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Abstract In the present paper we study a new generalization of Voigt functions involving the
product of generalized Bessel and generalized Whittaker functions. We obtain its explicit repre-
sentation and then derive partly bilateral and partly unilateral representation and two generating
functions. Some special cases of main results have also been given.

1 Introduction

The familiar Voigt functions K (z,y) and L(z,y) play an important role in astrophysical spec-
troscopy, neutrons physics, plasma physics and several other diverse field of physics. Further-
more, the function K (z,y) + ¢L(x,y) is, except for a numerical factor, identical to the so-called
plasma dispersion function which is tabulated by Fried and Conte [2].

A number of authors namely Srivastava and Chen [15], Srivastava et al. [19], Pathan and
Shahwan [10], Goyal and Mukherjee [3], Gupta et al [4], Pathan et al [8], Pathan et al [9], Garg
and Jain [12] and Gupta and Gupta [5] studied various mathematical properties for the Voigt
functions and their generalizations.

For the purposes of our present study, we begin by recalling here the following representa-
tions due to Srivastava and Miller [18, p.113, eq.(8)]:

Vi (z,v) \/7/ t* exp ( yt—ftz) L(xt)dt (z,y € RT; Re(u+v)>—1), (1.1)

where J, (z) is well known Bessel function of order v.

So that K(z,y) = ng,%(l‘, y) and L(z,y) = V%V%(a:,y). (1.2)

Subsequently, following the work of Srivastava and Miller [18] closely, Klush [6] proposed
a unification (and generalization) of the Voigt functions K (x,y) and L(z,y) in the form

Qu(z,y, 2 \/7/ thexp (—yt — 2t*) J,(xt) dt  (v,y,2 € RT; Re(u+v) > —1).
(1.3)

In view of the above facts, we introduce and study a new generalization of Voigt functions
involving the product of generalized Bessel and generalized Whittaker functions defined as fol-
lows

H,P,01,02° ,0,
Qnu,)\ , ”(x,y,z,ul,uz,-n 7un)

= \/f/o 772 exp (—yt — 2t7) I\ (@) My oy ... o, (Quat®, -+ 2unt?) dt (1.4)
(x7yazyu17u23"' , Up € R+a RB{U+V+2(P+>\+UI +or+ - +O-TL)} > _2)’
where J), (2) is the generalization of Bessel function defined by Pathak [7] as follows

m (Z/z)u+2)\+2m

W _ - (_1)
J””\(Z)imz::or()\—i-m—i-l)F(V+)\+um+l) (15)
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and M, ;, ... o, (21, -+, zn) is the generalized Whittaker function [17, p.63(15)].

Taking n = 1 in (1.4), we get the generalized Voigt function given by Gupta and Gupta [5].
In (1.4) forn = 1, if we take oy = —% —pandu = 5 (Also See [5], [16]), we get the generalized
Voigt function given by Srivastava et al [19]. Further, which gives the known generalization of
Voigt function defined by Srivastava and Chen [15] on taking z = 5.

=

2 Explicit Representation

We make use of the series representation of the generalized Bessel function J!', (xt), the expo-

nential function exp(—yt) and generalized Whittaker function M, , ... ». (2u1t?, 2ust?, - - -, 2u,t?)
and interchanging the order of summation and integration, we get

Q“aP»UI»UZ“'ﬂn — €T V+2)\+l/2
n,V,A (-T,y,Z,UI,UZ,"' ,Un) — \ A

3 (2u1)01+1/2(2u2)02+1/2.” (zun)anJrl/Z

oo

Z (—1)m(0'1 +0’2+"'0’n —P+ %)nLlJr'ranr'“ern (x/z)Zm (_y)s
F()\ +m + 1)F(V + A + um + 1)(20'1 + l)ml (202 + l)mz e (20'" + l)mn s!

M8, M, My =0

my My oo
(2ur) B (2un) P20t 24201 o ) FsH2mebnt 2yt bmn) o (Ftur e tun) gy
myp! my,! 0

(2.1)
Using the following result in (2.1)

/ e dt = %r% ()~ MD/2 0 (Re(z) > 0, Re(\) > —1), (2.2)
0

and adjusting the parameters, we get

QoI+ or o B =y —2A xu+2/\+1/2ut171+1/2ugz+1/2 . ugn+l/2

Hsp;01,02: " ,0
Qn,y:)\ ' ' ”(x,y,z,ul,m,- o 7un) - Za

oo

Z (Jl +oy+-on—p+ %)m1+mz+-~~+mn a+m+ (ml +my A +mn) + s/2}
FA+m+ DT+ A+ pum~+1)201 + D, (202 + D)y -+ 2o + D,

M,S, My, My =0

| <—x2>m (—y/VZ)* Qui/2)™ Qua/Z)™  (Qun/Z)™

4z s! my! my! . my,! (2:3)

where Z =z +uj +up+ -+ +upanda = A+ T 4 o4 24 (g1 + o2+ -+ 00).

On separating the s-series into its even and odd terms, we get

201+ oy B — =2 xu+2,\+1/2uf171+1/2uc272+1/2 . qunH/Z

QZ:Z’;I’UZ”"U”(x;y7z’ul7u27'" ) = -
> (/42" (12/42)°  T(a+m+s)
'mg:o FA+m+ DIy + X4+ pm+1)s! (1/2),
™ n 2uy 2uy,
S F [Oé+m+8,0'1+0'2—|—---+an—p—|—§;201+1,202+17"' )20"+1;77"' 77}

y (a+m+s) ),
VZ (2s+1)

2 2uy,
FMa+1/2+m+s,01+02+ - +0n —p—|—g;201 1,200 + 1;%,-- ;]}
(2.4)
(337%2'7U17U2,"' y Up € R+7 Re{ﬁ+”+2(/’+/\+01 +02 + - +UTL)} > _2) 5
where Fc(") denotes one of the Lauricella function of n variables defined in Srivastava and
Manocha [17, p.60(3)]
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Fc(")[CL»b;CvaZ;"',Cn;l'],xz"',xn] —
o0
(a)ml+m2+”'+mn(b)m1+m7+»--+m,L xlnLl xsz xnmn (
- 4 . . < 1) .
mlAmzZm =0 (Cl)ml (Cz)mz e (Cn)mn my! my! my,! m + + m

(2.5)
Taking n = 1 in equations (2.3) and (2.4), we get the explicit form of generalized Voigt
function given by Gupta and Gupta [5].
3 Partly Bilateral and Partly Unilateral Representation
We have known result given by Srivastava, Bin-saad and Pathan [14, p.8(1.3)]

xt
exp{s—i—ts]: Z Z ‘lFl —pi;m+1; z, (3.1)

m=—00 p= O

where | Fi[a ;b ; z] is the confluent hypergeometric function [13].

On replacing s, t and z by s£2, t£2 and x£? respectively, multiplying both sides by €727 exp(—wé—

262) J0A(G) Myo, ... 0, (21 €2, -+, 2u, &%) in (3.1) and integrating with respect to ¢ from 0 to
00, we get
J A O T PPNV R VCTN e TR SP S Dl Bics

m=—00 p=0

: /0 h g tIm i expl—wé—2€ I8 (0€) Mpo e 0y Qui€?, -+ 2un &)1 Fi[—pim+1; 2€7] dE.
(3.2)

On comparing (3.2) with (1.4), we get following expression

QLTI g,z s — bk D, \[ Yy m'
m=—oc0 p=0
o
/0 greImI expl—wg—2€%] I\ (4€) Mp.o e o, Qi€+, 2un€?) 1 Fi[=psmet1; 2€] d€
(3.3)
(q,w,z,z—s—t—i— %t,ul,uz,--- Jun € RV Reln+v+2{p+ A+ (o1 +-+0o,)}] > —2) .

Now expanding the exponential function exp(—w¢), generalized Bessel function J,f, 1 (@€)

and generalized Whittaker function M, ,, ... . (2u1€%,- -+ ,2u,&?) in series form and using the
following known result [1, p.337(9)]

1

/00 ps—lo—az’ \Fi(a:b ;sz) der = ia_s/z I'(s/2) 2F1[a,s/2;b; 8/l (3.4)
0

(Re(s) > 0; Re(o) > max{0,Re(B)}),

we arrive at
Vv422+1/2 Ao+ Fon+n/2—3/2—v—2X , 01+1/2 ont1/2
QHP01:02 t t _4 /227 _— Uy CUn
7,05\ (q,wvz*‘sf +?,u1,~~~ 7“71)_ Za

Z Z (s/Z)™ (t/Z)* i (14 + 00— p+ 5ttt
I pl ; .

m=—00 p= 0 m: p 7j,l17127"'7ln,:0 F()\—l_-] + 1) F(V“— )\+lu’.7 + 1)

—w\7 7q2 i

Tm+p+i+h+--+l+5+a) (77) (GF)
'(20'1—|—1)11(202—|—1)12~-~(20’n—|—])l r!

n

X
2Fi[=p, mAptjtht /2405 m1s ]
(G G ()

LY LI,

(3.5)
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Now expanding , F] in series form and separating r-series into its even and odd term, we

get
s ot gV /2 Qorttondn/2=3/2—y=2) uU'H/Z-HuZ”H/Z
Q%:ﬁ:)\l, 2o (q,w,z—s—t—i—?,u],-“ 7un) = Za !
o] 00 o] 2\ w? r(z
e m‘p' oy l)kr()\+j+l)F(l/—i—)\—i—,uj—l—l)r!k!

(n) . n 2u 2y,
AFMm4p+i+r+k+a, 01+"'+0n*p+§; 201 +1,--- ,20n—|—1;7,«~ ,7]
_w (mAptjtrtkta)in

VZ (2r+1)
(n) . n 2uy 2uy,
F| [m—i—p—i—]—b—r—l—k—i—a—i—1/2,Ul+-~-+0n—p+§; 201 +1,--- ,20n+1;7,~- ,7]
(3.6)

t
<q,w,Z,ZSt+(Z,U],U2,"' 7un€R+7 R6{77+V+2<P+)‘+01+02++0n)}>2)

4 Generating Functions

On expanding left hand side of (3.6) by using (2.4), we get

A C(a+m+j)
(Z’) Z F)\+m+ ) (V+/\+um+1)(l/2)jj!

. n 2u 2uy,
{Fc(n)[a+m+j70'1++Jn_p+2,20'1+1,,20n+1,Z,1,,Z,]
_w (atmi)iy
N
(n) . n 2U] 2un
F; [Oé—|—1/2+m+_]70']+"'+O'n7p+§;20]-}-1,"',20”4—1;77'",7]
_y y @ i %)i(%) (%)’“F(l+p+i+r+k+a>
Mowlior. l'p' oyl (172), TA+i+ 1) T(v+ X4+ pi+ 1) r! k!
(n) . n 2uy 2uy,
SREMl+p+it+r+k+ao, o1t o = pt 5 201+1,~-,20n+1;7,m,7]

_w (H4ptitrtkta)i
VZ (2r+1)

A
(4.1)

2 2y,
Fé”>[l+p—|—i+r+k+a+l/27ol—l—~-~—|—an—p—|—g; 2o+ 1, ,20n+1;%7~-~ ,u}},

where 7' = (Z — s —t + 2).

On setting n = 1 for o, and u,,, the equation (4.1) reduce to generating function of Gupta
and Gupta [5].

Next, we derive another generating function by using the Kummer’s first formula.

We have Kummer’s first formula [13, p.125(1)]

(4.2)

eV 1Fi(a; b; v) =
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On replacing v by vt, multiplying both sides by t7+2° e=vt==t J\(@t) My o, .. o, (2uit?,
,2u,t?) in (4.2) and integrating with respect to t from 0 to oo, we get

o (2u1t2, e ,Zuntz) e V"1 Fy(a; by vt) dt

)

0o
n+2p —yt—zt> i
| e g ) My

(b—a)i(—v) / ft20+k g—yt—zt? J! () My o Quit?, - 2u,t?) dt. (4.3)
A :

I
I

On expanding | F] into series form, we arrive at

> (a)lvl e 2
Z / grat el J’it/\(xt) Mo, on (Zultz, T ,2unt2) dt
+Jo ’

> b—ak—vk > oyt —2t?
= Z((b))kgc')/o 2tk o yt=zt I} s\ (xt) My on Quit?, - 2u,t?) dt. (4.4)

Now using (2.4) on both sides of (4.4), we get

$ @G & CE ) T2 m )
pr b mSOF)\—i-m—i- JT(v+ X+ pm+1) (1/2), s!

.{F§”>[a+l/2+m+s,al+---+ p+ 200+ 1, ,20n+1;%,-~-,2%]

_ (y+v) (a+l/2+m+s)1 /2
VZ (25+1)

2 2uy,
FC(”)[a—i—l/Z—l—l/Z—l—m—i—s,al—0—~~+Jnfp—0—g; 20141, ,20n+1;%,m ,Z]}

2 2

i (b—a)g Z )L Ta+k/2+m+s)
P kk' o F)\—|—m+ )T+ A+pum+1) (1/2)s s
(n) n 2uy 2uy,
SAFE M a+Ek/24m+s, 014+ F0on—p+ 3200+ 1, 20, + 1 —, -, =]
2 Z Z
Ly (a+k/24+m+s)1 /2
VZ (2s+1)
(n) n 2uy 2y,
F| [a+k/2+1/2+m+5,01+~~+Jn—p+§; zal+1,~~,zan+1;7,m,7}
(4.5)

(l’,y,y+v,z,u1,-~- ,Un€R+, R€{77+V+l+2(P+)\+UI++Un)}>—27
Re{n+v+k+2(p+X+o1+--+0,)} > -2).

5 Conclusion

We investigate a new generalization of Voigt functions involving the product of generalized
Whittaker and generalized Bessel functions and express it in terms of Lauricella function of
n variables. We further obtain a partly bilateral and partly unilateral representation and two
generating functions. The results established in this paper may be useful in some areas of math-
ematical physics and engineering such as in the study of generalized heat equations and wireless
communications.
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