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Abstract. Results on existence of fixed point in K-metric space (where K is cone) are estab-
lished under intimate conditions for two sequences of single and multivalued mappings. Certain
known results are obtained as corollaries.

1 Introduction

With the gradual strength gained by functional analysis, the theory of cones in Banach space is
more thoroughly developed. The reason is that cones in Banach spaces can be studied in op-
timization theory [1]. Hence, the existence results which were proved in several metric space,
one among them is abstract spaces whose neighbourhoods are conic segments. Eisenfeld and
Lakshmikantham [2] have established existence of fixed point in such space. This was further
extended by Som [13] for Jungck [6] contraction condition.

The object of this paper is three fold (i) to consider two sequences of mappings in orbitally
K-complete space (ii) to consider intimate pair condition which is different from compatibility
[6] (iii) to consider a much wider contraction inequality. With these objects we prove existence
of fixed point in K-metric space. We claim that our results improve and extend the results of
Eisenfeld and Lakshmikantham [2] and Som [13] as well.

2 Preliminaries

Definition 2.1. Let F be a real Banach space. A subset K of F is said to be a cone if (i) K is
closed (ii) if u,v € K then au + v € K for all a, 8 > 0 (iii) K N —K = {6}, where 6 is the
zero of the space E. (iv) K° # ¢ where K° is the interior of K. We say u > vifu —v € K.

The cone is said to be normal if there is § > 0 such that |u 4+ v|| > ¢ for u,v € K and
[ull = [lof = 1.
Definition 2.2. Let X be a nonempty set and K a cone. A function p : X x X — K is said to
be a K-metric on X if and only if (i) p(z,y) = 6 if and only if z = y (ii) p(z,y) = p(y, x) (iii)
plz,y) < p(z,2) + p(2,y).
Definition 2.3. A sequence {z, } in a K-metric space X is said to converge to 2y € X if for each
u € K°, there exists a positive integer N such that p(z,,,z¢) < uforn > N.

A sequence {z,, } in X is a Cauchy sequence if for each u € K°, there exists a positive integer
N such that
(T, ) < uform,m > N.

The K-metric space (X, p) is said to be complete if every Cauchy sequence in X converges.

Definition 2.4. Let {x,,} be a monotonically nondecreasing sequence of the elements of F,
which is partially ordered by means of the cone K, thatis, ;1 < z5,--+- < z,.... Then the
sequence {z, } is said to be bounded if there exists an element y € F such that z,, <y (n= 1,2,

).

In the sequel, the spaces, in which every bounded monotonic sequence has a limit are called
regularly partially ordered. A cone which generates a regular partial ordering is said to be regular.
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Let K be a cone of a real Banach space E. Let ¢ be a mapping from K into itself. The
mapping ¢ is said to be monotone if 1)u > v whenever v > v. The ¥ is said to be upper semi-
continuous from the right, if whenever {u,} and {¢)u,} are both decreasing and convergent
sequence then lim ¢v,, < ¥ limwv,.

Definition 2.5. We define a mapping ¢ from cone segment 0 < u < ug into itself satisfying:
() " M ug < Y"ug,ug # 0, =0,1,2,... and if @ = lim,, _, o, Y™ ug exists, then ¢ < 1,
(ii) %) is upper semi-continuous from the right and K is regular,

(i) Yug < uo,
@(iv) Yu = w iff u = 6,

(V) v is monotone.

Definition 2.6. Let (X, p) be a K-metric space. A subset C' of X is said to be proximinal if for
each z € X, there exists a point y € C such that p(z,y) = D(z,C).

We shall use the following notations.

P(X)= {A : A is nonempty proximinal subset of X }

CB(X) = {A : A is nonempty closed and bounded subset of X },
CX) = {A : A is nonempty compact subset of X}.

For nonempty subsets A and B of X and = € X:

D(X,A) = inf{p(m,a) ta € A},

H(A, B) = max { sup{D(a,B):a€ A},sup{D(A,b):be B}}

Remark 2.7. 1t is well known that C B(X) is a metric space with distance function H. Thus
(CB(X), H) is complete metric space in the event that (X, p) is K-complete.

It is obvious that P(X) C CB(X). Therefore P(X) is also complete induced by distance
function H.

Definition 2.8. Let {4;};cn : X — P(X) and {S;}ien : X — X be two sequences of map-
pings.

If, for zyp € X, there exist sequences {x,, } and {y,, } in X such that

Yont1 = SjTans1 € Aixop

Yon+2 = SiTons2 € AjTont1

for fixed 4,5 € Nandalln = 0,1,2,.... Then O(A;, 4;,S;,S;;20) = {yn : n € N} is said
to be orbit at z for the mappings {A;, A;,S;,S;}. Further O(4;, A;,S;, S;;20)} is said to be
regular orbit for mappings {A;, 4;, S;, S;} if

H(A;xp_1,Ajxz,) whennisodd
H(Ajz,_i,A;z,) whenniseven

p(ynv yn+1) < {

Definition 2.9. If, for xp € X there exist sequences {z,, } and {y,, } in X such that every sequence
of the form O(A;, 4;,S;, Sj; o)} converges in X, then X is said to be {4;, A;, S;, S; } —orbitally
K-complete with respect to o or simply {4;, A;,S;, S;} —orbitally K-complete.

Definition 2.10. [11] Let A and S be two self maps of K-metric space (X, p). The pair {A, S} is
said to be S-intimate iff
ap(SAzy,, Sz,) < ap(AAx,, Az,),
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where o = lim sup or liminf and {z,,} is a Cauchy sequence in X such that

lim Sz, = lim Az, =t forsomet € X.
n— o0 n—oo

Definition 2.11. Let (X, p) be a K-metric space and {A;}ieny : X — P(X) and {S;}ien :
X — X be two sequences of multivalued and single valued mappings respectively. Then the
pair {4, S;} is said to be S;-intimate iff

ap(Siyn, Sizn) < aD(Aiyn, Yn).

For all sequences {x,, } and {y,, } in X suchthaty, € A;x,, S;z, € X and lim,,_, o, p(A;zy, Sizy) =
0 for fixed ¢ € N, where o = lim sup or liminf.

Remark 2.12. If A; = A and S; = S are single valued mappings, then Definition 2.11 reduces
to those of Sahu et al. [11].

Example 2.13. Let X = [0, 1] with p(z,y) = |z — y| and A, S are self mappings of X defined
as follows:

Ax =

2
and Sz = forall z € [0, 1].
z+2

14z
Now the sequence {z,,} in X is defined as z,, = 1,n € N,. Then we have

lim Sz, = lim

n—o00 n— o0 l/n+2 -
and

i Az, = lim =0 =
Now,

|SAx, — Sx,| — % and |AAz, — Azx,| — % asn — oo.
Thus, we have

lim |SAz, — Sz,| < lim |AAz, — Az,).
n—oo

n—oo

Hence {4, S} is S-intimate.

3 Main Results

Theorem 3.1. Let (X, p) be a K-metric space. Let {A;}ien : X — P(X)and{S;}ien : X = X
be two sequences of multivalued and single valued mappings respectively such that the following
conditions hold:

(i)
Ajx € Sj(X) and Ajx C S;(X), forallz € X;i,j € N, 3.1

where i is even when j is odd and i is odd when j is even,

(ii)
H(Aw, Azy) < o max {p(Siz, S5, (3.2)
2 ’ 2

forall x,y € X and v is defined as Definition 2.5,
(iii)
orbit O(A;, A;, S, Sj, xo) is regular and for fixed i € N (3.3)
Si(X) is (A;, Aj, S;, S;, xo)—orbitally K-complete,
(iv)
the pairs {A;, S;} and {A;, S;}are S; and S; — intimate respectively. 34
Then there exists a unique point z in X such that

z2=8z=8;2¢€ AjizNAjzfori,j € N.
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Proof. Let for zp € X and fixed ¢, j € IV, there exists z; € X such that y; = S;z; € A;x0 and
for 1 € X, there exists x, € X such that y, = S;x> € A;x1. Thus continuing this process, there
exist two sequences {z,} and {y, } in X such that

Yont1 = SjTans1 € Aixoy

Yont2 = SiToang2 € AjTongt

forn =0,1,2,... and fixed ¢, j € N, which is possible by virtue of (3.1). If zy € X is such that
p(y2,y1) < H(Aj21, Aiwo) < ¥(uo).
Then we shall show that the sequence {y, } generated in X is a Cauchy sequence. Now for this,

p(y3,y2) < H(Ajxz, Ajay)

<
< o max {p(Sia2, 55m), D(Ai, Si) J; D(Az1, S;1)

D(Aimz, ijl) + D(Aj$1, Sil‘z) })

2
p(y3, v2) + p(y2, y1) p(ys,y1)
<
_w(max {P(?ﬁ’yl), > — })
< ¢(max {p(y%yl), p(y3,y2) + py2, y1)7 p(y3,92) + p(y2,91) })
2 2
< ¢(max {p(y2, 1), p(y3,92) })-
Suppose that p(y3,v2) > p(y2,y1) in above inequality, then we obtain

p(y3,v2) < v(p(y3,42)),

which is a contradiction by definition of ). Therefore,

p(y3,y2) < V(p(y2,11))-

Again for,
P(Yan+1,Y2n) < H(Aizop, Ajzan—1)
< il)(max {P(Sixzm Sixan—1), D{Aszan, Sian) + g(ijZTFh Sitm-1)
D(Aixzm ijznfl) + D(ijzn,l, Simzn) })
2
< w(max {p(y% yon1), P(Y2n+1, Y2n) ;P(yzn, yzn—l), P(y2n+127y2n—1) })

< U}( max {p(y2m Yon—1 )a p(92n+1 ) yzn)}) .

Suppose that p(yan+1,Y2n) > p(Y2n, Y2n—1) in above inequality, then we obtain

P(Yont1,Y2n) < V(p(Y2n+1,Y2n))

which is a contradiction by definition of ).

Hence p(y2141, Y2n) < (0(Y2n: Y2n—1))- So, in general p(yn+1,yn) < ¥(p(Yn,Yn—1)) for all
n>1.

Consider u,, = ¥"ug. Thus in view of Lemma 3.1, 3.2 of [2], {u,} decreases and con-
verges to a fixed point of ¢, which is, 6 by Definition 2.5. Since by the monotinicity of ¢ and
H(Ajx;, Aixg) < 1(up), we obtain

p(y2,y1) < g

and
p(y3, 12) < Y(p(y2, 1)) < Yup = us.
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Similarly, one can show further that

p(yn+17yn) < Up,N = 1727 37 e
letting n — oo, we obtain

lim (yn-‘rhyn) =40.

n—oo

Now, for m > n,

P(Yns Um) < PWnsYns1) + PWnsts Yns2) + -+ p(Um—1,Ym)
< un+un+1 + o U

which tends to 6 as n — oo.

Hence {y,} is a Cauchy sequence in X. As the subsequence {y2,} is in S;(X), it is also
Cauchy. Since S;(X) is {A4;, A;, S;, zo}-orbitally K-complete, {y,} converges to a point z in

S;(X). Let z = S;u for some v € X and fixed i € N. Therefore y,, — z.
Now (3.2) implies that

D(Z, Atu) < p(Z, y2n+2) + D(yZTH-Za Alu)

< p(z,yoms2) + H(Aju, Ajzany1) < p(z, y2n42) + w(max {P(Si% SiZan1),

D(AZU, SZU) + D(Aj$2n+1 s Sjl’szr]) D(Aiu, Sj$2n+1) + D(AjIan y Szu) })

2 ’ 2

D(Au, z) + 2, Yom
< p(z,y2n+2) —i—w(max {p(zvy%wrl)’ ( ) P2(y2 12,12 +1)’

D(Aiu, Yons1) + p(Y2n+1, 2) })
2

letting n — oo, we get

D(z, Aju) <1 ( max {0’ W})

D(z, Aju) < 1#(%)7

which is a contradiction, so that z € A;u for fixedi € N.
Since z € A;u C Sj(X) for fixed ¢, j € N, then there exists a point v in X such that
z = S;v € Au.
Again (3.2) implies that

D(z,Ajv) < H(Aju, Ajv)

<
D(A; ; D(A; ;
< w(max {p(SanSjU)7 (A, Slu)—'z— ( ]U’S]U)7

D(ALU, Sjl)) + l)(Aj’U7 S,u) })
2

< o fo. 24522

< w(D(Aév,z))’

which is a contradiction, so that z € A;v.

Thus, we obtained z = S;u € A;u and z = S;v € Ajv. Since {4;, S;} is S;—intimate, then

p(Siz,z) < D(A;z, 2).

(3.5)
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Now from (3.2)

D(A;z,S:z) + D(Ajv, Sjv) D(Aiz, Sjv) + D(Ajv, S;z)
| 2 | 2 y
< o(max {D(z, a.0), PE2E LA EE) DAt LS

which is a contradiction, therefore z € A;z. From (3.5) z = S;z € A;z.
Similarly, when the pair {A;, S;} is S;—intimate. We obtain z = S;z € A;z. Therefore,

z=8z=8;z¢€ AjzNAjzforalli,j € N.

UNIQUENESS. Let we consider w as another common fixed point of A;, A4;,S; and S; such
that z = w. Therefore,

p(z,w) < H(Aiz, Ajw)

<
< o ((max {p(Siz, 550, D(A4;2, Si%) ZD(AJ.M, 5,0)

D(A;z,Sjw) + D(Ajw, S;z) })

2
. z/;(max {p(z,w),O, p(z,w) ;P(z,w) })
< Y(p(z,w))

which is a contradiction. Therefore, z = w.

Remark 3.2. In light of above fact, generalization and improvement of the results of Fisher [3],
Hadzic [4], Jungck [5], Kang et al. [8], Sessa et al. [12] can be obtained in abstract spaces from
our Theorem 3.1 by only simple modification in condition (3.2).

Remark 3.3. It is well known that if A is multivalued mapping from X into C'(X), then for every
z,y € X and u € Az, there exists a point v € Ay such that

p(u,v) < H(Az, Ay).

Hence, if A; and A; are multivalued mappings form X into C'(X) then orbital regularity in
Theorem 3.1 can be dropped.

Corollary 3.4. Let (X, p) be a K-metric space. Let A,B : X — P(X) and S,T : X — X such
that the following conditions hold:

(i)
Az € T(X) and Bz € S(X) forall z € X, (3.6)
(ii)
H(Az. By) < v max {p(s, 1), ZAL S+ DB TY)
D(Az,Ty) 4+ D(By, Sx)
2 }) (.7)

forall x,y € X,
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(iii)
orbit O(A, B, S, T, x) is regular and S(X) is {A, B, S, T, zy) — orbitally K-complete, (3.8)
(iv)
the pairs {A, S} and {B, T} are S and T-intimate respectively. (3.9)
Then there exists a point z in X such that
z2=8z=Tz€ AzN Bz.

Proof. If we consider
Ai = A,Aj = B,SZ = Sande =T.

Then Corollary 3.4 follows from Theorem 3.1.

Corollary 3.5. Let A, B, S and T be self mappings of K-metric space (X, p) such that the follow-
ing conditions hold:

(i)

A(X)CT(X)and B(X) C S(X) forall z € X, (3.10)

(ii)
p(Az, By) < vp(Sz,Ty) forall z,y € X, (3.11)

(iii)
S(X) is K-complete, (3.12)

(iv)
the pairs {A, S} and {B, T} are S and T-intimate respectively. (3.13)

Then there exists a point z in X such that z = Sz =Tz = Az = Bz.
Proof. If we define

Ax,Sz) + p(By, T Az, Ty) + p(By, Tx
p( )Zp( v, Ty) o y)zp( y )}:p(S%Ty)

in corollary 3.4. Then we have the corollary 3.5.

max {p(S:v,Ty%

Remark 3.6. If we consider A = B and S = T in corollary 3.5. Then the Theorem 1 of Som
[13] is same as our corollary 3.5.

Remark 3.7. If we take S = T' = I (identity map) then the Theorem 3 of Som [13] is same as
our corollary 3.5.

Remark 3.8. In case A = B and S = T = I (identity map). Then Theorem 4.1 of [2] is same as
our corollary 3.5.

Theorem 3.9. Let (X, p) be a K-metric space. Let {A; }ien : X — P(X)and {S;}ieny : X — X
be two sequences of mappings such that the conditions (3.1), (3.3), (3.4) are satisfied and

H(Aiz, Ajy) < ¢<\[{max {P (i, Sim), (3.14)
D(Six, Aix).D(S;y, Ajy), D(Siz, Ajy).D(Sjy, Aix),
D(Siz, Asw).D(S;y, Aix), D(Sizx, Ajy).D(S;y, Ajy)}})
forall x,y € X. Then there exists a point z in X such that
z =8z = 85z € AjzN Ajz.

Proof. If we define max{t?,1t,0,0, (t;+t2).t2} = ¢} ormax{0,0,0,t?,0} = ¢? or max{t3,0,t3,0, ¢t}
= t%, where t1,t, and t; 4 t5 < ug.

Then Theorem 3.9 can be obtained by proceeding in the same fashion as in Theorem 3.1.
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