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Abstract We compute certain sums including generalized Fibonacci and Lucas numbers as
well as their alternating analogous. We show that these sums could be expressed by the terms of
the sequences. Similar directions are given for certain sums of product of generalized Fibonacci
and Lucas numbers with their alternating analogous.

1 Introduction

Let p be a nonzero integer such that ∆ = p2 + 4 6= 0. The generalized Fibonacci and Lucas
numbers are defined by the recursions: for n > 0

Un+1 = pUn + Un−1,

Vn+1 = pVn + Vn−1,

where U0 = 0, U1 = 1 and V0 = 2, V1 = p, respectively.
The Binet formulas are

Un =
αn − βn

α− β
and Vn = αn + βn,

where α and β are the roots of the equation x2 − px− 1 = 0.
In this paper, we consider certain generalized Fibonacci and Lucas sums as well as their

alternating analogous whose lower bounds are nonnegative integer variables. As an earlier first
examples of such sums, we could refer to [5, 6] and recall two examples here:

a+4n∑
k=a+1

Fk = F2nLa+2n+2 and
n+9∑
k=n

Fk = 11Fn+6.

Many authors have studied various interesting Fibonacci and Lucas sums (see [2, 3, 4]). For
example, we recall the results from [1, 4]:

2n+1∑
k=1

FkFk−1 = F 2
2n and

2n+1∑
k=1

LkLk−1 = L2
2n − 4. (1.1)

In this paper, for instance, our approach to generalize the identities given in (1.1) would be as
follows

n+2k+1∑
i=n

Ui+aUi+b =
U2(k+1)U2(n+k)+a+b+1

U2

and

n+2k+1∑
i=n

V(2m+1)i+aV(2m+1)i+b =
1

V2m+1

× U2(k+1)(2m+1)
[
V2(2m+1)(n+k+1)−2m+a+b + V2(2m+1)(n+k+1)−2(m+1)+a+b

]
,

respectively. Furthermore, we consider certain similar sums including product of generalized
Fibonacci and Lucas numbers as well as their alternating analogous. We show that many of
these sums could be written in terms product of Fibonacci and Lucas numbers.
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2 Sums including the generalized Fibonacci and Lucas numbers

Theorem 2.1. For k ≥ 0, and, any integers n,m and a,

n+2k+1∑
i=n

Ui+a =
1
U2

{
Uk+1Vn+k+a+1 − Un+a−1 + Un+2k+a+1 if k is odd,
Vk+1Un+k+a+1 − Un+a−1 + Un+2k+a+1 if k is even,

n+2k+1∑
i=n

U2mi+a =

{
U2m(k+1)V2m(n+k+1)+a−m/Vm if m is odd,
U2m(k+1)U2m(n+k+1)+a−m/Um if m is even,

n+2k+1∑
i=n

U(2m+1)i+a

=
1

V2m+1


U(2m+1)(k+1)

[
V(2m+1)(n+k)+a + V(2m+1)(n+k+1)+a

]
if k is odd,

V(2m+1)(k+1)
[
U(2m+1)(n+k)+a + U(2m+1)(n+k+1)+a

]
if k is even,

n+2k+1∑
i=n

Un−2mi = (−1)n−1

{
U2m(k+1)V2m(n+k)+m−n/Vm if m is odd,
U2m(k+1)U2m(n+k)+m−n/Um if m is even,

n+2k+1∑
i=n

Vi+a =

{
∆Uk+1Un+k+a+2 if k is odd,
Vk+1Vn+k+a+2 if k is even,

n+2k+1∑
i=n

V2mi+a =

{
∆U2m(k+1)U2m(n+k+1)+a−m/Vm if m is odd,
U2m(k+1)V2m(n+k+1)+a−m/Um if m is even,

n+2k+1∑
i=n

V(2m+1)i+a

=
1

V2m+1


∆U(2m+1)(k+1)

[
U(2m+1)(n+k)+a + U(2m+1)(n+k+1)+a

]
if k is odd,

V(2m+1)(k+1)
[
V(2m+1)(n+k)+a + V(2m+1)(n+k+1)+a

]
if k is even,

n+2k+1∑
i=n

Vn−2mi = (−1)n
{

∆U2m(k+1)Um(2n+2k+1)−n/Vm if m is odd,
U2m(k+1)Vm(2n+2k+1)−n/Um if m is even.

Proof. We only prove the first identity. The others could be similarly proven. By the Binet
formulas of {Un} and {Vn} , we write that for even k,

n+2k+1∑
i=n

Ui+a

=
n+2k+1∑

i=n

(
αi+a − βi+a

∆

)

=
1
∆

(
αn+a − βn+a + αn+1+a − βn+1+a + ...+ αn+2k+1+a − βn+2k+1+a

)
=

1
∆

[
αn+a

(
1 + α+ ...+ α2k+1)− βn+a

(
1 + β + ...+ β2k+1)]

=
1
∆

[
αn+a − αn+a+2k+2

1− α
− βn+a − βn+a+2k+2

1− β

]
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=
1

∆ (−p)
(αn+a − αn+a+2k+2 + αn+a−1 − αn+a+2k+1 − βn+a

+ βn+a+2k+2 − βn+a−1 + βn+a+2k+1)

=
1
p∆

((
αk+1 + βk+1) (αn+k+a+1 − βn+k+a+1)− (αn+a−1 − βn+a−1)

+
(
αn+2k+a+1 − βn+2k+a+1))

=
1
p
(Vk+1Un+k+a+1 − Un+a−1 + Un+2k+a+1) ,

as claimed for even k. The proof is similarly obtained for odd k.

Theorem 2.2. For k ≥ 0, and, any integers n,m, a and b,

n+2k+1∑
i=n

U(2m+1)i+aU(2m+1)i+b =
U2(k+1)(2m+1)U2(n+k+1)(2m+1)−2m+a+b−1

V2m+1
,

n+2k+1∑
i=n

U(2m+1)i+aV(2m+1)i+b =
U2(k+1)(2m+1)V2(n+k+1)(2m+1)−2m+a+b−1

V2m+1
,

and

n+2k+1∑
i=n

V(2m+1)i+aV(2m+1)i+b =
U2(k+1)(2m+1)

V2m+1

×
[
V2(2m+1)(n+k+1)−2m+a+b + V2(2m+1)(n+k+1)−2(m+1)+a+b

]
.

Proof. We only prove the first identity for the case m = 0, that is,

n+2k+1∑
i=n

Ui+aUi+b =
U2(k+1)U2(n+k)+a+b+1

U2
.

The others are similarly proven. Now consider

n+2k+1∑
i=n

Ui+aUi+b

=
1

∆2

n+2k+1∑
i=n

(
αi+a − βi+a

) (
αi+b − βi+b

)
=

1
∆2

n+2k+1∑
i=n

(
α2i+a+b + β2i+a+b − (−1)i+a (

αt + βt
))

=
1

∆2

(
α2n+a+b − β2n+a+b + α2(n+1)+a+b − β2(n+1)+a+b + ...

+α2(n+2k+1)+a+b − β2(n+2k+1)+a+b
)

=
1

∆2

(
α2n+a+b

(
1 + α2 + ...+ α2(2k+1)

)
+ β2n+a+b

(
1 + β2 + ...+ β2(2k+1)

))
=

1
∆2

(
α2n+a+b − α2n+4k+a+b+4

−pα
+
β2n+a+b − β2n+4k+a+b+4

−pβ

)
= − 1

p∆2

(
α2n+a+b−1 − α2n+4k+a+b+3 + β2n+a+b−1 − β2n+4k+a+b+3)

=
(
α2(k+1) − β2(k+1)

)(
α2(n+k)+a+b+1 − β2(n+k)+a+b+1

)
/p

= U2(k+1)U2(n+k)+a+b+1/U2,

as claimed.
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As an example, for any integers a and b, we get

t∑
i=0

Ui+aVi+b = Ut+1Vt+a+b/2.

Theorem 2.3. For k ≥ 0, and, any integers n and m,

n+2k+1∑
i=n

U2
n−(2m+1)i = U4m(n+k)+2(m+k)+1U2(2m+1)(k+1)/V2m+1,

n+2k+1∑
i=n

V 2
n−(2m+1)i = ∆U4m(n+k)+2(m+k)+1U2(2m+1)(k+1)/V2m+1.

Proof. For the first identity, consider

n+2k+1∑
i=n

U2
n−(2m+1)i

=
1

∆2

n+2k+1∑
i=n

(
αn−(2m+1)i − βn−(2m+1)i

)2

=
1

∆2

n+2k+1∑
i=n

(
α2n−2(2m+1)i + β2n−2(2m+1)i − 2 (−1)n−(2m+1)i

)
=

1
∆2 (α

2n−2(2m+1)n + β2n−2(2m+1)n + α2n−2(2m+1)(n+1)

+β2n−2(2m+1)(n+1) + ... +α2n−2(2m+1)(n+2k+1) + β2n−2(2m+1)(n+2k+1)
)

=
1

∆2

(
α2n−2(2m+1)n

(
1 + α−2(2m+1) + ...+ α−2(2m+1)(2k+1)

)
+β2n−2(2m+1)n

(
1 + β−2(2m+1) + ...+ β−2(2m+1)(2k+1)

))
=

1
∆2

(
α−4nm

(
1− α−2(2m+1)(2k+2)

)
1− α−2(2m+1) +

β−4nm
(
1− β−2(2m+1)(2k+2)

)
1− β−2(2m+1)

)

=
−
(
α2m+1 + β2m+1

)
∆2 (α2m+1 + β2m+1)

2

(
α4m(n+k)+2(m+k)+1 − β4m(n+k)+2(m+k)+1

)
×
(
α2(2m+1)(k+1) − β2(2m+1)(k+1)

)
= U4m(n+k)+2(m+k)+1U2(2m+1)(k+1)/V2m+1,

as claimed. The second identity could be proven similar.

As an interesting example, we note that
n∑

i=0

U2
mi =

U2
nmVmn

Vm
.

3 Alternating sums for generalized Fibonacci and Lucas numbers

In this section, we present certain alternating sums including generalized Fibonacci and Lucas
numbers.

Theorem 3.1. For k ≥ 0, and, any integers n and a,

n+2k+1∑
i=n

(−1)i Ui+a =
(−1)n

U2

{
Uk+1Vn+k+a + Un+a − Un+2k+a+2 if k is odd,
Vk+1Un+k+a + Un+a − Un+2k+a+2 if k is even,

n+2k+1∑
i=n

(−1)i U2mi+a = (−1)n−1

{
U2m(k+1)U2m(n+k+1)+a−m/Um if m is odd,
U2m(k+1)V2m(n+k+1)+a−m/Vm if m is even,



GENERALIZED FIBONACCI AND LUCAS NUMBERS’ SUMS 323

n+2k+1∑
i=n

(−1)i U(2m+1)i+a =
(−1)n

V2m+1

×

{
U(2m+1)(k+1)

(
V(2m+1)(n+k)+a − V(2m+1)(n+k+1)+a

)
if k is odd,

V(2m+1)(k+1)
(
U(2m+1)(n+k)+a − U(2m+1)(n+k+1)+a

)
if k is even,

n+2k+1∑
i=n

(−1)i Un−2mi =

{
U2m(k+1)U2m(n+k)+m−n/Um if m is odd,
U2m(k+1)V2m(n+k)+m−n/Vm if m is even,

n+2k+1∑
i=n

(−1)i Vi+a = (−1)n−1

{
∆Uk+1Un+k+a−1 if k is odd,
Vk+1Vn+k+a−1 if k is even,

n+2k+1∑
i=n

(−1)i V2mi+a = (−1)n−1

{
U2m(k+1)V2m(n+k+1)+a−m/Um if m is odd,

∆U2m(k+1)U2m(n+k+1)+a−m/Vm if m is even,

n+2k+1∑
i=n

(−1)i V(2m+1)i+a =
(−1)n−1

V2m+1

×

{
∆U(2m+1)(k+1)

(
U(2m+1)(n+k+1)+a − U(2m+1)(n+k)+a

)
if k is odd,

V(2m+1)(k+1)
(
V(2m+1)(n+k+1)+a − V(2m+1)(n+k)+a

)
if k is even,

n+2k+1∑
i=n

(−1)i Vn−2mi =

{
−U2m(k+1)V2m(n+k)+m−n/Um if m is odd,
−∆U2m(k+1)U2m(n+k)+m−n/Vm if m is even.

.

Proof. For odd k, we write

n+2k+1∑
i=n

(−1)i Ui+a =
1
∆

n+2k+1∑
i=n

(−1)i
(
αi+a − βi+a

)
=

(−1)n

∆

(
αn+a − βn+a − αn+1+a + βn+1+a + ...− αn+2k+1+a + βn+2k+1+a

)
=

(−1)n

∆
(αn+a

(
1 + (−α) + (−α)3

+ ...+ (−α)2k+1
)

−βn+a
(

1 + (−β) + (−β)3
+ ...+ (−β)2k+1

)
)

=
(−1)n

∆

(
αn+a − αn+a+2k+2

1 + α
− βn+a − βn+a+2k+2

1 + β

)
=

(−1)n

∆p
(αn+a − αn+a+2k+2 − αn+a−1 + αn+a+2k+1

−βn+a + βn+a+2k+2 − βn+a−1 − βn+a+2k+1)

=
(−1)n

p∆
(
(
αk+1 − βk+1) (αn+k+a + βn+k+a

)
+
(
αn+a − βn+a

)
−
(
αn+2k+a+2 − βn+2k+a+2))

=
(−1)n

p
(Uk+1Vn+k+a + Un+a − Un+2k+a+2) ,

which completes the proof for odd k. The proof is similarly obtained for even k. The others could
be similarly proven.

Theorem 3.2. For k ≥ 0, and, any integers n, a and b,

n+2k+1∑
i=n

(−1)i U2mi+aU2mi+b =
(−1)n−1

V2m
U4m(k+1)U4m(n+k)+2m+a+b,

n+2k+1∑
i=n

(−1)i U2mi+aV2mi+b =
(−1)n−1

V2m
U4m(k+1)V4m(n+k)+2m+a+b,
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n+2k+1∑
i=n

(−1)i V2mi+aV2mi+b =

(−1)n−1 U4m(k+1)

V2m

(
V4m(n+k)+2m+a+b+1 + V4m(n+k)+2m+a+b−1

)
.

Proof. We prove the first identity. The others could be similarly proven. By the Binet formula
of {Un}, we write

n+2k+1∑
i=n

(−1)i U2mi+aU2mi+b

=
1

∆2

n+2k+1∑
i=n

(−1)i
(
α2mi+a − β2mi+a

) (
α2mi+b − β2mi+b

)
=

1
∆2

n+2k+1∑
i=n

(−1)i
(
α4mi+a+b + β4mi+a+b − (−1)a

(
αt + βt

))
=

(−1)n

∆2

((
α4mn+a+b + β4mn+a+b

)
−
(
α4m(n+1)+a+b + β4m(n+1)+a+b

)
+ ...

−
(
α4m(n+2k+1)+a+b + β4m(n+2k+1)+a+b

))
=

(−1)n

∆2

(
α4mn+a+b

(
1 +

(
−α4m)+ ...+

(
−α4m)2k+1

)
+ β4mn+a+b

(
1 +

(
−β4m)+ ...+

(
−β4m)2k+1

))
=

(−1)n

∆2

(
α4mn+a+b − α4m(n+2k+2)+a+b

1 + α4m +
β4mn+a+b − β4m(n+2k+2)+a+b

1 + β4m

)
=

(−1)n−1

∆2 (α2m + β2m)
2

(
α2m + β2m) (α4m(k+1) − β4m(k+1)

)
×
(
α4m(n+k)+2m+a+b − β4m(n+k)+2m+a+b

)
= (−1)n−1

U4m(k+1)U4m(n+k)+2m+a+b/V2m,

as claimed.

Theorem 3.3. For k ≥ 0, and, any integers n and m

n+2k+1∑
i=n

(−1)i U2
n−2mi = (−1)n−1

U4m(n+k)+2(m−n)U4m(k+1)/V2m,

n+2k+1∑
i=n

(−1)i V 2
n−2mi = (−1)n−1

∆U4m(n+k)+2(m−n)U4m(k+1)/V2m.

Proof. Consider

n+2k+1∑
i=n

(−1)i U2
n−2mi

=
1

∆2

n+2k+1∑
i=n

(−1)i
(
αn−2mi − βn−2mi

)2

=
1

∆2

n+2k+1∑
i=n

(−1)i
(
α2n−4mi + β2n−4mi − 2 (−1)n

)
=

(−1)n

∆2 (
(
α2n−4mn + β2n−4mn

)
−
(
α2n−4m(n+1) + β2n−4m(n+1)

)
+ ...

−
(
α2n−4m(n+2k+1) + β2n−4m(n+2k+1)

)
)
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=
(−1)n

∆2 (α2n−4mn
(

1 +
(
−α−4m)+ ...+

(
−α−4m)2k+1

)
+β2n−4mn

(
1 +

(
−β−4m)+ ...+

(
−β−4m)2k+1

)
)

=
(−1)n

∆2

(
α2n−4mn 1− α−4m(2k+2)

1 + α−4m + β2n−4mn 1− β−4m(2k+2)

1 + β−4m

)
=

(−1)n

∆2V 2
2m

(α2n−4mn − α4m(2k−n+2)+2n + α2n−4mn−4m − α4m(2k−n+1)+2n

+β2n−4mn − β4m(2k−n+2)+2n + β2n−4mn−4m − β4m(2k−n+1)+2n)

=
1

∆2V 2
2m

(−1)n−1 (
α2m + β2m) (α4m(k+1) − β4m(k+1)

)
×(

α4m(n+k)+2(m−n) − β4m(n+k)+2(m−n)
)

= (−1)n−1
U4m(n+k)+2(m−n)U4m(k+1)/V2m,

as claimed. The second identity for the generalized Lucas number counterpart is similarly ob-
tained.

For example, we get

2t∑
i=1

(−1)i U2r+1i =
1
V2r

U2r+1tV(2t+1)2r .

Theorem 3.4. For k ≥ 0, and, any integers n and m,

n+2k+1∑
i=n

(−1)i UiUmn−i = −
(
Un(m−2)−(2k+1)U2(k+1)

)
/U2,

n+2k+1∑
i=n

(−1)i UmiUn−mi =

{
(−1)n−1

U2m(n+k)+m−nU2m(k+1)/Vm if m is odd,
U2m(n+k)+m−nU2m(k+1)/Vm if m is even,

n+2k+1∑
i=n

(−1)i ViVmn−i = ∆Un(m−2)−(2k+1)U2(k+1)/U2,

n+2k+1∑
i=n

(−1)i VmiVn−mi = −∆U2m(n+k)+m−nU2m(k+1)/Vm,

n+2k+1∑
i=n

(−1)i UiVmn−i = −Vn(m−2)−(2k+1)U2(k+1)/U2,

n+2k+1∑
i=n

(−1)i ViUmn−i = Vn(m−2)−(2k+1)U2(k+1)/U2,

n+2k+1∑
i=n

(−1)i UmiVn−mi =

{
(−1)n V2m(n+k)+m−nU2m(k+1)/Vm if m is odd,
−V2m(n+k)+m−nU2m(k+1)/Vm if m is even,

and

n+2k+1∑
i=n

(−1)i VmiUn−mi =

{
(−1)n−1

V2m(n+k)+m−nU2m(k+1)/Vm if m is odd,
V2m(n+k)+m−nU2m(k+1)/Vm if m is even.
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Proof. Consider

n+2k+1∑
i=n

(−1)i UiUmn−i

=
1

∆2

n+2k+1∑
i=n

(−1)i
(
αi − βi

) (
αmn−i − βmn−i

)
=

1
∆2

n+2k+1∑
i=n

(−1)i
(
αmn + βmn − αmn−iβi − βmn−iαi

)
=

1
∆2

n+2k+1∑
i=n

(−1)i
(
− (−1)i αmn−2i − (−1)i βmn−2i

)

=
−1
∆2

n+2k+1∑
i=n

(
αmn−2i + βmn−2i)

=
−1
∆2 (

(
αmn−2n + βmn−2n)+ (αmn−2(n+1) + βmn−2(n+1)

)
+ ...+

(
αmn−2(n+2k+1) + βmn−2(n+2k+1)

)
)

=
−1
∆2 (α

mn−2n
(

1 + α−2 + ...+ α−2(2k+1)
)

+ βmn−2n
(

1 + β−2 + ...+ β−2(2k+1)
)
)

=
−1
∆2

[
αmn−2n 1− α−2(2k+2)

1− α−2 + βmn−2n 1− β−2(2k+2)

1− β−2

]
=

−1

∆2 (α+ β)
2 (α+ β)

(
αn(m−2)−(2k+1) − βn(m−2)−(2k+1)

)(
α2(k+1) − β2(k+1)

)
= −Un(m−2)−(2k+1)U2(k+1)/U2,

as claimed. The others could be similarly proven.

References
[1] R. A. Dunlap, The Golden Ratio and Fibonacci Numbers, World Scientific Press (1997).
[2] A. F. Horadam, Partial sums for second-order recurrence sequences, The Fibonacci Quarterly, 32(3) 429–

440 (1994).
[3] P. Stanica, Generating functions, weighted and non-weighted sums for powers of second-order recurrence

sequences, The Fibonacci Quarterly, 41(4) 321–333 (2003).
[4] S. Vajda, Fibonacci & Lucas Number and the Golden Section, Theory and Applications, John Wiley &

Sons (1989).
[5] The Identity 68, http://mathworld.wolfram.com/FibonacciNumber.html
[6] http://en.wikipedia.org/wiki/Fibonacci_number

Author information
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