elements r, s in R. Thus

bro(z) = b0(rz) = b0(sm) = bsf(m) = sam = arz,

so that r(bf(z) — ax) = 0. Because M is torsion-free, we conclude that b0(x) = az for all
x € M. In particular this implies that aM C bM. By hypothesis, aL. C bL. Lety € L. Then
ay = bz for some z € L and hence b0(y) = ay = bz. This implies that b(f(y) — z) = 0 and
hence (y) = z € L. We have proved that (L) C L so that L is a fully invariant submodule of
M. O

Proposition 4.6. Let R be a domain. Then every torsion-free divisible R-module is a fully
invariant multiplication module.

Proof. Let F denote the field of fractions of R. Let M be any non-zero torsion-free divisible R-
module. It is well known that M is a vector space over F and hence the R-module M =2 F(!) for
some index set /. By Theorem 2.8 it is sufficient to prove that the R-module F is a fully invariant
multiplication module and thus we can suppose without loss of generality that M is uniform. Let
L be a non-zero fully invariant submodule of M. For each non-zero element a € R, M = aM
and hence L = aL by Lemma 4.5. Thus L = aL foreach 0 # a € R, so that L is divisible, hence
injective and a direct summand of the uniform module M. We conclude that L = M = RM.
Thus M is a fully invariant multiplication module, as required. O

Recall that if R is a domain then the zero R-module is the only divisible R-module which is
a multiplication module. Combining Propositions 4.4 and 4.6 we see that if R is a domain then a
torsion-free R-module M is a fully invariant multiplication module if and only if M is divisible
or a reduced fully invariant multiplication module.

5 Modules over Dedekind Domains

Let R be a (commutative) domain with field of fractions F. Given any ideal A of R, A* will
denote the set of elements f € F such that fA C R. Note that A* is an R-submodule of
F, R C A*, A*Ais an ideal of R and A C A*A. The ideal A is called invertible provided
A*A = R. The ring R is a Dedekind domain if every non-zero ideal is invertible. For more
information about Dedekind domains see [7, p. 442 §37]. In this section we shall consider
modules over a Dedekind domain R. First we deal with finitely generated torsion-free modules.
It is well known that a finitely generated module M over a Dedekind domain is projective if and
only if it is torsion-free and in this case M = H @ A for some (possibly zero) free module H
and ideal A of R.

Theorem 5.1. Let R be a Dedekind domain. Then every finitely generated torsion-free R-module
is a fully invariant multiplication module.

Proof. Let M be any finitely generated torsion-free R-module. If M = A for some non-zero
ideal A of R then M is a multiplication module. On the other hand, if M is a free R-module than
M is a fully invariant multiplication module by Corollary 2.10. Thus without loss of generality
we can suppose that M = R™ & A for some positive integer n and non-zero ideal A of R. Let
L be any fully invariant submodule of M. By Corollary 2.2, L = By & --- @& B,, & C for some
ideals B; (1 < i < n),C of R with C C A. Let 7 be any permutation of the set {1,...,n} and
let ¢, denote the endomorphism of M defined by

9071'(7'17' . 5rnaa) = (Tﬂ'(l)) . '3T7T(n>7a)7

forall ; € R(1 < i < n),a € A. It is clear that ¢, is an endomorphism of M for each
permutation 7 of {1,...,n}. Because ¢.(L) C L for every permutation 7 of {1,...,n}, we
have B; = --- = B,, = B(say).

Leta € A, f € A*. Define a mapping 6 : M — M by

0(s1y...,8n,d) = (fd,0,...,0,s1a),

foralls; € R(1 <i < n),d € A. Itis easy to check that § is an endomorphism of M. The
fact that (L) C L implies that fd € B and sja € C forall d € C,s; € B. Thus fC C B and
aB C C. We have proved that A*C' C Band AB C C. But C = RC = AA*C C AB so that
C = AB and L = BM. It follows that M is a fully invariant multiplication module. O
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Corollary 5.2. Let R be a Dedekind domain. Then every projective R-module is a fully invariant
multiplication module.

Proof. Let M be any projective R-module. Then M is finitely generated or free. The result
follows by Corollary 2.10 and Theorem 5.1. O

Let R be an arbitrary domain and let P be a maximal ideal of R. We shall call an R-module
M P-torsion provided for each m € M there exists a positive integer n such that P"*m = 0.

Theorem 5.3. Let R be a Dedekind domain and let M be a non-zero torsion R-module. Then
M is a fully invariant multiplication module if and only if there exist positive integers n, k; (1 <
i < n), distinct maximal ideals P; (1 < < n) and index sets I; (1 < j < n) such that

M = (R/Plkl)(fl) DD (R/ijn)(ln).

Proof. Suppose first that M is a fully invariant multiplication module. By Lemma 4.1 there exists
a non-zero ideal B of R such that BM = 0. The ideal B is a (finite) product of maximal ideals
and therefore M = M| & --- & M,, for some positive integer n and submodules M; (1 < i < n)
of M such that for each 1 < ¢ < n there exist a maximal ideal P; containing B and a positive
integer k; with Pi’“ M; = 0. Clearly we can assume that the maximal ideals P; (1 < i < n) are
distinct and each of the positive integers k; (1 <4 < n) is as small as possible.

Letl <i<mn,let N = M,letP= P,and let k = k;. By Corollary 2.12 N is a fully
invariant multiplication R-module. It is well known that in this situation there exist an index set
A and cyclic submodules Ny (A € A) such that N = @yep Ny. For each A € A let k) be the
least positive integer such that P*» Ny = 0. Clearly k = k,, for some 1 € A. For each X € A, let
Uy = Soc(zNy). Then Uy = P*»~! N, and is simple. Now Soc(rN) = @xeca Uy and Soc(gN)
is a fully invariant submodule of N and hence also of M. By hypothesis,

Drer PP*7INy = ON = ©yea CNy,

for some ideal C' of R. Without loss of generality, we can choose C' to be maximal with this
property and in this case C = P" for some non-negative integer h. This implies that h =
kx — 1 (X € A) and this in turn implies that Ny = R/P"*! (X € A). It follows that there
exist positive integers n, k; (1 < ¢ < n), distinct maximal ideals P; (1 < ¢ < n) and index sets
I; (1 < j < n) such that

M= (R/PEY W & ... & (R/PEm) ),

This proves the necessity.
Conversely, suppose that M has the stated decomposition. By Corollary 2.9 the module

(R/ Pfj )Ii) is a fully invariant multiplication module for each 1 < j < n. Now apply Corollary
2.12 to deduce that M is a fully invariant multiplication module. O

Corollary 54. Let R be a Dedekind domain. Then a finitely generated R-module M is a fully
invariant multiplication module if and only if M is torsion-free or there exist positive integers
n, k; (1 <i < n),distinct maximal ideals P; (1 < ¢ < n) and index sets I; (1 < j < n) such that

M = (R/Plkl)(fl) oo (R/péﬁ)(ln).

Proof. The necessity follows by Lemma 4.1 and Theorem 5.3. The sufficiency follows by The-
orems 5.1 and 5.3. O
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