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Abstract. The goal of this paper is to establish some strong convergence theorems of com-
posite implicit random iterates to a common random fixed point for a finite family of asymptot-
ically quasi-nonexpansive type random operators in the setting of separable uniformly convex
Banach spaces.

1 Introduction

Random approximations and random fixed point theorems are stochastic generalization of classi-
cal approximations and fixed point theorems. The study of random fixed point theorems was ini-
tiated by Prague school of probabilities in 1950′s. The interest in these problems was enhanced
after the publication of the survey article of Bharucha-Reid [5]. Random fixed point theory and
applications have been further developed rapidly in recent years (see [2, 3, 10, 11, 17, 19] and
references therein).

Fixed point iteration schemes for nonlinear operators on Banach and Hilbert spaces have been
developed and studied by many authors in recent years. The development of random fixed point
iterations was first initiated by Choudhury in [6] where random Ishikawa iteration scheme was
defined and its strong convergence to a random fixed point in Hilbert spaces was discussed. After
that several authors have worked on random fixed point iterations (see e.g. [2, 7, 8, 12, 13, 14, 15]
and references therein).

In 2005 Beg and Abbas [2] constructed and studied different random iterative algorithms
for weakly contractive and asymptotically nonexpansive random operators on arbitrary Banach
spaces. They also established the convergence of an implicit random iteration process to a
common random fixed point for a finite family of asymptotically quasi-nonexpansive random
operators. In 2007 Plubtieng et al. [12] constructed and established the convergence of an im-
plicit random iteration process with errors to a common random fixed point for a finite family
of asymptotically quasi-nonexpansive random operators in the framework of uniformly convex
Banach spaces. In 2009 Beg and Thakur [4] introduced modified general composite implicit ran-
dom iteration process and they gave necessary and sufficient condition for strong convergence
of said iteration process to a common random fixed point of a finite family of random asymptot-
ically nonexpansive mappings in separable Banach spaces and also they established some strong
convergence theorems for said iteration scheme and mappings in separable uniformly convex
Banach spaces. Recently, Benerjee and Choudhury [1] constructed and studied composite im-
plicit random iterations for a finite family of asymptotically nonexpansive random operators.
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They also established the convergence of above said iteration scheme and random operators to a
common random fixed point in the setting of separable Banach spaces.

The purpose of this paper is to construct and study the composite implicit random iterations
for a finite family of asymptotically quasi-nonexpansive type random operators and also establish
some strong convergence theorems for above said iteration scheme and operators in the frame-
work of separable Banach spaces. Our results extend and improve the corresponding results of
[1, 4, 12] and many others from the current literature.

2 Preliminaries

Throughout this paper, (Ω,Σ) denotes a measurable space and X stands for a real Banach space.
For any function T : Ω×X → X we denote the nth iterate T (ω, T (ω, T (ω, . . . , T (ω, x) . . . , )))
of T by Tn(ω, x).

Definition 2.1. A function f : Ω→ X is said to be measurable if f−1(B) ∈ Σ for every Borel
subset B of X .

Definition 2.2. An operator T : Ω×X → X is called a random operator if T (., x) : Ω→ X
is measurable for every x ∈ X .

Definition 2.3. A random operator T : Ω × X → X is continuous if T (ω, .) : X → X is
continuous for each ω ∈ Ω.

Definition 2.4. A measurable function p : Ω → X is said to be a random fixed point of the
random operator T : Ω × X → X if T (ω, p(ω)) = p(ω), ∀ω ∈ Ω. The set of all random fixed
points of T is denoted by RF (T ).

Definition 2.5. Let C be a nonempty subset of a separable Banach space X and T : Ω×C →
C be a random operator. Then T is said to be

(i) nonexpansive random operator if

‖T (ω, x)− T (ω, y)‖ ≤ ‖x− y‖

for all x, y ∈ X and for each ω ∈ Ω.

(ii) asymptotically nonexpansive random operator if there exists a sequence of measurable
mappings hn : Ω → [1,∞) with lim

n→∞
hn(ω) = 1, for each ω ∈ Ω, such that for x, y ∈ C, we

have

‖Tn(ω, x)− Tn(ω, y)‖ ≤ hn(ω)‖x− y‖

for each ω ∈ Ω and n ∈ N .

(iii) asymptotically quasi-nonexpansive random operator if for each ω ∈ Ω,G(ω) = {x ∈ C :
x = T (ω, x)} 6= φ and there exists a sequence of measurable mappings hn : Ω → [1,∞) with
lim
n→∞

hn(ω) = 1, for each ω ∈ Ω, such that for x ∈ C and y ∈ G(ω), the following inequality
holds:

‖Tn(ω, x)− y‖ ≤ hn(ω)‖x− y‖



Composite Implicit Random Iterates for Approximating · · · 101

for each ω ∈ Ω and n ∈ N .

(iv) asymptotically nonexpansive type random operator if for any x ∈ C, the following in-
equality holds:

lim sup
n→∞

{
‖Tn(ω, x)− Tn(ω, y)‖ − ‖x− y‖ : y ∈ C

}
≤ 0.

(v) asymptotically quasi-nonexpansive type random operator if for each ω ∈ Ω, G(ω) =
{x ∈ C : x = T (ω, x)} 6= φ and the following inequality holds:

lim sup
n→∞

{
‖Tn(ω, x)− p‖ − ‖x− p‖ : p ∈ G(ω)

}
≤ 0, x ∈ C.

(vi) uniformly L-Lipschitzian random operator if for any x, y ∈ C and for each ω ∈ Ω

‖Tn(ω, x)− Tn(ω, y)‖ ≤ L‖x− y‖

where n ∈ N and L is a positive constant.

(vii) semi-compact random operator if for a sequence of measurable mappings {ξn} from Ω

to C, with limn→∞ ‖ξn(ω)− T (ω, ξn(ω))‖ = 0 for all ω ∈ Ω, we have a subsequence {ξnk
} of

{ξn} such that ξnk
(ω)→ ξ(ω) for each ω ∈ Ω, where ξ is a measurable function from Ω to C.

Definition 2.6. A finite family {Ti : i ∈ I} ofN continuous random operators from Ω×C →
C with F =

⋂N
i=1 RF (Ti) 6= ∅ is said to satisfy Condition (B) if there is a nondecreasing

function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that for all
ω ∈ Ω

f(d(x(ω), F )) ≤ max
1≤i≤N

{
‖x(ω)− Ti(ω, x(ω))‖

}
for all x,

where x : Ω→ C is a measurable function.

Lemma 2.1.[9] Let (Ω,Σ) be a measurable space, X be a separable Banach space and
T : Ω×X → X be a continuous random operator. Then for any measurable function x : Ω→ X ,
the function T (ω, x(ω)) is also measurable.

Definition 2.7. (Composite implicit random iteration process with errors) Let {Ti : i ∈
I = {1, 2, . . . , N}} be a finite family of N continuous random operators from Ω×C to C where
C be a nonempty closed convex subset of a separable Banach space X . Let ξ0 : Ω → C be any
measurable function. Then composite implicit random iteration scheme with errors is defined as
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follows:

ξ1(ω) = α1ξ0(ω) + β1T1(ω, a1ξ1(ω)) + b1T1(ω, ξ1(ω)) + c1g1(ω) + γ1f1(ω)

ξ2(ω) = α2ξ1(ω) + β2T2(ω, a2ξ2(ω)) + b2T2(ω, ξ2(ω)) + c2g2(ω) + γ2f2(ω)

...

ξN (ω) = αNξN−1(ω) + βNTN (ω, aNξN (ω)) + bNTN (ω, ξN (ω)) + cNgN (ω)

+γNfN (ω)

ξN+1(ω) = αN+1ξN (ω) + βN+1T
2
1 (ω, aN+1ξN+1(ω)) + bN+1T

2
1 (ω, ξN+1(ω))

+cN+1gN+1(ω) + γN+1fN+1(ω)

...

ξ2N (ω) = α2Nξ2N−1(ω) + β2NT
2
N (ω, a2Nξ2N (ω)) + b2NT

2
N (ω, ξ2N (ω))

+c2Ng2N (ω) + γ2Nf2N (ω)

ξ2N+1(ω) = α2N+1ξ2N (ω) + β2N+1T
3
1 (ω, a2N+1ξ2N+1(ω)) + b2N+1T

3
1 (ω, ξ2N+1(ω))

+c2N+1g2N+1(ω) + γ2N+1f2N+1(ω)

...

which can be written in the compact form as

ξn(ω) = αnξn−1(ω) + βnT
k(n)
i(n) (ω, ηn(ω)) + γnfn(ω)

ηn(ω) = anξn(ω) + bnT
k(n)
i(n) (ω, ξn(ω)) + cngn(ω), n ≥ 1, ∀ω ∈ Ω,

(2.1)

where n = (k − 1)N + i, i = i(n) ∈ I and k = k(n) ≥ 1 is a positive integer such that
k(n) → ∞ as n → ∞ and {αn}, {βn}, {γn}, {an}, {bn}, {cn} are sequences in [0, 1] with
αn + βn + γn = an + bn + cn = 1 and {fn}, {gn} are bounded sequences of measurable func-
tions from Ω to C.

Remark 2.1. By Lemma 2.1 the sequence {ξn} defined in (2.1) is a sequence of measurable
functions.

Lemma 2.2. (see [18]) Let {sn} and {tn} be sequences of nonnegative real numbers satisfy-
ing the inequality

sn+1 ≤ sn + tn, n ≥ 1.

If
∑∞
n=1 tn <∞, then limn→∞ sn exists. In particular, if {sn} has a subsequence converging to

zero, then limn→∞ sn = 0.

Lemma 2.3. (Schu [16]) Let E be a uniformly convex Banach space and 0 < a ≤ tn ≤ b < 1
for all n ≥ 1. Suppose that {xn} and {yn} are sequences in E satisfying lim supn→∞ ‖xn‖ ≤ r,
lim supn→∞ ‖yn‖ ≤ r and limn→∞ ‖tnxn + (1− tn)yn‖ = r hold for some r ≥ 0. Then
limn→∞ ‖xn − yn‖ = 0.
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3 Main Results

In this section, we give the necessary and sufficient conditions of the composite implicit random
iteration process with errors to converge to common random fixed point for a finite family of
asymptotically quasi-nonexpansive type random operators and also discuss strong convergence
of above said scheme and random operators with additional conditions.

Theorem 3.1. LetX be a separable Banach space and C be a nonempty closed convex subset
of X . Let {Ti : i ∈ I = {1, 2, . . . , N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Ω×C to C. Assume that F = ∩Ni=1RF (Ti) 6= ∅. Let
{ξn(ω)} be the implicit random iterative sequence with errors defined by (2.1). Put

Ain(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ξn(ω))− ξ(ω)‖ − ‖ξn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
(3.1)

and

Bin(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ηn(ω))− ξ(ω)‖ − ‖ηn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
(3.2)

where n = (k−1)N+i and i = i(n) ∈ I . Assume that
∑∞
n=1 Ain(ω) <∞,

∑∞
n=1 Bin(ω) <∞,

0 < α ≤ αn, βn ≤ β < 1 for some α, β ∈ (0, 1),
∑∞
n=1 γn < ∞ and

∑∞
n=1 cn < ∞.

Then {ξn} converges strongly to a common random fixed point of the random operators {Ti :
i ∈ I = {1, 2, . . . , N}} if and only if for all ω ∈ Ω, lim infn→∞ d(ξn(ω), F ) = 0, where
d(ξn(ω), F ) = inf{‖ξn(ω)− ξ(ω)‖ : ξ ∈ F}.

Proof. The necessity is obvious and so it is omitted. Now, we prove the sufficiency. Let
ξ ∈ F . Since {fn}, {gn} are bounded sequences of measurable functions from Ω to C, we can
put for each ω ∈ Ω,

M(ω) = sup
n≥1
‖fn(ω)− ξ(ω)‖ ∨ sup

n≥1
‖gn(ω)− ξ(ω)‖

obviously M(ω) <∞ for each ω ∈ Ω. Now for ξ ∈ F and for each ω ∈ Ω using (2.1) and (3.1),
we have

‖ηn(ω)− ξ(ω)‖ =
∥∥∥anξn(ω) + bnT

k(n)
i(n) (ω, ξn(ω)) + cngn(ω)− ξ(ω)

∥∥∥
≤ an ‖ξn(ω)− ξ(ω)‖+ bn

∥∥∥T k(n)i(n) (ω, ξn(ω))− ξ(ω)
∥∥∥

+cn ‖gn(ω)− ξ(ω)‖
≤ an ‖ξn(ω)− ξ(ω)‖+ bn[‖ξn(ω))− ξ(ω)‖+Aik(n)(ω)]

+cn ‖gn(ω)− ξ(ω)‖
≤ (an + bn) ‖ξn(ω)− ξ(ω)‖+ bnAik(n)(ω) + cnM(ω)

= (1− cn) ‖ξn(ω)− ξ(ω)‖+ bnAik(n)(ω) + cnM(ω)

≤ ‖ξn(ω)− ξ(ω)‖+Aik(n)(ω) + cnM(ω). (3.3)
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Again using (2.1), (3.2) and (3.3), we have,

‖ξn(ω)− ξ(ω)‖ =
∥∥∥αnξn−1(ω) + βnT

k(n)
i(n) (ω, ηn(ω)) + γnfn(ω)− ξ(ω)

∥∥∥
≤ αn ‖ξn−1(ω)− ξ(ω)‖+ βn

∥∥∥T k(n)i(n) (ω, ηn(ω))− ξ(ω)
∥∥∥

+γn ‖fn(ω)− ξ(ω)‖
≤ αn ‖ξn−1(ω)− ξ(ω)‖+ βn[‖ηn(ω)− ξ(ω)‖+Bik(n)(ω)]

+γn ‖fn(ω)− ξ(ω)‖
≤ αn ‖ξn−1(ω)− ξ(ω)‖+ βn[‖ξn(ω)− ξ(ω)‖+Aik(n)(ω)

+cnM(ω)] + βnBik(n)(ω) + γnM(ω)

≤ αn ‖ξn−1(ω)− ξ(ω)‖+ βn ‖ξn(ω)− ξ(ω)‖+ βn(Aik(n)(ω)

+Bik(n)(ω)) + (βncn + γn)M(ω)

= αn ‖ξn−1(ω)− ξ(ω)‖+ (1− αn − γn) ‖ξn(ω)− ξ(ω)‖
+βn(Aik(n)(ω) +Bik(n)(ω)) + (βncn + γn)M(ω)

≤ αn ‖ξn−1(ω)− ξ(ω)‖+ (1− αn) ‖ξn(ω)− ξ(ω)‖
+Aik(n)(ω) +Bik(n)(ω) + (βncn + γn)M(ω). (3.4)

By rearranging both sides of (3.4) we have that

‖ξn(ω)− ξ(ω)‖ ≤ ‖ξn−1(ω)− ξ(ω)‖+
Aik(n)(ω) +Bik(n)(ω)

αn

+
βncn + γn

αn
M(ω)

≤ ‖ξn−1(ω)− ξ(ω)‖+
Aik(n)(ω) +Bik(n)(ω)

α

+
βncn + γn

α
M(ω)

= ‖ξn−1(ω)− ξ(ω)‖+ λik(n)(ω) + σn(ω) (3.5)

where λik(n)(ω) =
Aik(n)(ω)+Bik(n)(ω)

α and σn(ω) = βncn+γn
α M(ω). Since by assumptions of the

theorem
∑∞
n=1 Ain(ω) < ∞,

∑∞
n=1 Bin(ω) < ∞,

∑∞
n=1 γn < ∞ and

∑∞
n=1 cn < ∞, it follows

that
∑∞
k(n)=1 λik(n)(ω) <∞ and

∑∞
n=1 σn(ω) <∞ for all i ∈ I and for each ω ∈ Ω. This gives

that

d(ξn(ω), F ) ≤ d(ξn−1(ω), F ) + λik(n)(ω) + σn(ω). (3.6)

Hence by Lemma 2.2 we have limn→∞ d(ξn(ω), F ) exists for each ω ∈ Ω. Further, by the
condition of the theorem we have for all ω ∈ Ω,

lim
n→∞

d(ξn(ω), F ) = 0. (3.7)
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Now from (3.5) we have that

‖ξn+m(ω)− ξ(ω)‖ ≤ ‖ξn+m−1(ω)− ξ(ω)‖+ λik(n+m)(ω) + σn+m(ω)

...

≤ ‖ξn(ω)− ξ(ω)‖+
n+m∑
j=n+1

λik(j)(ω) +
n+m∑
j=n+1

σj(ω)

≤ ‖ξn(ω)− ξ(ω)‖+
∞∑

j=n+1

λik(j)(ω)

+
∞∑

j=n+1

σj(ω) (3.8)

for each ω ∈ Ω and for all natural numbers m,n. Therefore for any ξ ∈ F we have that

‖ξn+m(ω)− ξn(ω)‖ ≤ ‖ξn+m(ω)− ξ(ω)‖+ ‖ξn(ω)− ξ(ω)‖

≤ ‖ξn(ω)− ξ(ω)‖+
∞∑

j=n+1

λik(j)(ω)

+
∞∑

j=n+1

σj(ω) + ‖ξn(ω)− ξ(ω)‖

= 2 ‖ξn(ω)− ξ(ω)‖+
∞∑

j=n+1

λik(j)(ω)

+
∞∑

j=n+1

σj(ω). (3.9)

Since
∑∞
j=n+1 λik(j)(ω) < ∞,

∑∞
j=n+1 σj(ω) < ∞ and limn→∞ d(ξn(ω), F ) = 0, there ex-

ists n1 ∈ N such that for all n ≥ n1 we have d(ξn(ω), F ) < ε
12 ,
∑∞
j=n+1 λik(j)(ω) <

ε
3 and∑∞

j=n+1 σj(ω) <
ε
3 . So there exists p ∈ F such that ‖ξn(ω)− p(ω)‖ < ε

6 for all n ≥ n1.

Therefore from (3.9) we have that for all n ≥ n1,

‖ξn+m(ω)− ξn(ω)‖ ≤ 2 ‖ξn(ω)− p(ω)‖+
∞∑

j=n+1

λik(j)(ω)

+
∞∑

j=n+1

σj(ω)

< 2
ε

6
+
ε

3
+
ε

3
= ε (3.10)

which implies that {ξn(ω)} is a Cauchy sequence for each ω ∈ Ω. Therefore ξn(ω) → q(ω)
as n → ∞ for each ω ∈ Ω, where q : Ω → F , being the limit of the sequence of measurable
functions is also measurable. Now we prove that q ∈ F . Since for each ω ∈ Ω, ξn(ω) → q(ω)
as n → ∞ there exists n2 ∈ N such that ‖ξn(ω)− q(ω)‖ < ε

2(L+1) for all n ≥ n2. Since
limn→∞ d(ξn(ω), F ) = 0 for each ω ∈ Ω, there exists n3 ∈ N such that d(ξn(ω), F ) < ε

2(L+1)
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for all n ≥ n3. So there exists q1 ∈ F such that ‖ξn(ω)− q1(ω)‖ < ε
2(L+1) for all n ≥ n3. Let

n4 = max{n2, n3}. Now for all l ∈ I and for all n ≥ n4

‖Tl(ω, q(ω))− q(ω)‖ ≤ ‖Tl(ω, q(ω))− q1(ω)‖+ ‖q1(ω)− q(ω)‖
≤ ‖Tl(ω, q(ω))− Tl(ω, q1(ω))‖+ ‖q1(ω)− q(ω)‖
≤ L ‖q(ω)− q1(ω)‖+ ‖q1(ω)− q(ω)‖
= (L+ 1) ‖q1(ω)− q(ω)‖
≤ (L+ 1) ‖q1(ω)− ξn(ω)‖+ (L+ 1) ‖ξn(ω)− q(ω)‖

< (L+ 1).
ε

2(L+ 1)
+ (L+ 1).

ε

2(L+ 1)
= ε

which implies that Tl(ω, q(ω)) = q(ω) for all l ∈ I and for each ω ∈ Ω. Therefore q ∈ F . Thus
{ξn} converges strongly to a common random fixed point of {Ti : i ∈ I}. This completes the
proof.

Lemma 3.1. Let X be a separable Banach space and C be a nonempty closed convex subset
of X . Let {Ti : i ∈ I = {1, 2, . . . , N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Ω×C to C. Assume that F = ∩Ni=1RF (Ti) 6= ∅. Let
{ξn(ω)} be the implicit random iterative sequence with errors defined by (2.1). Put

Ain(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ξn(ω))− ξ(ω)‖ − ‖ξn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
and

Bin(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ηn(ω))− ξ(ω)‖ − ‖ηn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
where n = (k−1)N+i and i = i(n) ∈ I . Assume that

∑∞
n=1 Ain(ω) <∞,

∑∞
n=1 Bin(ω) <∞,

0 < α ≤ an, bn ≤ β < 1 for some α, β ∈ (0, 1),
∑∞
n=1 γn < ∞ and

∑∞
n=1 cn < ∞. Then

limn→∞ ‖ξn(ω)− Tl(ω, ξn(ω))‖ = 0 for each ω ∈ Ω and for all l = 1, 2, . . . , N .

Proof. Let ξ ∈ F be arbitrary. Since {fn}, {gn} are bounded sequences of measurable func-
tions from Ω to C, we can put for each ω ∈ Ω,

M(ω) = sup
n≥1
‖fn(ω)− ξ(ω)‖ ∨ sup

n≥1
‖gn(ω)− ξ(ω)‖

obviously M(ω) <∞ for each ω ∈ Ω. From (3.5) we have that

‖ξn(ω)− ξ(ω)‖ ≤ ‖ξn−1(ω)− ξ(ω)‖+ λik(n)(ω) + σn(ω),

where
∑∞
k(n)=1 λik(n)(ω) < ∞ and

∑∞
n=1 σn(ω) < ∞ for all i ∈ I and for each ω ∈ Ω. Hence

by Lemma 2.2 we get that limn→∞ ‖ξn(ω)− ξ(ω)‖ exists for all ξ ∈ F and for each ω ∈ Ω.
Thus {ξn(ω)} is a bounded sequence for each ω ∈ Ω. Let limn→∞ ‖ξn(ω)− ξ(ω)‖ = R for
some R ≥ 0. From (3.3) we get that

‖ηn(ω)− ξ(ω)‖ ≤ ‖ξn(ω)− ξ(ω)‖+Aik(n)(ω) + cnM(ω).
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Taking limsup on both sides of the above inequality we get that

lim sup
n→∞

‖ηn(ω)− ξ(ω)‖ ≤ R for each ω ∈ Ω. (3.11)

Now

R = lim
n→∞

‖ξn(ω)− ξ(ω)‖

= lim
n→∞

‖αnξn−1(ω) + βnT
k(n)
i(n) (ω, ηn(ω)) + γnfn(ω)− ξ(ω)‖

= lim
n→∞

‖(1− βn)(ξn−1(ω)− ξ(ω) + γn(fn(ω)− ξn−1(ω)))

+ βn(T
k(n)
i(n) (ω, ηn(ω))− ξ(ω) + γn(fn(ω)− ξn−1(ω)))‖. (3.12)

Now for each ω ∈ Ω,

‖ξn−1(ω)− ξ(ω) + γn(fn(ω)− ξn−1(ω))‖ ≤ ‖ξn−1(ω)− ξ(ω)‖+ γn ‖fn(ω)− ξn−1(ω)‖ .

Taking limsup on both sides of the above inequality we get for each ω ∈ Ω

lim sup
n→∞

‖ξn−1(ω)− ξ(ω) + γn(fn(ω)− ξn−1(ω))‖

≤ lim sup
n→∞

(‖ξn−1(ω)− ξ(ω)‖+ γn ‖fn(ω)− ξn−1(ω)‖)

= R. (3.13)

Also, ∥∥∥T k(n)i(n) (ω, ηn(ω))− ξ(ω) + γn(fn(ω)− ξn−1(ω))
∥∥∥

≤
∥∥∥T k(n)i(n) (ω, ηn(ω))− ξ(ω)

∥∥∥+ γn ‖fn(ω)− ξn−1(ω)‖

≤ ‖ηn(ω)− ξ(ω)‖+Bik(n)(ω) + γn ‖fn(ω)− ξn−1(ω)‖ .

Taking limsup on both sides of the above inequality we get for each ω ∈ Ω

lim sup
n→∞

∥∥∥T k(n)i(n) (ω, ηn(ω))− ξ(ω) + γn(fn(ω)− ξn−1(ω))
∥∥∥ ≤ R. (3.14)

From (3.12), (3.13), (3.14) and Lemma 2.3 we get

lim
n→∞

∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn−1(ω)
∥∥∥ = 0 for each ω ∈ Ω. (3.15)

Again for each ω ∈ Ω, we have

‖ξn(ω)− ξn−1(ω)‖ =
∥∥∥αnξn−1(ω) + βnT

k(n)
i(n) (ω, ηn(ω)) + γnfn(ω)− ξn−1(ω)

∥∥∥
≤ βn

∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn−1(ω)
∥∥∥+ γn ‖fn(ω)− ξn−1(ω)‖

→ 0 as n→∞. (3.16)

Hence for each ω ∈ Ω,

lim
n→∞

‖ξn(ω)− ξn+l(ω)‖ = 0 for each ω ∈ Ω and for all l ∈ I. (3.17)
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Since∥∥∥ξn(ω)− T k(n)i(n) (ω, ηn(ω))
∥∥∥ ≤ ‖ξn(ω)− ξn−1(ω)‖+

∥∥∥ξn−1(ω)− T k(n)i(n) (ω, ηn(ω))
∥∥∥ ,

by using (3.15) and (3.16) we get

lim
n→∞

∥∥∥ξn(ω)− T k(n)i(n) (ω, ηn(ω))
∥∥∥ = 0 for each ω ∈ Ω. (3.18)

Now

‖ηn(ω)− ξn(ω)‖ =
∥∥∥anξn(ω) + bnT

k(n)
i(n) (ω, ξn(ω)) + cngn(ω)− ξn(ω)

∥∥∥
≤ bn

∥∥∥T k(n)i(n) (ω, ξn(ω))− ξn(ω)
∥∥∥+ cn ‖gn(ω)− ξn(ω)‖

≤ bn

[ ∥∥∥T k(n)i(n) (ω, ξn(ω))− T
k(n)
i(n) (ω, ηn(ω))

∥∥∥+ ∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn(ω)
∥∥∥ ]

+cn ‖gn(ω)− ξn(ω)‖

≤ bn

[
L ‖ξn(ω)− ηn(ω)‖+

∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn(ω)
∥∥∥ ]

+cn ‖gn(ω)− ξn(ω)‖

≤ (1− an)L ‖ξn(ω)− ηn(ω)‖+ (1− an)
∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn(ω)

∥∥∥
+cn ‖gn(ω)− ξn(ω)‖

≤ (1− anL) ‖ξn(ω)− ηn(ω)‖+ (1− an)
∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn(ω)

∥∥∥
+cn ‖gn(ω)− ξn(ω)‖ (3.19)

which implies that

anL ‖ηn(ω)− ξn(ω)‖ ≤ an
( 1
an
− 1
) ∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn(ω)

∥∥∥+ cn ‖gn(ω)− ξn(ω)‖

which implies that

‖ξn(ω)− ηn(ω)‖ ≤
1
L

( 1
α
− 1
) ∥∥∥T k(n)i(n) (ω, ηn(ω))− ξn(ω)

∥∥∥+ cn
αL
‖gn(ω)− ξn(ω)‖ .

(3.20)

Since
∑∞
n=1 cn < ∞, we have limn→∞ cn = 0 and using (3.18) in (3.20), we get that for each

ω ∈ Ω

‖ξn(ω)− ηn(ω)‖ → 0 as n→∞. (3.21)

Now

‖ξn−1(ω)− Tn(ω, ξn(ω))‖ ≤
∥∥∥ξn−1(ω)− T k(n)i(n) (ω, ηn(ω))

∥∥∥+ ∥∥∥T k(n)i(n) (ω, ηn(ω))− Tn(ω, ξn(ω))
∥∥∥

≤
∥∥∥ξn−1(ω)− T k(n)i(n) (ω, ηn(ω))

∥∥∥+ L
∥∥∥T k(n)−1

i(n) (ω, ηn(ω))− ξn(ω)
∥∥∥

= ρn(ω) + L
∥∥∥T k(n)−1

i(n) (ω, ηn(ω))− ξn(ω)
∥∥∥ , (3.22)
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where ρn(ω) =
∥∥∥ξn−1(ω)− T k(n)i(n) (ω, ηn(ω))

∥∥∥ for each ω ∈ Ω. From (3.15) we have for each
ω ∈ Ω, ρn(ω)→ 0 as n→∞. Again

∥∥∥T k(n)−1
i(n) (ω, ηn(ω))− ξn(ω)

∥∥∥ ≤
∥∥∥T k(n)−1

i(n) (ω, ηn(ω))− T k(n)−1
i(n−N)(ω, ξn−N (ω))

∥∥∥
+
∥∥∥T k(n)−1

i(n−N)(ω, ξn−N (ω))− T
k(n)−1
i(n−N)(ω, ηn−N (ω))

∥∥∥
+
∥∥∥T k(n)−1

i(n−N)(ω, ηn−N (ω))− ξ(n−N)−1(ω)
∥∥∥

+
∥∥ξ(n−N)−1(ω)− ξn(ω)

∥∥ . (3.23)

Now for each n > N , n = (n − N)(mod N). Again since n = (k(n) − 1)N + i(n), we have
k(n−N) = k(n)− 1 and i(n−N) = i(n). So from (3.23) we have

∥∥∥T k(n)−1
i(n) (ω, ηn(ω))− ξn(ω)

∥∥∥ ≤
∥∥∥T k(n)−1

i(n) (ω, ηn(ω))− T k(n)−1
i(n−N)(ω, ξn−N (ω))

∥∥∥
+
∥∥∥T k(n)−1

i(n−N)(ω, ξn−N (ω))− T
k(n)−1
i(n−N)(ω, ηn−N (ω))

∥∥∥
+
∥∥∥T k(n)−1

i(n−N)(ω, ηn−N (ω))− ξ(n−N)−1(ω)
∥∥∥

+
∥∥ξ(n−N)−1(ω)− ξn(ω)

∥∥
≤ L ‖ηn(ω)− ξn−N (ω)‖+ L ‖ξn−N (ω)− ηn−N (ω)‖

+ρn−N (ω) +
∥∥ξ(n−N)−1(ω)− ξn(ω)

∥∥ . (3.24)

So from (3.22) and (3.24) we have for each ω ∈ Ω

‖ξn−1(ω)− Tn(ω, ξn(ω))‖ ≤ ρn(ω) + L2 ‖ηn(ω)− ξn−N (ω)‖
+L2 ‖ξn−N (ω)− ηn−N (ω)‖+ Lρn−N (ω)

+L
∥∥ξ(n−N)−1(ω)− ξn(ω)

∥∥
≤ ρn(ω) + L2( ‖ηn(ω)− ξn(ω)‖+ ‖ξn(ω)− ξn−N (ω)‖ )

+L2 ‖ξn−N (ω)− ηn−N (ω)‖+ Lρn−N (ω)

+L
∥∥ξ(n−N)−1(ω)− ξn(ω)

∥∥ . (3.25)

Now for each ω ∈ Ω, it follows that

‖ξn−1(ω)− Tn(ω, ξn(ω))‖ → 0 as n→∞. (3.26)

Now by (3.26) and (3.16) we get that for each ω ∈ Ω

‖ξn−1(ω)− Tn(ω, ξn(ω))‖ ≤ ‖ξn(ω)− ξn−1(ω)‖
+ ‖ξn−1(ω)− Tn(ω, ξn(ω))‖
→ 0 as n→∞. (3.27)
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Now for each l ∈ {1, 2, . . . , N} = I , by using (3.27) and (3.17) we get that

‖ξn(ω)− Tn+l(ω, ξn(ω))‖ ≤ ‖ξn(ω)− ξn+l(ω)‖+ ‖ξn+l(ω)− Tn+l(ω, ξn+l(ω))‖
+ ‖Tn+l(ω, ξn+l(ω))− Tn+l(ω, ξn(ω))‖

≤ ‖ξn(ω)− ξn+l(ω)‖+ ‖ξn+l(ω)− Tn+l(ω, ξn+l(ω))‖
+L ‖ξn+l(ω)− ξn(ω)‖

= (1 + L) ‖ξn(ω)− ξn+l(ω)‖+ ‖ξn+l(ω)− Tn+l(ω, ξn+l(ω))‖
→ 0 as n→∞ and for each ω ∈ Ω. (3.28)

Consequently, we have

‖ξn(ω)− Tl(ω, ξn(ω))‖ → 0 as n→∞ for each ω ∈ Ω and for each l ∈ I.

This completes the proof.

Theorem 3.2. LetX be a separable Banach space and C be a nonempty closed convex subset
of X . Let {Ti : i ∈ I = {1, 2, . . . , N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Ω×C to C. Assume that F = ∩Ni=1RF (Ti) 6= ∅. Let
{ξn(ω)} be the implicit random iterative sequence with errors defined by (2.1). Put

Ain(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ξn(ω))− ξ(ω)‖ − ‖ξn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
and

Bin(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ηn(ω))− ξ(ω)‖ − ‖ηn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
where n = (k−1)N+i and i = i(n) ∈ I . Assume that

∑∞
n=1 Ain(ω) <∞,

∑∞
n=1 Bin(ω) <∞,

0 < α ≤ αn, βn ≤ β < 1 for some α, β ∈ (0, 1),
∑∞
n=1 γn < ∞ and

∑∞
n=1 cn < ∞. If the

family {Ti : i ∈ I = {1, 2, . . . , N}} satisfies condition (B) for each ω ∈ Ω, then {ξn} converges
strongly to a common random fixed point of the random operators {Ti : i ∈ I}.

Proof. By Theorem 3.1 we know that limn→∞ d(ξn(ω), F ) exists for each ω ∈ Ω. Again by
Lemma 3.1 and condition (B), we have that limn→∞ f(d(ξn(ω), F )) = 0. Since f : [0,∞) →
[0,∞) is a nondecreasing function with f(0) = 0 so we have limn→∞ d(ξn(ω), F ) = 0. Hence
the proof of Theorem 3.2 follows from Theorem 3.1. This completes the proof.

Theorem 3.3. LetX be a separable Banach space and C be a nonempty closed convex subset
of X . Let {Ti : i ∈ I = {1, 2, . . . , N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Ω× C to C. Assume that F = ∩Ni=1RF (Ti) 6= ∅ and
let one member of the family {Ti : i ∈ I} to be semi-compact random operator. Let {ξn(ω)} be
the implicit random iterative sequence with errors defined by (2.1). Put

Ain(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ξn(ω))− ξ(ω)‖ − ‖ξn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
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and

Bin(ω) = max
{

sup
ξ(ω)∈F, n≥1

(
‖Tni (ω, ηn(ω))− ξ(ω)‖ − ‖ηn(ω)− ξ(ω)‖

)
∨0 : i ∈ I

}
where n = (k−1)N+i and i = i(n) ∈ I . Assume that

∑∞
n=1 Ain(ω) <∞,

∑∞
n=1 Bin(ω) <∞,

0 < α ≤ αn, βn ≤ β < 1 for some α, β ∈ (0, 1),
∑∞
n=1 γn < ∞ and

∑∞
n=1 cn < ∞. Then {ξn}

converges strongly to a common random fixed point of the random operators {Ti : i ∈ I}.

Proof. Let us suppose that T1 is semi-compact random operator. By Lemma 3.1, we have
limn→∞ ‖ξn(ω)− T1(ω, ξn(ω))‖ = 0 for each ω ∈ Ω. So there exists a subsequence {ξnk

(ω)}
of {ξn(ω)} such that ξnk

(ω) → ξ(ω) for each ω ∈ Ω, where ξ is a measurable mapping from Ω

to C. Now again by Lemma 3.1, we have

‖ξ(ω)− Tl(ω, ξ(ω))‖ = lim
n→∞

‖ξnk
(ω)− Tl(ω, ξnk

(ω))‖ = 0,

for each ω ∈ Ω and for each l ∈ I . This implies that ξ ∈ F . Since {ξn(ω)} has a subsequence
{ξnk

(ω)} such that ξnk
(ω) → ξ(ω) for each ω ∈ Ω, we have that limn→∞ d(ξn(ω), F ) = 0. By

Theorem 3.1, we obtain {ξn} converges strongly to a common random fixed point of the random
operators {Ti : i ∈ I}. This completes the proof.

Remark 3.1. Our results extend and improve the corresponding results of Plubtieng et al.
[12] to the case of more general class of asymptotically quasi-nonexpansive random operators
and composite implicit random iteration process considered in this paper.

Remark 3.2. Our results also extend and improve the corresponding results of Beg and
Thakur [4] to the case of more general class of asymptotically quasi-nonexpansive random op-
erators and composite implicit random iteration process with errors considered in this paper.

Remark 3.3. Our results also extend the corresponding results of Benerjee and Choudhury
[1] to the case of more general class of asymptotically quasi-nonexpansive random operators
considered in this paper.

Remark 3.4. Our results also extend and improve the corresponding results of [2, 14, 15] to
the case of composite implicit random iteration process with errors for a finite family of asymp-
totically quasi-nonexpansive type random operators considered in this paper
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