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Abstract We compute certain sums including generalized Fibonacci and Lucas numbers as
well as their alternating analogous. We show that these sums could be expressed by the terms of

the sequences. Similar directions are given for certain sums of product of generalized Fibonacci
and Lucas numbers with their alternating analogous.

1 Introduction

Let p be a nonzero integer such that A = p? + 4 = 0. The generalized Fibonacci and Lucas
numbers are defined by the recursions: for n > 0

Un+1 = pUn + Unfly
Vn+1 - an + ‘/n—lv

where Uy = 0, U; = 1 and V = 2, V] = p, respectively.
The Binet formulas are

aniﬂn
hE=TaE

where o and 3 are the roots of the equation 2> — pz — 1 = 0.

In this paper, we consider certain generalized Fibonacci and Lucas sums as well as their
alternating analogous whose lower bounds are nonnegative integer variables. As an earlier first
examples of such sums, we could refer to [5, 6] and recall two examples here:

and V,, = o™ + 8",

a+dn n+9
Y Fi=Fulaione and ) Fp=11Fe.
k=a+1 k=n

Many authors have studied various interesting Fibonacci and Lucas sums (see [2, 3, 4]). For
example, we recall the results from [1, 4]:

2n+1 2n+1
Z Fka_l = Fzzn and Z LkLk—l = L%n —4. (11)
k=1 k=1

In this paper, for instance, our approach to generalize the identities given in (1.1) would be as
follows

s U2(k+1)U2(n+k)+a+b+1
Z UivaUiry = U
and
n+2k+1 1
Z Viem+)iraVem+1)ie = Vo
—n m

X Usks1)@m+1) [Va@me1)(nths)—2mtatd T Va@met)(nahr1)—2(m+1)+a+b) »

respectively. Furthermore, we consider certain similar sums including product of generalized
Fibonacci and Lucas numbers as well as their alternating analogous. We show that many of
these sums could be written in terms product of Fibonacci and Lucas numbers.
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2 Sums including the generalized Fibonacci and Lucas numbers

Theorem 2.1. For k > 0, and, any integers n, m and a,

"%44 . _ i Uk+1Vn+k+a+l — Un+a71 + Un+2k+a+l lfk is Odd’
p ha Uz | VirtUnskrart = Ungya—1 + Uniakrarr  ifk is even,
Mf:ﬂ Unira = 4 Dm0 Vamnikst)ram/ Vi ifm is 0dd,
= Unmn(e1) Uzm(n s 1)+a—m/Um  if m is even,

n 2kt
Z U(2m+l)i+a
| Uam)k+1) [Vemimik)ta + Vamimikiyra) ik is odd,
B Vv2m+1

‘/(27n+1)(k+1) [U(Z’er])(nka)Jra + U(Z'm+1)(n+k+1)+a] lfk is even,

n+2k+1 . .
+Z+ Uy os = (—1 )nfl UZm(k’Jrl)VZm(n+k)+m—n/Vm if m is odd,
i—n UZm(k+l)U2m(n+k)+mfn/Um if m is even,

2k+1 -
n} : v AUy +1Uniktar2  if k is odd,
ita T : .
i=n Vir1tVatkrarz  ifkis even,

n+2k+1 . .
+§:+ Vs o _ AUZm(k:-‘rl)U2m(n+k+1)+a—m/vm lfm is odd,
i=n UZm(k+l)‘/Zm(n+k+l)+a—m/Um if m is even,

n+2k+1
E ‘/(2m+l)i+a
i=n

AU s1)(+1) [Upmet)nak)+a + Upmst)nrks1)+a)  if k is odd,

1
B ‘/Zm-‘rl ) )
Vom) 1) Vemimik)+a + Vomit)miks)ra] ik is even,
n+2k+1 .
Jrzfr Vomi = (_1>n AUZm(kJrl)Um(2n+2k+l)_n/vm if m is odd,
i=n Unin (k1) Vin@nt2k41)=n/Um — if m is even.

Proof. We only prove the first identity. The others could be similarly proven. By the Binet
formulas of {U,,} and {V},}, we write that for even k,

n+2k+1

Z Ui+a

i=n

na2kdl g ita gita
Z A
=N

(an+a _ Bn-&-a 4 an+1+a _ Bn-‘rH—a 4+ an+2k+1+a _ Bn+2k+1+a)

[a"™ (1 4+ o+ ...+ o) — gt (1 4+ B4 ... + 2]
an+a _ an+a+2k+2 Bn-&-a _ ﬁn+a+2/~c+2
[ 1—a B 1-58

Bl— Bl= DBl
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— 1 (anJra _ an+a+2k+2 4 O[nJrafl _ an+a+2k+l _ 6n+a
A(=p)
+ ﬁn+a+2k+2 _ ﬁnJra—l + 6n+a+2k+l)
_ L k+1 k+1 n+k+a+l _ gntk+at+l) _ n+a—1 _ gn+a—1
= (@5 (o ki) — (amiest — griect)

4 (an+2k+a+1 _ 6n+2k+a+1))

1
T (Ver1Untirart = Unta—t + Unsaitast)

as claimed for even k. The proof is similarly obtained for odd k. O

Theorem 2.2. For k > 0, and, any integers n, m,a and b,

n+2k+1 _ Daerny@m+n Uant k1) @mt 1) —2m+atb—1
Z Uem+tyitaUm+1)ivs = Vamt ’
i—n m
nt2k+l Vet @m+ ) Va(rkt 1) @m+1) —2m-+a+b-1
Z Umst)ivaVom+1)ive = Vot ’
and
nt2k+1 Us(k+1)2m+1)
Z Vem+1)itaVem+1)ito = T Ve
<_n m

X [Va@ma1) (nths1)—2mtatd T Va@met)(nahr1)—2(m+1)+a+b) -

Proof. We only prove the first identity for the case m = 0, that is,

s Uiy Uninsky tasiorn
Z UiraUiyy = U .

The others are similarly proven. Now consider
n+2k-+1

Z UiraUire

1 n+2k+1

=% Z (ai+a _ Bi+a> (ai+b _ 5i+b)
1 n+2k+1 A

T gt +0)

— i (a2n+a+b - B2n+a+b + a2(n+1)+a+b o 52(n+1)+a+b +
A2

4otk ath 62(n+2k+1)+a+b)

1 \ )
-5 (a2n+a+b (1 +a+ .. +a2(2k+])) 4 gEntath (1 B4 +52<2k+1)))
_ i <a2n+a+b _ a2n+4k+a+b+4 N ﬂ2n+a+b _ ﬂ2n+4k+a+b+4>
A2 —pa —ppB
— _L (a2n+a+b—] _ a2n+4k+a+b+3 + 52n+a+b—] _ 62n+4k+a+b+3)
pA?

_ (az(k+1) _ ﬂ2(k+1)) <a2(n+k)+a+b+1 -~ 52(n+k)+a+b+1> /p

= Ua(es ) Un(nik) +ator1 / Uz,

as claimed. O
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As an example, for any integers a and b, we get

t
> UiraViss = Uri1 Vigasn/2-

=0

Theorem 2.3. For k > 0, and, any integers n and m,

n+2k+1
S U omini = Usmmsk)s26men)r1Ua@men) (es1)/ Vam1,
n+2k+1
Z —2m+1)i T AU4m(n+k)+2(7n+k)+]U2(2m+l)(k+])/‘/2m+1-

Proof. For the first identity, consider

n+2k+1

E : 2m+1

= = Z (a @m+1)i _ gn—(2m+1)i )2

i=n
n+2k+1

_ 1 Z (Zn 2m+1)i | g2n=202m+1)i _ 2(71)71—(2m,+l)i>

=n

Az( 2n 2(2m+1)n an 22m+1)n+a2n—2(2m+l)(n+l)
+62n—2(2m+])(n+1)+.” +a2n—2(2m+l)(n+2k+])+52n—2(2m+])(n+2k}+1))

_ é(a2n72(2m+l)n (1—1—@ 22mAl) 4 4o (2m+1)(2k+1))
4 g2n—2mt)n (—i—ﬂ @m+l) 4 4 g 2m+1)(2k+1))>

1 o~ 4nm (1 _ a72(2m+1)(2k+2)) 674nm (1 _ 572(2m+1)(2k+2))
- A2 1 — a—202m+1) + 1 — g—2@m+D)

_ (a2m+l + /Bszrl) <a4m(n+k)+2(m+k)+l _ 54m(n+k)+2(m+k)+1)
A2 (a2m+1 4 /82m+l)2

% (a2(2m+1)(k+1) -~ 52(2m+1)(k+1))

= Usm(nsk)+2(m+k)+1020ms1)k+1)/ Vam+1,
as claimed. The second identity could be proven similar. O

As an interesting example, we note that

Ui Vinn
Z :7

3 Alternating sums for generalized Fibonacci and Lucas numbers

In this section, we present certain alternating sums including generalized Fibonacci and Lucas
numbers.

Theorem 3.1. For k > 0, and, any integers n and a,

n+2 n . .
Jrzk:ﬂ (_1)1- U, — (-1 Uki1Vinikia + Unta — Unaokiarn  ifkis odd,
ita U, Vit 1tUntksa + Unta — Uniokrasa  ifk is even,

i=n

2k+1 . .
”szjf (_1)1 U2 g (_l)n—l U2m(k+l)U2m(n+k+l)+a—m/Um lfm s Oddv
Unin (k1) Vam(nakt D +a—m/Vin - i m is even,

i=n
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n+2k+1 ) _l)n
; (_1)1 U(2m+l)i+a = m

% U(2m+1)(k+1) (V(2m+1)(n+k)+a - V(2m+1)(n+k+1)+a) if k is odd,
Vim+1e+1) (Uemrt)msk+a = Uemrt)nskrt)+a) i k is even,

n+2k+1 . .
+Z+ (=1) Ui = Uam(e1)Uam(ntk)tm—n/Um i m is odd,
l l UZm(kJrl)‘/Zm(nka)er—n/Vm if m is even,

n+2 . .
%H (*1)i Viig = (71)"—1 AU 1 Ungita—1 Ifkis odd,
i=n " Vit1Vask+a—1  Iif k is even,
n+2k+1 | |
JrZJr (_1)1' Vomita = (_1)n—l Uzm(k+1)‘/v2m(n+k+1)+a,m/[]m lf’m is odd,
o AUzm(kJH)U2m<"+k+l)+a—m/‘/m if m is even,
n+2k+1 et
i -1
Z (71) ‘/(zm+l)i+a = (‘/7)
i=n 2m+1

% AU(Z’rnJrl)(kH) (U(2m+l)(n+k+])+a - U(Z’rn+l)(n+k)+tl) lfk; is odd,
Vom+1)(e+1) (Vemet) makrt)ra — Vemtt)nik+a) i k is even,

*AUzm(kH)Uzm(n+k)+m,n/vm if m is even.

i=n

n+2k+1 . .
+§:+ (=1)" Vs -:{ ~Uam(kes1)Vam(nik)yrm—n/Um  if mis odd,

Proof. For odd k, we write

n+2k+1 ) 1 n+2k+1 ‘ 4 '
S ) =S 1) (e - g
i=n i=n
_ <_Al)n (an+a _ 5n+a _ an+1+a _’_5n+1+a 4= an+2k+1+a _’_5n+2k+1+a)

= 7(_A1)" (™ (14 (=) + (=a)’ + .4 (—a)™*)

=67 (14 (=8) + (=8) + o+ (=8)*"))
(_1)71 an+a _ an+a+2k+2 BnJra _ ﬂn+a+2k+2>

A 1+« 1+5

n
_ (_1) (an+a _ an+a+2k+2 _ an-&-afl + an+a+2k+1

7ﬂn+a 4 ﬁn+a+2k+2 _ /B’ﬁr‘rafl o ﬂn+a+2k+l)

_ (plA)” ((ak+1 _ ﬂkﬂ) (an+k+a + ﬂn+k+a)

+ (an+a _ ﬁnJra) _ (an+2k+a+2 _ 6n+2k+a+2))

(=D"

= T (Uk+1Vn+k+a + Un+a - Un+2k+a+2) 5

which completes the proof for odd k. The proof is similarly obtained for even k. The others could
be similarly proven. O

Theorem 3.2. For k > 0, and, any integers n, a and b,

n+2k+1 ) l)nfl
. _
E (=1)" UzmitaUzmirs = BT Usm(k+1) Udm(nt k) +2m+atbs
i—n 2m
n+2k+1

) 1 n—1
Z (71)1 U2mi+av2mi+b = TU4m(k+l)‘/4m(n+k)+2m+a+ba

=n



324 Emrah Kili¢, Nese Omiir, Ilker Akkus, Yiicel T. Ulutas

n+2k+1 .
Z (_1)1 ‘/ZmH—a‘/ZmH—b -

i=n

U,
n—1 Udm(k+1
(=1) % (Vam(nt)+2m+arvi1 + Vim(ntk)+2m+atrb—1) -

Proof. We prove the first identity. The others could be similarly proven. By the Binet formula
of {U,}, we write

n+2k+1
i
§ (_1) U2mi+aU2mi+b
i=n
1 n+2k+1

_ p Z (_1)1 (aZmiJra _ 62mi+a) (a2mi+b _ /BZmier)
i=n
n—+2k+1

(71)1‘ (a4mi+a+b + B4mi+a+b _ (71)a (at + ﬂt))

|
2 -
™

=n

(_1)" ((a4mn+a+b 4 64mn+a+b) _ (a4m(n+l)+a+b +ﬁ4m(n+l)+a+b> + o

4m(n+2k+1)+a+b +64m(n+2k+l)+a+b)>

—
Q

= _T2)" (a4m”+a+b (1 + (—a4m) + ...+ (—a4m)2k+l)

4 ghmntatd (1 + (_ﬁ4m) N (_ﬂ4m)2k+1))

(_ 1 )n aAmntatd _ a4m(n+2k+2)+a+b 64mn+a+b _ B4m(n+2k‘+2)+a+b
- A2 ( 1+ alm + 1+ 64m )

n—I1
_ I (2—1)4_52 )2 (a2m +62m) (a4m(k+l) -~ ﬂ4m(k+l))
o m m

> <a4m(n+k)+2m+a+b _ ﬁ4m(n+k)+2m+a+b)

(_1)"*1 U4m(k:+1)U4m(n+k)+2m+a+b/‘/2ma
as claimed. o

Theorem 3.3. For k > 0, and, any integers n and m

n+2k+1
i n—1
Z (_1) U7%72mi - (_1) U4m(n+k:)+2(m—n) U4m(k+1)/‘/2m7

n+2k+1 ) .
Z (_l)lvnz—zmi = (_l)n_ AU4m(n+k)+2(m—n)U4m(k+])/V2m~

i=n

Proof. Consider

n+2k+1 .
Z (_I)Z Urzz—Zmi
i=n
1 n+2k+1 ) . ,
— p Z (71)1 (an72mz o 5n72m2)
1 n+2k+1 ) . 4
— E Z (_1)1 (a2n—4mz + ﬁ2n—4mz ) (_1)")
(71)” 2n—4mn 2n—4mn 2n—4m(n+1) 2n—4m(n+1)
= (e +8 )f(oz +8 )+

_ (a2n74m(n+2k+l) + ﬁ2n74m(n+2k+l)))
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- & (gn—tmn (1 o (—a*“m)z“')

A2
n—4mn —4m, _4m 2k+1
+p2 <1+(—6 i IR (G 0| ))
= ﬂ a”‘“"”"ﬂ +ﬂ2n—4mnw
A2 1+ a—4m 1+ ,8_47”

n
(_1) (a2n—4mn _ a4m(2k—n+2)+2n 4 a2n—4mn—4m _ a4m(2k—n+l)+2n
21/2

AV,

+52n74mn _ 64m(2k7n+2)+2n + B2n74mn74m _ 64m(2k7n+1)+2n)

= ﬁ (_1)n—1 (a2m +ﬁzm) <a4m(k+1) _ /84m(k+l)) %
2m

(a4m(n+k)+2(m—n) _ 64m(n+k)+2(m—n)>
= (_1)n71 U4m(n+k)+2(m—n)U4m(k+l)/‘/2m7

as claimed. The second identity for the generalized Lucas number counterpart is similarly ob-
tained. O
For example, we get
2t ‘ 1
Z (=1)" Uprsr; = WUthV(th)zr-

=1

Theorem 3.4. For k > 0, and, any integers n and m,

n+2k+1 )
Z (=)' UiUmn—i = = (Un(m-2)—e+1)Uaie+1)) /U2,
n+2k+1 n—1 . .
Z (_1)Z U, .U, . . = (71) UZm(nJrk)erfnUZm(kJrl)/Vm lfm is odd,
i=n U2m(n+k)+m—nU2m(k+1)/Vm lfm is even,
n+2k+1 ]
Z (71)2 ViVipn—i = AUn(m72)7(2k+l)UZ(k+1)/U27
n+2k+1 ]
Z (_1)1 ViniV—mi = _AUZm(n+k)+m—nU2m(k+l)/‘/ma
n+2k+1 )
> (=)' UiVin—i = —Vagm-2)- ks 1) Uaes 1)/ U2,
n+2k+1 )
Z (=)' Villmn—i = Vapm—2)- k1) Une1)/ U,
n+2k+1 n . .
Z (_1)2 U. .V, o (_1) %m(n+k)+7n—nU2m(k+])/Vm if m is odd,
i=n 7‘/2m(n+k)+mfnU2m(k+l)/Vm lfm is even,

and

n+2k+1 n—1 . .
LJrsz (_1)1 Vo .U, . .= (_1) ‘/27n(n+k)+’m—nU2m(k+1)/Vm lfm is odd,
Vam(n+k)+m-nUzm(i+1)/Vin if m is even.

i=n
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Proof. Consider

n+2k+1 )
Z (_1)1 UZUmnfz
1 n+2k+1 ‘ _ ' , .
= AZ Z (_1)1 (az _ Bz) (amn—z _ ﬁmn—l)
i=n
1 n+2k+1 ] - N
T A2 Z (=1)" (™™ 4 ™" — o™ B — BT )
1 n+2k+1 ) . ‘ ' ‘
LS (e )
1 n+2k+1 ' ,
— F Z (amn—21+6mn—21)
i=n
— %((amn72n + ﬂmn72n) + (amn72(n+l) + 6mn,2(n+1>>
+ ..+ (am"*2<n+2k+l) + an72(n+2k+l)))

+ B'mn—Zn (1 + 5—2 o+ 6—2(2k+])>)

- ~1 |: mn72n1 o a72(2k+2) N 6mn72n1 o 672(2k+2)
A2 [— a2 1— 52

_ -1 (a+B) (an(m72)7(2k+1) _ 5n(m72)7(2k+1)> (a2(k+1) _ 52(k+1)>
A? (o + 5)2

= ~Upn(m-2)-k+1)Us(k11)/ U2,

as claimed. The others could be similarly proven.
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