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Abstract The purpose of this article is to define notions of generalized I-derivation and
generalized reverse I-derivation on Γ-rings and to prove some remarkable results involving these
mappings.

1 Introduction

An extensive generalized concept of classical ring set forth the notion of a gamma ring theory.
As an emerging field of research, the research work of classical ring theory to the gamma ring
theory has been drawn interest of many algebraists and prominent mathematicians over the world
to determine many basic properties of gamma ring and to enrich the world of algebra. The dif-
ferent researchers on this field have been doing a significant contributions to this field from its
inception. In recent years, a large number of researchers are engaged to increase the efficacy of
the results of gamma ring theory over the world.

The notion of a Γ-ring was first introduced by Nobusawa[13] and also shown that Γ-rings, more
general than rings. Bernes[2] weakened slightly the conditions in the definition of Γ-ring in
the sense of Nobusawa. Bernes[2], Kyuno[11], Luh[12], Ceven[4], Hoque and Paul[6,8,9] and
others were obtained a large numbers of improtant basic properties of Γ-rings in various ways
and determined some more remarkable results of Γ-rings. We start with the following necessary
definitions.

Let M and Γ be additive abelian groups. If there exists a mapping (a, α, b) → aαb of M ×
Γ×M →M , which satisfies the conditions
(i) aαb ∈M
(ii) (a+ b)αc=aαc+bαc, a(α+ β)c=aαc+aβc, aα(b+ c)=aαb+aαc
(iii) (aαbβc=aα(bβc) for all a, b, c ∈M and α, β ∈ Γ,
then M is called a Γ-ring.
Let M be a Γ-ring. Then M is said to be prime if aΓMΓb=(0) with a, b ∈ M , implies a=0
or b=0 and semiprime if aΓMΓa=(0) with a ∈ M implies a=0. Furthermore, M is said to
be commutative Γ-ring if aαb=bαa for all a, b ∈ M and α ∈ Γ. Moreover, the set Z(M)
={a ∈M : aαb = bαa for all α ∈ Γ, b ∈M} is called the centre of the Γ-ring M .
If M is a Γ-ring, then [a, b]α=aαb − bαa is known as the commutator of a and b with respect to
α, where a, b ∈M and α ∈ Γ. We make the basic commutator identities:
[aαb, c]β=[a, c]βαb+ a[α, β]cb+ aα[b, c]β
and [a, bαc]β=[a, b]βαc+ b[α, β]ac+ bα[a, c]β ,
for all a, b, c ∈M and α, β ∈ Γ. We consider the following assumption:
(A).................aαbβc=aβbαc for all a, b, c ∈M and α, β ∈ Γ, which extensively used in through
out the paper.
According to the assumption (A), the above two identites reduce to
[aαb, c]β=[a, c]βαb+ aα[b, c]β
and [a, bαc]β=[a, b]βαc+ bα[a, c]β ,
which we extensively used.

Note that during the last some decades many authors have studied derivations in the context
of prime and semiprime rings and Γ-rings with involution (viz., [1], [3], [7],[15], [16]). The no-
tion of derivation and Jordan derivation on a Γ-ring were defined by Sapanci and Nakajima[14].
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Let M be a Γ-ring. An additive mapping D : M → M is called a derivation if D(aαb) =
D(a)αb+ aαD(b) holds for all a, b ∈M and α ∈ Γ. An additive mapping T : M →M is called
a left (right) centralizer if T (aαb) = T (a)αb (resp. T (aαb) = aαT (b)) for all a, b ∈ M and
α ∈ Γ.
Let D be a derivation on M . Then the additive mapping F : M → M is called a generalized
derivation if F (aαb) = F (a)αb+ aαD(b) holds for all a, b ∈M and α ∈ Γ.
The additive mapping I : M →M is called an involution if
(i) II(a) = a
(ii) I(a+ b) = I(a) + I(b)
and (iii) I(aαb) = I(b)αI(a) for all a, b ∈M and α ∈ Γ.
Let M be a Γ-ring with involution I . An additive mapping D : M → M is called an I-
derivation if D(aαb) = D(a)αI(b) + aαD(b) for all a, b ∈ M and α ∈ Γ and D is called a
reverse I-derivation if D(aαb) = D(b)αI(a) + bαD(a) for all a, b ∈ M and α ∈ Γ. An addi-
tive mapping T : M → M is called a left (right) I-centralizer if T (aαb) = T (a)αI(b) (resp.
T (aαb) = I(a)αT (b)) for all a, b ∈M and α ∈ Γ. An additive mapping F : M →M is called a
generalized I-derivation if F (aαb) = F (a)αI(b) + aαD(b) for all a, b ∈M and α ∈ Γ, D an I-
derivation on M . An additive mapping F : M →M is called a generalized reverse I-derivation
if F (aαb) = F (b)αI(a) + bαD(a) for all a, b ∈M and α ∈ Γ, D a reverse I-derivation on M .

The goal of this article is to develop some remarkable results involving generalized I-derivations
and generalized reverse I-derivations on Γ-rings.

2 The Main Results

Theorem 2.1. Suppose that M is a semiprime Γ-ring with involution I and D : M → M is a
I-derivation. If F is a generalized I-derivation on M , then F maps M into Z(M).

Proof. By definition of F , we have

F (aαb) = F (a)αI(b) + aαD(b) (2.1)

for all a, b ∈M and α ∈ Γ. Putting b = bβc in (2.1), we have

F (aαbβc) = F (a)αI(c)βI(b) + aαD(bβc)

⇒ F (aαbβc) = F (a)αI(c)βI(b) + aαD(b)βI(c) + aαbβD(c) (2.2)

Also, we can write

F (aαbβc) = F ((aαb)βc)

= F (a)αI(b)βI(c) + aαD(b)βI(c) + aαbβD(c) (2.3)

Hence, from (2.2) and (2.3), we obtain

F (a)α[I(c), I(b)]β = 0 (2.4)

For I(b) = b and I(c) = c, (2.4) becomes

F (a)α[c, b]β = 0 (2.5)

Putting c = cγF (a) in (2.5), we have

F (a)αcγ[F (a), b]β + F (a)α[c, b]βγF (a) = 0

⇒ F (a)αcγ[F (a), b]β = 0 (2.6)

Left multiplication of (2.6) by bβ, we get

bβF (a)αcγ[F (a), b]β = 0 (2.7)

Putiing c = bβc in (2.6), we have

F (a)αbβcγ[F (a), b]β = 0 (2.8)
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Subtracting (2.7) from (2.8) and using (A), we obtain

[F (a), b]βαcγ[F (a), b]β = 0 (2.9)

for all a, b, c ∈ M and α, β, γ ∈ Γ. Hence, by semiprimeness of M , we have [F (a), b]β = 0 for
all a, b ∈M and β ∈ Γ. Therefore F maps M into Z(M). Hence the theorem is complete. 2

Theorem 2.2. Suppose that M is a semiprime Γ-ring with involution I . If the additive mapping
T : M → M is defined by T (aαb) = T (a)αI(b) for all a, b ∈ M and α ∈ Γ, then T maps M
into Z(M)

Proof. By the hypothesis, we get

T (aαb) = T (a)αI(b) (2.10)

Putting b = cβb in (2.10), we have

T (aαcβb) = T (a)αI(b)βI(c) (2.11)

Also, we can write

T (aαcβb) = T ((aαc)βb) = T (aαc)βI(b) = T (a)αI(c)βI(b) (2.12)

Hence from (2.11), (2.12) and using (A), we obtain

T (a)β[I(c), I(b)]α = 0 (2.13)

for all a, b, c ∈ M and α, β ∈ Γ. The equation (2.13) is similar to the equation (2.4) with the
exception that the left I-centralizer T instead of generalized I-derivation F . Thus the same
approch, we have used after the equation (2.4) in Theorem-2.1, we obtain the required result
[T (a), b]α = 0 for all a, b ∈M and α ∈ Γ. Hence the theorem is proved. 2

Corollary 2.3. Suppose that M is a prime Γ-ring with involution I and D an I-derivation on M .
If F is a generalized I-derivation on M , then either F = 0 or M is commutative.

Proof. According to Theorem-2.1, we have F (a)β[b, c]α = 0 for all a, b, c ∈ M and α, β ∈ Γ.
Putting b = bγe, we obtain F (a)βbγ[e, c]α + F (a)β[b, c]αγe = 0 for all a, b, c, e ∈ M and
α, β, γ ∈ Γ, which implies F (a)βbγ[e, c]α = 0 for all a, b, c, e ∈ M and α, β, γ ∈ Γ. Hence by
the primeness of M , we have F (a) = 0 or [e, c]α = 0, that is, F = 0 or M is commutative. 2

Corollary 2.4. Suppose that M is a semisimple Γ-ring with involution I and D an I-derivation
on M . If F is a generalized I-derivation on M , then F maps M into Z(M)

Proof. Since every semisimple Γ-ring with involution is semiprime Γ-ring with the involution,
so according to the Theorem-2.1, the corollary is nothing to prove. 2

Corollary 2.5. Suppose that M is a Γ-ring with involution I . If D is a nonzero I-derivation on
M , then D maps M into Z(M).

Proof. The corollary is nothing to prove if we consider F = D in the proof of Theorem-2.1. 2

Theorem 2.6. Suppose that M is a semiprime Γ-ring with involution I and D a reverse I-
derivation on M . If F is a generalized reverse I-derivation on M , then [D(a), c]α = 0 for
all a, c ∈M and α ∈ Γ.

Proof. By the definition of generalized I-derivation F on M , we have

F (aαb) = F (b)αI(a) + bαD(a) (2.14)

for all a, b ∈M and α ∈ Γ. Replacing a by aβc in (2.14), we have

F (aβcαb) = F (b)αI(c)βI(a) + bαD(c)βI(a) + bαcβD(a) (2.15)
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Also, we can write

F (aβcαb) = F (aβ(cαb))

= F (b)αI(c)βI(a) + bαD(c)βI(a) + cαbβD(a) (2.16)

Comparing (2.15), (2.16) and using (A), we have

[b, c]αβD(a) = 0 (2.17)

for all a, b, c ∈M and α, β ∈ Γ. Putting b = D(a)γb in (2.17), we have

D(a)γ[b, c]αβD(a) + [D(a), c]αγbβD(a) = 0 (2.18)

Using (2.17), we obtain

[D(a), c]αγbβD(a) = 0 (2.19)

Putting b = bαc in (2.19), we have

[D(a), c]αγbαcβD(a) = 0 (2.20)

Right multiplication of (2.19) by αc, we have

[D(a), c]αγbβD(a)αc = 0 (2.21)

Subtracting (2.20) from (2.21) and using (A), we obtain

[D(a), c]αβbγ[D(a), c]α = 0 (2.22)

Hence by semiprimeness of M , we have [D(a), c]α = 0 for all a, c ∈ M and α ∈ Γ and the
theorem is complete. 2

The above theorem gives us two interesting corollaries-

Corollary 2.7. Suppose that M is a noncommutative prime Γ-ring with involution I and D a
reverse I-derivation on M . If F is a generalized reverse I-derivation on M , then F is a reverse
left I-centralizer on M .

Proof. If we replace b by aγb, the relation (2.17) gives aγ[b, c]αβD(a)+[a, c]αγbβD(a) = 0 and
using (2.17), the relation implies [a, c]αγbβD(a) = 0 for all a, b, c ∈ M and α, β, γ ∈ Γ. Hence
by primeness of M , either [a, c]α = 0 or D(a) = 0. If we consider, U={a ∈ M : [a, c]α = 0 for
all c ∈ M , α ∈ Γ} and V ={a ∈ M : D(a) = 0}. Then clearly U and V are additive subgroups
of M and U ∪ V = M . Therefore by Brauer’s trick, either U = M or V = M . If U = M , then
[a, c]α = 0 for all a, c ∈ M and α ∈ Γ. That is, M is commutative which gives a contradiction.
On the other hand, if V = M , then D(a) = 0 for all a ∈ M . Therefore by the definition of F
gives F (aαb) = F (b)αI(a) for all a, b ∈M and α ∈ Γ. Hence the proof is complete. 2

Corollary 2.8. Suppose that M is a semiprime Γ-ring with involution I . If D is a reverse I-
derivation on M , then D maps M into Z(M).

Proof. If we consider F = D, Theorem-2.6 gives the result. 2
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