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Abstract. The goal of this paper is to establish some strong convergence theorems of com-
posite implicit random iterates to a common random fixed point for a finite family of asymptot-
ically quasi-nonexpansive type random operators in the setting of separable uniformly convex
Banach spaces.

1 Introduction

Random approximations and random fixed point theorems are stochastic generalization of classi-
cal approximations and fixed point theorems. The study of random fixed point theorems was ini-
tiated by Prague school of probabilities in 1950’s. The interest in these problems was enhanced
after the publication of the survey article of Bharucha-Reid [5]. Random fixed point theory and
applications have been further developed rapidly in recent years (see [2, 3, 10, 11, 17, 19] and
references therein).

Fixed point iteration schemes for nonlinear operators on Banach and Hilbert spaces have been
developed and studied by many authors in recent years. The development of random fixed point
iterations was first initiated by Choudhury in [6] where random Ishikawa iteration scheme was
defined and its strong convergence to a random fixed point in Hilbert spaces was discussed. After
that several authors have worked on random fixed point iterations (see e.g. [2, 7, 8, 12, 13, 14, 15]
and references therein).

In 2005 Beg and Abbas [2] constructed and studied different random iterative algorithms
for weakly contractive and asymptotically nonexpansive random operators on arbitrary Banach
spaces. They also established the convergence of an implicit random iteration process to a
common random fixed point for a finite family of asymptotically quasi-nonexpansive random
operators. In 2007 Plubtieng et al. [12] constructed and established the convergence of an im-
plicit random iteration process with errors to a common random fixed point for a finite family
of asymptotically quasi-nonexpansive random operators in the framework of uniformly convex
Banach spaces. In 2009 Beg and Thakur [4] introduced modified general composite implicit ran-
dom iteration process and they gave necessary and sufficient condition for strong convergence
of said iteration process to a common random fixed point of a finite family of random asymptot-
ically nonexpansive mappings in separable Banach spaces and also they established some strong
convergence theorems for said iteration scheme and mappings in separable uniformly convex
Banach spaces. Recently, Benerjee and Choudhury [1] constructed and studied composite im-
plicit random iterations for a finite family of asymptotically nonexpansive random operators.
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They also established the convergence of above said iteration scheme and random operators to a
common random fixed point in the setting of separable Banach spaces.

The purpose of this paper is to construct and study the composite implicit random iterations
for a finite family of asymptotically quasi-nonexpansive type random operators and also establish
some strong convergence theorems for above said iteration scheme and operators in the frame-
work of separable Banach spaces. Our results extend and improve the corresponding results of
[1, 4, 12] and many others from the current literature.

2 Preliminaries

Throughout this paper, (Q,X) denotes a measurable space and X stands for a real Banach space.
For any function 7': Q x X — X we denote the nth iterate T'(w, T'(w, T (w, ..., T(w,z)...,)))
of T by T"(w, z).

Definition 2.1. A function f: Q — X is said to be measurable if f~!(B) € X for every Borel
subset B of X.

Definition 2.2. An operator T: Q x X — X is called a random operator if (., z): Q — X
is measurable for every z € X.

Definition 2.3. A random operator 7': Q x X — X is continuous if T'(w, .): X — X is
continuous for each w € Q.

Definition 2.4. A measurable function p: Q — X is said to be a random fixed point of the
random operator 7: Q x X — X if T'(w, p(w)) = p(w), Vw € Q. The set of all random fixed
points of 7' is denoted by RF(T).

Definition 2.5. Let C' be a nonempty subset of a separable Banach space X and T: Q x C' —
C be a random operator. Then T is said to be

(i) nonexpansive random operator if
IT(w,2) = T(w,y)ll < [lz-yl
for all z,y € X and for each w € Q.

(ii) asymptotically nonexpansive random operator if there exists a sequence of measurable
mappings hy,: Q — [1,00) with lim h,(w) = 1, for each w € Q, such that for z,y € C, we
n— oo

have
[T"(w,2z) =T"(w, Y| < ha(w)llz =yl

foreachw € Qandn € N.

(iii) asymptotically quasi-nonexpansive random operator if for eachw € Q, G(w) = {z € C':
x = T(w,z)} # ¢ and there exists a sequence of measurable mappings h,,: Q — [1,00) with
lim h,(w) = 1, for each w € Q, such that for z € C and y € G(w), the following inequality
n—oo

holds:

IT"(w, x) =yl < hn(w)llz =yl
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foreachw € Qandn € N.

(iv) asymptotically nonexpansive type random operator if for any « € C, the following in-
equality holds:

lim sup {77 (w, 2) — T"(w,y)l| — |z —yll : y€C} < 0.

n—oo

(v) asymptotically quasi-nonexpansive type random operator if for each w € Q, G(w) =
{r € C:2=T(w,z)} # ¢ and the following inequality holds:

lim sup {7 (w,2) — pl| — o —pll : p€GW)} < 0, weC.

n—roo

(vi) uniformly L-Lipschitzian random operator if for any x,y € C' and for each w € Q

1T (w,z) =T"(w,y)| < Liz—yl

where n € N and L is a positive constant.

(vii) semi-compact random operator if for a sequence of measurable mappings {&,, } from Q
to C, with lim,, 0 [|€, (w) — T'(w, & (w))|| = O for all w € Q, we have a subsequence {&,, } of
{&.} such that &, (w) — £(w) for each w € Q, where ¢ is a measurable function from Q to C.

Definition 2.6. A finite family {7} : i € I} of N continuous random operators from Q x C' —
C with F = NX, RF(T;) # 0 is said to satisfy Condition (B) if there is a nondecreasing
function f: [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all » € (0, c0) such that for all
we

Fld(e(w). F) < max {[o(w) - Ti(e,2())] } forall

where x: Q — C'is a measurable function.

Lemma 2.1.[9] Let (Q,X) be a measurable space, X be a separable Banach space and
T: Qx X — X be a continuous random operator. Then for any measurable function z: Q — X,
the function 7T'(w, z(w)) is also measurable.

Definition 2.7. (Composite implicit random iteration process with errors) Let {7} : i €
I'={1,2,...,N}} be a finite family of N continuous random operators from Q x C' to C' where
C be a nonempty closed convex subset of a separable Banach space X. Let {y: Q — C be any
measurable function. Then composite implicit random iteration scheme with errors is defined as
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follows:

&w) = aréo(w)+ BiTi(w,a1&(w)) + b1 T (w, & (w)) + c1g1(w) + 71 fi(w)

Hw) = @(w) +Ahhh(w, b (w)) + bhlh(w &(w)) + ag(w) +72fa(w)
En(w) = anén-1(w) + BTN (w,anén(w)) + bnTN (w,én (w)) 4+ envgn (w)
+ynv [ (w)
Evi(w) = aniién (W) 4+ Byt TE(w, ans1én+1 (W) + by TE(w, En1(w))

+ent1gn 1 (W) + v e (w)

onw) = anbn_1(W)+ BT (w, aan&on (W) + ban T (w, Eon (W)

+anvgn(w) + 1N fon (W)
onii(w) = anvpbnw) + Bani1Ti (w, aan+1&an+1(w)) + ban 1T} (w, Eonr1 (W)

+62N+192N+1(w) + '72N+1f2N+1(W)

which can be written in the compact form as

(W) = anbn1(@) + BaTy (@, 10 (@) + T fin(w)

(W) = apép(w) + bnTZIZES) (W, &n (W) + cngn(w), n > 1, Vw € Q,

2.1

where n = (k — 1)N +4,4 = i(n) € I and k = k(n) > 1 is a positive integer such that
k(n) — oo asn — oo and {an}, {Bn}s {1} {an}, {bn}, {cn} are sequences in [0, 1] with
an + Bn + v = an + by + ¢, = 1 and {f,,}, {gn} are bounded sequences of measurable func-
tions from Q to C.

Remark 2.1. By Lemma 2.1 the sequence {&,,} defined in (2.1) is a sequence of measurable
functions.

Lemma 2.2. (see [18]) Let {s,,} and {¢,,} be sequences of nonnegative real numbers satisfy-
ing the inequality

Sp41 <X Sy t+tn, n>1

If Y°0° | ¢, < oo, then lim,,_, s, exists. In particular, if {s,,} has a subsequence converging to
zero, then lim,,_, . s, = O.

Lemma 2.3. (Schu [16]) Let £ be a uniformly convex Banach spaceand 0 < a <t, <b < 1
for all n > 1. Suppose that {z,,} and {y, } are sequences in E satisfying limsup,, . |lz,| <7,
limsup,, ., |lyn|| < r and lim,_  |[t,z, + (1 —t,)yn]| = 7 hold for some » > 0. Then
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3 Main Results

In this section, we give the necessary and sufficient conditions of the composite implicit random
iteration process with errors to converge to common random fixed point for a finite family of
asymptotically quasi-nonexpansive type random operators and also discuss strong convergence
of above said scheme and random operators with additional conditions.

Theorem 3.1. Let X be a separable Banach space and C' be a nonempty closed convex subset
of X. Let {T; : i € I = {1,2,...,N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Q x C to C. Assume that F' = NN RF(T;) # 0. Let
{&.(w)} be the implicit random iterative sequence with errors defined by (2.1). Put

Anw) = max{ s (IT7:600) =€) - ) — £

VO i€ I} (3.1)
and

Bu(w) = max{ sup (|7 m(w)) ~ €@l — lm(w) - )]

f(w)EF, n>1

VO :ie 1} (3.2)

where n = (k—1)N+iandi =i(n) € I. Assume that | A, (w) < 00, Y07 | Bin(w) < o0,
0 <a<a,fB, <pB < 1forsomea, e (0,1), Y0 7 < ocoand Y~ ¢, < oo
Then {,,} converges strongly to a common random fixed point of the random operators {7; :
i €I ={1,2,...,N}}if and only if for all w € Q, liminf,_, d(§,(w),F) = 0, where
d(gn(w)vF) = inf{Hgn(W) - S(W)H e F}

Proof. The necessity is obvious and so it is omitted. Now, we prove the sufficiency. Let

& € F. Since {f,}, {gn} are bounded sequences of measurable functions from Q to C, we can
put for each w € Q,

M(w) = sup [ fr(w) = E(W)]I Vv sup [gn(w) — E(W)]]

obviously M (w) < oo for each w € Q. Now for £ € F and for each w € Q using (2.1) and (3.1),
we have

(@) = €@ = [[angn(@) + BT (@, 60 (w)) + eagn (@) =€)
< anllgn(w) = €@+ ba | TS @, () - )|
+n llgn(w) = €]
< anl6(@) = @I+ blll6n()) — €@+ Aspin) )]
+n lgn(w) = €]
< (an + b) 16 (@) = E@) | + b Asgi () + nM ()
= (1= ) [lenw) = €)1 + b Asnin) (@) + enM ()
< én(w) = EW)Il + Aigny (W) + cn M (w). (3.3)
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Again using (2.1), (3.2) and (3.3), we have,

€n(w) = €@ = [|angn1(w) + BaTIL (@, 10()) + 7 fulw) = )|

< an 6n1(@) = @)+ B ||TH0 (@, 1 (w)) - £w)|
1) = ()

< an 6n1(@) = €@ + Balllnn (@) — £ + Biggay ()]
5 1 w) = (@)

< onlEn-1(w) = E@)] + Ballén(w) = E@)I| + Augia(®)
en M ()] + BB () + 1 M (@)

< an ll6n-1(w) = €@+ Bu I (@) = €@ + Bu( Ak ()
 Big(a () + (Bucn +70) M ()

= an€n-1(@) = €@ + (1 = an = ) € (w) — £)]
B (Aik( (@) + Bt (@) + (Bun + 70) M ()

< an 1<w> 5<w>||+<1fan>nsn<> W)

§(

By rearranging both sides of (3.4) we have that

Azk( )( )+sz( )( )

n

A

1n(w) =&)< llgn-1(w) = (W)l +
1€n—1(w) = &)l +

+ﬂncn +n
«

= [lén-1(w) = W)l + Aign) (W) + on(w) (3.5)

M (w)

Ai(n) (@) + Bigm) (w)
(0%

IN

M(w)

where A () (w) = M and o, (w) = £2etn 1 (). Since by assumptions of the

theorem >~ | A;p(w) < 50, > le( ) <00, >0 v <ooand Y7 ¢, < 0o, it follows
that Z;?n):] Nik(n )(w) <ooand Y o,(w) < oo foralli € I and for each w € Q. This gives
that

d(En(w), F) < d(&n—l (w)7 F) + )‘ik(n) (w) + Un(w>' (36)

Hence by Lemma 2.2 we have lim,,_,o d(&,(w), F') exists for each w € Q. Further, by the
condition of the theorem we have for all w € Q,

lim d(&,(w), F) = 0. 3.7)

n—oo
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Now from (3.5) we have that

||§n+m(w) - 5("")” < ||§n+mfl(w) - 5(‘”)” + )‘ik(ner) (w) + Jn+m(w)

n+m n+m

< flén(w) = W)l + Z Aik(j)(w) + Z j(w)
j=n+l j=n+1

< én(w) = (W)l + Z Aik(j) (W)
Jj=n+1

+ > ojw) (3.8)
j=n-+1

for each w € Q and for all natural numbers m, n. Therefore for any £ € I’ we have that

[€ntm (W) = &n(@)l < [l€ntm(w) = EW) + [[€n(w) — E(W)l
< lén(w) = E(w)|l + Z Ain(j) (W)

j=n+1

+ Z 7j(w) + [[€n(w) — E@)]]

j=n+1

2[[€n(w) = &(w)Il + Z Aik(j) (W)

j=n+1

+ Z aj(w). (39)

j=n+1

N

Since 77 Ak (W) < o0, 3072, 1 0j(w) < 00 and limy, e d(§n(w), F) = O, there ex-
ists n1 € N such that for all n > n; we have d(&,(w), F) < 5, Y252, Aij)(w) < § and

> i1 04(w) < 5. So there exists p € F' such that [|€,(w) — p(w)]| < § forall n > n;.

Therefore from (3.9) we have that for all n > n,

||§n+m(w) - fn(w)H < 2 ”fn( ” + Z )‘zk
Jj=n+1
+ Z (Tj(w)
Jj=n+l
g IS g

which implies that {&,(w)} is a Cauchy sequence for each w € Q. Therefore &, (w) — q(w)
as n — oo for each w € Q, where ¢: Q — F, being the limit of the sequence of measurable
functions is also measurable. Now we prove that ¢ € F'. Since for each we Q, & (w) = qlw)
as n — oo there exists n, € N such that ||£,(w) — q(w)|| < sy forall n > ny. Since

lim,, o0 d(&,(w), F') = 0 for each w € Q, there exists n3 € N such that d(§,(w), F) < SIem)]
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for all n > n3. So there exists q; € F such that ||, (w) — ¢1 (w)]| < s forall n > ns. Let
ng = max{ny,n3}. Now for alll € I and for all n > ny

[Ti(w,q(w)) =gl < [Ti(w,q(w)) = qi(@)]| + [lq1(w) — g(w)]]
< |Ti(w, ¢(w)) = Ti(w, g1 (@) | + [lg1(w) = g(w)]]
< Lig(w) = ai(@)] + [¢1(w) — g(w)|l
= (L+1)]gw) —qw)]
< (L )qu( ) = & (W)l + (L + 1) [|€n(w) — g(w)]]
< (L+1). ST (L+1).72(L5+1):5

which implies that 7} (w, ¢(w)) = ¢(w) for all I € I and for each w € Q. Therefore ¢ € F. Thus
{&,} converges strongly to a common random fixed point of {T; : ¢ € I'}. This completes the
proof.

Lemma 3.1. Let X be a separable Banach space and C' be a nonempty closed convex subset
of X. Let{T; :i eI ={1,2,...,N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Q x C to C. Assume that F = NY, RF(T;) # 0. Let
{&,(w)} be the implicit random iterative sequence with errors defined by (2.1). Put

Anw) = max{_ swp (T 60w) = €)= ) = (1)
\/O:iEI}

and

Bin(w) = max{ sup (|77 (w,nu(w)) = @)l = () @)

((w)EF, n>1
VO:ie€ I}

wheren = (k—1)N+iandi = i(n) € I. Assume that Y~ | A;,(w) < 00, > oo Bin(w) < o0,
0 < a <apb, <pB <1forsomea,p e (0,1), Y v, <ocoand Y ¢, < co. Then
lim,, o0 ||€n (w) — T1(w, &n(w))]| = 0 foreachw € Q and foralll = 1,2,..., N

Proof. Let £ € F be arbitrary. Since {f,,}, {g.} are bounded sequences of measurable func-
tions from Q to C, we can put for each w € Q,

M(w) = sup||fu(w) = () v sup lgn(w) = ()]

n>1

obviously M (w) < oo for each w € Q. From (3.5) we have that

[€n (@) =€)l < [lén—1(w) = &) + Aikn) (W) + on(w),

) -
where 37701 Aig(n)(w) < coand 377, 0 (w) < oo foralli € I and for each w € Q. Hence
by Lemma 2.2 we get that lim,,_, ||, (w) — £(w)]| exists for all £ € F and for each w € Q.
Thus {£,(w)} is a bounded sequence for each w € Q. Let lim,,_, ||, (w) — &(w)|| = R for
some R > 0. From (3.3) we get that

I1n (W) = @)1 < [l€n(w) = (@)l + Aigin) (@) + enM (w).
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Taking limsup on both sides of the above inequality we get that

limsup |7, (w) — {(w)]] < R for each w € Q. 3.11)

n—oo

Now
R = lim ||¢,(w) - ()|
= M [angn1(w) + BaTiy (@, 70 (@) + Y fn(w) = ()]
Tim (1= Ba) (En1(@) =€) + 3 (fa (@) = &u1(@))
+ BT (@10 (W)) = £) + 7 (Fa(w) = Eacr (@) (3.12)

Now for each w € Q,

[€n—1(w) = &(w) +7n(fr(w) = &1 < [l€n—1(w) = EW)II + v [ fr(w) = En—1(W)]]-

Taking limsup on both sides of the above inequality we get for each w € Q

lim sup [[€, -1 (w) = §(w) + Y (fn(w) = En1(w))]l

n—o0

< hﬂsolip(”g"“(m =W+ 1 fn(w) = Enar(@)I)

= R. (3.13)

Also,

TH) (@, 1) = £@) + 3 (fa(@) — € @)

< |7 @ (@) = €@+ n 1) = Gt (@)
< (@) = €@+ Bugn) (@) + 0 1 @) = n-1(w)]-

Taking limsup on both sides of the above inequality we get for each w € Q
ligsolip HTZ-’ESS) (@, N0 (W) = (W) + Y (fr(w) = En1( H (3.14)
From (3.12), (3.13), (3.14) and Lemma 2.3 we get
Tim. HTi’zg)(w,nn(w)) - gn,l(w)H =0 for each w € Q. (3.15)

Again for each w € Q, we have

(@) = a1 (@)] = \ansn 1) + BT .10 () + A fn (@) = Enm )
B | Ty (0 >>fsn_1<w>Hmufn(w)fgn_l(w)u

—>Oasn—>oo. (3.16)

IN

Hence for each w € Q,

lim 160 (w) = Ensi(w)]| =0 for each w € Q and for all [ € I. (3.17)
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Since

6(@) = T (@1 (@)|| £ €)= Gt (@) +

En1(w) = Ty (@, 10 ()

by using (3.15) and (3.16) we get

lim
n— o0

(@) = T4 (w, 10 (w H =0 for eachw € Q. (3.18)
Now

1 (W) = En(W)II =

ann (@) + BT (@, 60 () + engn (@) = &u(w)|

< b [T @0 60()) = ()] + €nllgn (@) = & @)

< b ||T) (@, 60 (@) = T (@, ) | + | TS (w0 (0)) = ()]
e llgn () = &n(w)]

< ba[L16(@) = (@)l + | THE (. (@) = (@)
+en l|gn(w) = &n(w)]]

< (1= @)L () = (@) + (1= an) | 745 (@, (@) = &)
e llgn(w) = &n(w)]

< (1= anD) () = (@) + (1= an) | T4 (@, (w)) = ()|
e lgn(w) = &u(@)] (3.19)

which implies that

1 k

anL (@) = @) < an (o= = 1) [T @.1(0) — 60(@) | + €0 l9a(2) €]
which implies that
1,1 n
len@) =m@ll < 7 (- = 1) [T @, m(@)) = €a@)]| + 2 llgn (@) = a (@)1
(3.20)

Since Zf;l ¢n < 00, we have lim,,_, o, ¢, = 0 and using (3.18) in (3.20), we get that for each
we Q

J€n(w) = mu(w)]| > 0.as n = oo. (321)

Now

60-1(@) = T(@,&n @Il < énm1(@) = T @m0 (@) | + || T @, 10 (@) = T, &0 )|
< [enm1@) = T @omn @) + LT @ ma (@) = )|
= pn(@) + LT (w,mn(@) = &), (3.22)
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where p,(w) = i)

w € Q, pn(w) = 0asn — oo. Again

€n—1(w) — T >(w N (W H for each w € Q. From (3.15) we have for each

R @mw) — )| <

o @i ma (@) = T (@, 6w (@)

o @, (@) = T @, (@)

§;>ywmkNw»—amwymw

+ [[€n—n— (w)]|- (3.23)

Now for eachn > N, n = (n — N)(mod N). Again since n = (k(n) — 1)N + i(n), we have
k(n— N)=k(n)—land i(n — N) = i(n). So from (3.23) we have

T w0, () — alw)| <

0wy ma(@)) = T @, 60w (@)
) @ (@) = TE S @, (@)

IEEL Y )(w M= (W) = §n-n)—1(w)

+{[€m-m-1 @)
< Lina(w ) fn N( )||+L||€n N( ) = M-~ (W)
+on-n (W) + [[€n—n)— w)||. (3.24)

So from (3.22) and (3.24) we have for each w € Q

[€n-1(@) = Tu(w, & (@)l < pa(w) + L2 |na(w) = &n-n ()]

+L2 |[én-n(w ) Tn— N( M+ Lpn-n(w)

+L[|€m-n) -1 w)|

pn(w )+L2(||77n( )* n( )+ 1€ (w) = &n-n (W)l
+L? |[n-n(w ) Mn— N( )M+ Lpn—n(w)

+L ||&n-n)— w)]|- (3.25)

IN

Now for each w € Q, it follows that
1€n—1(w) — Th(w, & (w))|| — 0 as n — oo. (3.26)

Now by (3.26) and (3.16) we get that for each w € Q

an—l (w) - Tn(w,fn(w))ﬂ < ”5”(”) - gn—l(w)”
Fl[n—1(w) = Tn(w, & (W)l

— 0asn — oo. 3.27)
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Now foreach ! € {1,2,..., N} = I, by using (3.27) and (3.17) we get that

16n(w) = Tort(w, En (@)l < NI€n(w) = Eni (@)l + |€nst(w) — Tosi(w, Ensi(w)) |
F N1 (w, &1 (w)) = Togr(w, &n (W) |

1€ (W) = Ent1(@)Il + [[€n+1(w) = Tnsi(w, Enri(w))]]
L [|§n11(w) — &n (W)

= (14 1) & (w) = &ani(@)l| + €nsi(w) = Trsi(w, &na(w)) |
— 0 as n — oo and foreach w € Q. (3.28)

IN

Consequently, we have
lén(w) — Ty (w, &n(w))|| — 0 as n — oo foreach w € Q and for each [ € I.

This completes the proof.

Theorem 3.2. Let X be a separable Banach space and C' be a nonempty closed convex subset
of X. Let {T; : i € I = {1,2,...,N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Q x C to C. Assume that F' = NN RF(T;) # 0. Let
{&,(w)} be the implicit random iterative sequence with errors defined by (2.1). Put

Ainw) = max{ swp (77,6 ) = €@ &) = W)I)

E(w)EF, n>1
VO:ie 1}
and

Bu(w) = max{ sup (|77 (@ na(w)) = @) = Imn(w) = E@)II)

¢(w)EF, n>1
VO 1€ 1}

wheren = (k—1)N+iandi =i(n) € I. Assume that Y~ | A, (w) < 00, Y00 | Bin(w) < o,
0<a<afB, <B <1forsomea, e (0,1),> " v <ocand > >~ ¢, < occ. If the
family {7; : i € I = {1,2,..., N}} satisfies condition (B) for each w € Q, then {,,} converges
strongly to a common random fixed point of the random operators {T; : i € I}.

Proof. By Theorem 3.1 we know that lim,,, » d(&,,(w), F) exists for each w € Q. Again by
Lemma 3.1 and condition (B), we have that lim,, o, f(d(¢,(w), F)) = 0. Since f: [0,00) —
[0, 00) is a nondecreasing function with f(0) = 0 so we have lim,,_, d(§,(w), F) = 0. Hence
the proof of Theorem 3.2 follows from Theorem 3.1. This completes the proof.

Theorem 3.3. Let X be a separable Banach space and C' be a nonempty closed convex subset
of X. Let{T; : ¢ €I ={1,2,...,N}} be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type random operators from Q x C to C. Assume that F = NY, RF(T;) # 0 and
let one member of the family {7 : i € I} to be semi-compact random operator. Let {&,,(w)} be
the implicit random iterative sequence with errors defined by (2.1). Put

Anw) = max{ swp (T (@& w)) — §@)] = 6a(w) = €)1

((w)EF, n>1

\/O:iel}
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and

Bu(w) = max{ sup (|17 (@ na(w)) = @) = Ima(w) = E@)II)

((w)EF, n>1

vO:z’eI}

wheren = (k—1)N+iandi = i(n) € I. Assume that Y~ | A, (w) < 00, > 0" Bin(w) < o0,
0<a<a,fB,<B<1forsomea, e (0,1),> v, <ocoand ) -, ¢, < oco. Then {¢,}
converges strongly to a common random fixed point of the random operators {T; : i € I}.

Proof. Let us suppose that 77 is semi-compact random operator. By Lemma 3.1, we have
lim,, o0 ||€n (w) — T1(w, & (w))|| = O for each w € Q. So there exists a subsequence {&,, (w)}
of {¢,(w)} such that &, (w) — &(w) for each w € Q, where £ is a measurable mapping from Q
to C'. Now again by Lemma 3.1, we have

||§(w) - Tl(w>§(w))|| - nlggo Hgnk (UJ) - ﬂ(w’gnk (UJ))H = 07

for each w € Q and for each [ € I. This implies that ¢ € F. Since {¢,,(w)} has a subsequence
{&n,. (w)} such that &,, (w) — &(w) for each w € Q, we have that lim,,_, o d(&,,(w), F) = 0. By
Theorem 3.1, we obtain {,,} converges strongly to a common random fixed point of the random
operators {T; : i € I'}. This completes the proof.

Remark 3.1. Our results extend and improve the corresponding results of Plubtieng et al.
[12] to the case of more general class of asymptotically quasi-nonexpansive random operators
and composite implicit random iteration process considered in this paper.

Remark 3.2. Our results also extend and improve the corresponding results of Beg and
Thakur [4] to the case of more general class of asymptotically quasi-nonexpansive random op-
erators and composite implicit random iteration process with errors considered in this paper.

Remark 3.3. Our results also extend the corresponding results of Benerjee and Choudhury
[1] to the case of more general class of asymptotically quasi-nonexpansive random operators
considered in this paper.

Remark 3.4. Our results also extend and improve the corresponding results of [2, 14, 15] to
the case of composite implicit random iteration process with errors for a finite family of asymp-
totically quasi-nonexpansive type random operators considered in this paper
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