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Abstract. In this paper we discuss some growth rates of entire functions of several complex
variables on the basis of the definition of relative order and relative lower order of entire functions
of several complex variables as introduced by Dutta in [4].

1 Introduction, Definitions and Notations

Let f be an entire function of two complex variables holomorphic in the closed polydisc
U={(21,22): |zi| <m, i=1,2forall r;y >0,r, >0}

and My (r1,7m2) = max{|f (z1,22)| : || < r;, e =1,2}. Then in view of maximum principal
and Hartogs theorem {[7], p. 2, p. 51}, My (71, r2) is an increasing functions of 7y, r,.
The following definition is well known:

Definition 1.1. {[7], p. 339, (see also [1])} The order ,,p; and the lower order ,,\; of an entire
function f of two complex variables are defined as

log? M loe? Ar
nPf = limsupw and ,, Ay = liminf w
1,72 —>00 IOg (7’17’2) 1= 00 IOg (7’17“2)

where log[k] x = log (log[k_” x), k=1,2,3,...and log[O] T =x.

If we consider the above definition for single variable, then the definition coincides with
the classical definition of order (see [13]) which is as follows:

Definition 1.2. [13] The order py and the lower order Ay of an entire function f are defined in
the following way:

2] 2]
pr= limsupM and \y = liminfM,

r—o0 ogr =500 ogr
where My (r) = max {|f (2)| : |2| = r}.
If f is non-constant then M/ (r) is strictly increasing and continuous, and its inverse

M;=1 2 (| (0)],00) — (0,00) exists and is such that lim M;~!(s) = co. Bernal {[2], [3]}
Ehde el
introduced the definition of relative order of g with respect to f, denoted by p (g) as follows :

pg (f) = inf{u>0:Ms(r) <My (rt) forallr > ro(p) > 0}

log M 'M
— limsupgg—f(r).
r—o0 logr

The definition coincides with the classical one [13] if g (z) = exp z.

During the past decades, several authors ( see [5],[8],[9],[10],[11],[12]) made close in-
vestigations on the properties of relative order of entire functions of single variable. In the case
of relative order, it was then natural for Banerjee and Dutta [4] to define the relative order of
entire functions of two complex variables as follows:
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Definition 1.3. [4] The relative order between two entire functions of two complex variables
denoted by ., p, (f) is defined as:

wpg (f) = inf{u>0: M (ri,m2) < My (r},r5) 571 > R(p),m2 > R(p)}
X lOgMg_le(Tl,Tz)
= limsup : '
1,7 —00 log (TITQ)

where f and g are entire functions holomorphic in the closed polydisc
U={(21,2): |z| <ri,i=1,2Forall r; >0, >0}
and the definition coincides with Definition 1.1 {see [4]} if g (2) = exp (z122) .

Extending this notion, Dutta [6] introduced the idea of relative order of entire functions
of several complex variables in the following way:

Definition 1.4. [6] Let f(2, 22, ..., 2,,) and g(z1, 22, ..., 2, ) be any two entire functions of n com-
plex variables 21y 22y ey Zn with maximum modulus functions
My (r1,72,...,m) and My (ry,72,...,7,,) respectively then the relative order of f with respect
to g, denoted by ,,, p, (f) is defined by

onPg (f) =inf{p >0 My (ri,rp,.ymn) < My (i 5,7k
forr; > R(u),i=1,2,...,n} .

The above definition can equivalently be written as

log Mﬁle (T‘],’I"z, ...,Tn)
= limsu g
vnlg (f) rl,'rz,...,rnlloo 10g (7“17‘2...7‘n)

Similarly, one can define the relative lower order of f with respect to g denoted by ,, A, (f) as
follows :

log MM STy e
v g (f) = liminf g My My (r1,72, ..., 7n)
T2 T o0 log (r172...70,)

If we consider g(z1,22,...,2n) = €xp (z122...2,), then Definition 1.4 reduces to the
following classical definition of order and lower order in connection with several complex vari-
ables:

Definition 1.5. The order ,,, p; and the lower order ,,, Ay of an entire function f of several com-
plex variables are defined as

log® My (r1,72, ..,mn)

P - lim su and
i i 10 [2] M 1,72y ...,T

v Af = lim inf g F(r1,m2, ) .

| T2 T o0 log (r172...70)

Also an entire function of several complex variables for which order and lower order are
the same is said to be of regular growth. The function exp (z;2;...2,) is an example of regular
growth of entire function of several complex variables. Further the functions which are not of
regular growth are said to be of irregular growth.

In this paper we wish to prove some results related to the growth properties of composite
entire functions of several complex variables on the basis of relative order and relative lower
order of entire functions of several complex variables. We do not explain the standard definitions
and notations in the theory of entire function of two complex variables as those are available in

[7].

2 Main Results

In this section we present the main results of the paper.

Theorem 2.1. Let f and g be any two entire functions of several complex variables. Then

A . A A
v N f < oA (f) < min Un f7 vn Pf < max Un f7 vn Pf < op (f) < vn Pf )
n ‘g nl’g
v, Pg v Ng vnPyg vn g wvnPg vn g
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Proof. From the definitions of ,, p; and ,, Ay we have for all sufficiently large values of
71,72, ..., Ty that

My (ri,m2, 1) < exp[z] {(v,pr +€)log (riry...r)}, 2.1)

My (r1,m2, i) > exp {(,, Ap — &) log (r172...75)} (22)
and also for a sequence of values of ry,r,, ..., r, tending to infinity, we get that

My (ri,72,.01) > expm {(v,pf —€)log (riry...15)}, (2.3)

My (ri,m2,..s1m) < expm {(v, A +€)log (rira...m,)} . 2.4)

Similarly from the definitions of ,, p, and ,,, Ay, it follows for all sufficiently large values of
71,72, ..., Ty that

My (ri,r2,.rn) < expm {(v,pg +€)log (rira...rn)}
i.e., (rirp..ry) < Mg_l {expm {(v,,pg +€)log (mrz...rn)}}
) _ log[zl (rira...r)
e, M7V (ri,ra,rn) > — 2.5
i.e p (ri,m Tn) > exp [ ) 2.5)
My (ri,12,.rn) > exp[z] {(v,Ag — €)log (ri1ra...1,) }
ie, (rry.ry) > M, [expm {(v,Ag —€)log (T1T2...7“n)}}
) _ logm (rirg...ry)
1 n
1.€., Mg (T],Tz, ...,Tn) S exXp [W (26)

and for a sequence of values of 7y, 3, ..., 7, tending to infinity we obtain that

(Un )\g + E)

My (r1,72, ) > exp[z] {(v,pg —€)log (rir2...70)}
i.e., (riro.ry) > Mg_] {expm {(v,pg —¢)log (rlrz...rn)}}
) B logm (rira...r)
e, M1 ) < —= e 2.7
1.€., g (T]ar27 , T ) S exp [ (vnpg_é_) ( )
My (r1,72, i) < exp[z] {(v,Ag +€)log (rirp...7)}
i.e., (rirg.ry) < Mg_1 [expm {(v,Ag +¢)log (rlrz...rn)}}
2
i.e., M;l (ri,m2,..y) > exp [log(rmrn) (2.8)

Now from (2.3) and in view of (2.5), we get for a sequence of values of 1,77, ..., 7, tending to
infinity that

logMg’le (r1,72y ey ) > logMg’1 {expm {(v,pr —€)log (rlrz...rn)}}

log? expP {(,,,py —¢) log ("lrz"'rn)}]

ie., log My "My (ry,r2,...,ry) > logexp l (v, pg +€)
vn Py

i.e., logMg’le (ri,72, ) >

lOgM;le (’I”],Tz, ...,Tn)

lOg (Tﬂ‘z...rn)

Y

i.e.,

As e (> 0) is arbitrary, it follows that

log MMy (r1,72, ..., 79 .
lim sup gM, M; (.2 ) > wmhf
Ty ey —>00 log (7’17“2...7"71) vn Pg
ie, upg(f) = 2L 2.9)

Unpg
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Analogously from (2.2) and in view of (2.8) , it follows for a sequence of values of 71,72, ..., 7,
tending to infinity that

log My ' My (ri,72,...;m) > log M, [expm {(s,Af —€)log (r]rz...rn)}}

i.e., logM;le (r1,72,...,7n) > logexp [

log? expl! {(v, Af —€)log (r172..m) }
('Un)\g + E)

. _ (v, Af —€)

ie., log MM (ri,m2, ey ) > n log (r172...70)
o (0, )

ie lOgMg_le (7“1,’/”2,...,7%) S (v”)\f—g)

o log (r172...75) T (wAgFE)

Since € (> 0) is arbitrary, we get from above that

log MMy (r1, 72, ..ciTn DY
lim sup g My My (r,r ) > WA
P12y log (rirz...rn) v Ag
. v A

ie.y v, pa(f) > Af. (2.10)
Un g

Again in view of (2.6) , we have from (2.1) for all sufficiently large values of 7, r, ..., r,, that

logMg_le (ri,may ey ) < logMg_] {expm {(v,pf +¢)log (rlrz...rn)}}

(2] 2]
i.e., logMg_le (r1,72, ..., ) < logexp [log xXp (o, py +2)log (mrz...rn)}]

(v, Ag =€)

i.e., logM;le (r1,m2, ey 7)< wlog (r1ra...r)
(vaAg —€)

i IOgMgle (7"1,7“2,...,7””) < (vnpf—‘,—g)

U log (r173...1,) T (eAg—E)

Since ¢ (> 0) is arbitrary, we obtain that

log M;le (7’1,7"2, . T’n)

b npf

limsu < i

7'1,7'2,...,7",1,&00 IOg(T1T2~-~Tn) - 'un>\g
e pg (f) < =B (2.11)

v g

Again from (2.2) and in view of (2.5), we get for all sufficiently large values of 1,77, ..., 7, that

log My ' My (ri,72,...;m) > log M ! [expm {(s,Af —€)log (r]rz...rn)}}

2 2] _
ie., log My "My (ri,r2,...;m) > logexp [log exp~ {(wnAs —€) log (TITZ'"T")}]

(ﬂnpg +€)

. _ (vaAf —€)

1.€., ]OgM 1]\4 T1,72y 5T Z - ]Og T172---Tn
g 7 ) (0,09 + ) ( )

i logMg_le (Tlﬂ"z, ...,Tn) > (Un)\f — E)

o log (r172...75) - (v"’pg—i—s) .

As e (> 0) is arbitrary, it follows from above that

log MMy (r1, 72, ..ciTn oA
liming  08Me Mr(rira ) Ay
P12,y T —$00 log (r172...70) o Py
oA

Qe oA (f) > 2L (2.12)

Unpg
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Also in view of (2.7), we get from (2.1) for a sequence of values of 71,77, ...,, tending to
infinity that

log M;Mf (1,72, 00 mn) < log M, {CXPM {(o.ps +¢)log (T1T2~-~7’n)}}

i.e., logMg’le (ri,72, ..., ) < logexp [

10g[2] expl? {(v,pf +€)log (riry...1)}
(Unpg - 6)

ie., logMg_le (11,72, 0y T) < (vups +) log (r17r3...70)
(v, Pg —€)

ie IOgMg_le (7”1,7‘27...,Tn) < (vnpf—‘,—g)

U log (r173...7) = (vpg—€)

Since € (> 0) is arbitrary, we get from above that

log M7 'M¢ (r1,72, ...
liming 08 My My (i, r2 ) < Pt
P1 T2 T —+00 log (r17r...10,) onPg
Qe w A (f) < PL (2.13)
'Unpg

Similarly from (2.4) and in view of (2.6), it follows for a sequence of values of r, 72, ..., 7,
tending to infinity that

logMg’le (r1,72, ey ) < logMg’1 {expm {(v,Af +¢)log (rlrz...rn)}}

2] 2]
ie., logMg’le (11,72, ., 7)) < logexp llog exp” {(v, s +¢)log (rlrz...rn)}]

(vnAg — £)

v oy

i.e., IOgMJIMf (7‘1,?”2,...,7’”) < wlog (7’17”2...7’”)
(varg —€)

i e lOgMJIMf (T’],’l"z,...,?”n) (vn)‘f_'_s)

U log (r173...1) T (v Ag—€)

As e (> 0) is arbitrary, we obtain from above that

log M My (r1,72, ...y .
limint &M My (e ta) -y
T157250+yTn =200 IOg(’I"]’I“z...’(‘n) ’uz)\g
oA
Qe oA (f) < 2L (2.14)
’ UHA(]

Thus the theorem follows from (2.9), (2.10), (2.11), (2.12), (2.13) and (2.14). O

Corollary 2.2. Let f and g be any two entire functions of several complex variables such that g
is of regular growth. Then

’Un)\ 'Unp
g (f) = —pf and ., py (f) = —pf :
vn Mg vn Mg

In addition, if ., p¢ = v, pg, then

vaPg (f) = v, Af(g)=1.

Corollary 2.3. Let f and g be any two entire functions of several complex variables with regular
growth respectively . Then

Un/\g (f) = wv,Pg (f) = P .

v, Pg

Corollary 2.4. Let f and g be any two entire functions of several complex variables with regular
growth respectively. Also suppose that ., py = v, pg- Then

vag (F) = 0,pg (f) = 0, Ap(9) = w,pr(9)=1.



RELATIVE ORDER CONCERNING ENTIRE FUNCTIONS ... 103

Corollary 2.5. Let f and g be any two entire functions of several complex variables with regular
growth respectively. Then

0nPg () 0P (9) = w0 Ag (f) - v Af(g)=1.

Corollary 2.6. Let f and g be any two entire functions of several complex variables such that
either f is not of regular growth or g is not of regular growth. Then

v g (F)  waAp (9) <1 < 0,09 (f) - wopr (9) -

Corollary 2.7. Let f and g be any two entire functions of several complex variables. Then

(Z) vn)‘g (f) = oo when vnPg = 0 ,
(”) vn Pg (f) = oo when,, /\g =0,
(“7’) vn>\g (f) = 0 when Unpg = 00

and
(10) v, pg (f) =0 when , Ay =00 .

Corollary 2.8. Let f and g be any two entire functions of several complex variables. Then

(2) v,pq (f) = Owhen,, ps=0,
(i1) v, Ag (f) = Owhen, A\f=0,
(iii) v,pg (f) = oowhen, py=o0

and
(1v) v, Ag (f) = o0 when , Ay = o0 .

Theorem 2.9. Let f, g and h be any three entire functions of several complex variables such that
onPh (f) < oo and , A\p(f o g) = co. Then

im IOth_leog(’/‘l,’r'z,...,’l"n)
T1,T25 0 T 200 logM,;IMf(rl,rz,...,rn)

= Q.

Proof. Let us suppose that the conclusion of the theorem do not hold. Then we can find a
constant 8 > 0 such that for a sequence of values of r, r,, ..., , tending to infinity,

log M " Myog(r1,12, i) < Blog My "My (ry,72, .0y m0) - (2.15)

Again from the definition of ., p, (f), it follows for all sufficiently large values of ry, 2, ..., 7,
that

log M, "My (r1,72, s 70) < (o, pn (f) + €)log (r172...7) (2.16)

Thus from (2.15) and (2.16) , we have for a sequence of values of r1, 77, ..., 7, tending to infinity
that

log Mh_leOg(rhT27 ey ’I“n) < B (v, Pn (f) + 6) log (7“17“2...7“n)
log My, "Myog(ri, 72, o) < B (v, pn (f) +€)log (r17ra...10)

i.e., <
log (r172...70) log (r17ra...10)
. . longleo (1,72, ey T)
., liminf h el T2 ln) oy .
b€ r,,rf.l.l,ﬂ%o log (r172...75,) vatn(f o g) < o0

This is a contradiction.
Thus the theorem follows. O

Remark 2.10. Theorem 2.9 is also valid with “limit superior” instead of “limit” if ,, Ax(fog) =
oo is replaced by ., p(f © g) = oo and the other conditions remain the same.

Corollary 2.11. Under the assumptions of Theorem 2.9 and Remark 2.10,

—1 —1
M, "M T1, T2, ey Th . M, "M T1,T2, e, T
- rog (11,72, Tn) =ocoand limsup —I— £og (T, 72,5 )
12t =00 MM (11,172, 0, ) riyr2eern—oo My My(r1, 12,000 0)

=

respectively hold.



104 Sanjib Kumar Datta, Tanmay Biswas and Debasmita Dutta

The proof is omitted.

Analogously one may also state the following theorem, remark and corollary without
their proofs as those may be carried out in the line of Remark 2.10, Theorem 2.9 and Corollary
2.11 respectively.

Theorem 2.12. Let f, g and h be any three entire functions of several complex variables with
onPr(g) < 0o and ., pp(f o g) = co. Then
log M;lefog(Tl 3 T2y eeny ’l"n)

lim sup = =o00.
T1,T2 ey T —>00 IOth Mg(T‘l,’f’z,...,’f’n)

Remark 2.13. Theorem 2.12 is also valid with “limit” instead of “limit superior” if ,, p, (f o g) =
oo is replaced by ,,, A, (f o g) = oo and the other conditions remain the same.

Corollary 2.14. Under the assumptions of Theorem 2.12 and Remark 2.13,

—1

Mh Mfog(TI,Tz,...,Tn) M}Zleog(rlerann)

lim sup — = oo and lim — =00
r1yryern—oo. My Mg (11,72, 0y Ty) 1200 MM (71,72, 20y )
respectively hold.
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