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Abstract. In this paper, we introduce some special polynomials starting from a suitable
operational definition. Some properties of these special polynomials are considered by using the
integral representation method.

1. Introduction

Dattoli and his co-workers have shown that by combining the properties of exponential
operators and suitable integral representations one can find an efficient way of treating fractional
operators. They introduced new families of special polynomials starting from a suitable opera-
tional definition, see [2,8]. Also, they have shown that the use of integral representation method
is a fairly important tool of analysis to study the properties of old and new families of special
polynomials, see [3,5]. The work of this paper is a further attempt in introducing new special
polynomials by combining the integral representation method and operational techniques. To
this aim, we recall that the Laguerre-Gould Hopper polynomials (LGHP) LH,(Im’s)(x, y,z) are
defined by the generating function [11, p.9933]

tn
exp(yt + 2t°)Co(—xt™) ZLH (z y,z);, (1.1)
n=0 ’

where Cy () denotes the 0" order Tricomi function. The n*" order Tricomi functions C,, (z) are
defined as [13]:

:ZT nH (1.2)

=

The LGHP  H\™* (x,y, 2) are also defined by the following series:

(5]

m,s kaLnfsk z,Yy
LH ) (2, y,2) = n! OWa (1.3)
k=

where ,,, L,,(z,y) are the 2-variable generalized Laguerre polynomials (2VgLP) defined by [6;
p.213]

n mr

—n'zm: n—mr)' (1.4)
:0

and by the operational definition

B . om n

where D! denotes the inverse of the derivative operator D, := % and is defined in such a way
that

D f(2)) = (n_ll), /0 “a— e F(O)de. (16)
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The LGHP ; HY™* (2, y, z) satisfy the differential equation

om o5+1 o2 9
— g ) LH) = 1.7
<m(’)y’" +528w8y5 +y(’)x8y nam) LHY™M (2,y,2) =0 (1.7)

and the monomiality recurrences

0

gy L @y ) =0t (0, 2), (1.8)
am—l as—l ) s
(le_‘] aym,I + sz 3y3*1 + y) LH£L77L76)($a Y, Z) =L 7(14_} )(.’E, Y, Z) (19)

Further, the polynomials , H, T(Lm’s) (z,y, z) are defined by means of the following operational

representations:

o° ,
ep (ay) {mlnle,y) b = LHE™ (2,9, 2), (1.10)
8m
-1 (s) )
exp (Dw 5‘ym) {HO(,2)} = L1 (2., 2) (1.11)
and
o
-1 nl| _ (m,s)
exp <Dx oy +zays> {'} = LB (2,9, 2), (1.12)

where H,(f) (z,y) are the Gould-Hopper polynomials (GHP), defined by the series [10; p.58] (see
also [7])

[%] ykxnfsk:
s =H =nly L 1.13
k=0
and by the operational definition
H (2,y) = exp (32 {o}. (1.14)
noATe Ox*

2. Integral transforms and special polynomials

The integrals offer a direct way to investigate the properties of the functions and polynomi-
als they define. It is well known that one of the starting point of the theory of fractional operators,
i.e. operators raised to a fractional power, is the Euler’s integral [13; p.218]:

7 1 /°° —at -1
a V= —— e MtV dt. 2.1
) Jo @D

Now, multiplying both sides of equation (2.1) by f(x,y) and replacing a by o — zaa—; in
the resultant equation, we find '

(a — zaayss)y flz,y) = 1_,(11/) /OOO e~ t""lexp (ztﬁyi) [z, y)dt, (2.2)

Let us consider the case f(z,y) = Ln(z,y) in equation (2.2), we get

83 -V 1 /OO ot . ( as)
o —z— mLn(x,y) = et lexp | 2t=—— | mLn(x,y)dt. 2.3
(a-252)  mbalod =15 [ p(stgs ) malrlat. (23)

Using operational formula (1.10) in the r.h.s. of the above equation, we obtain

o5\ " 1 >
- mLn = mat =l ) t)dt. 2.4
(a-25)  mbatoi) = s [t e LB e (24)
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The integral on the r.h.s. of equation (2.4) defines a new special polynomials. Denoting
this special polynomials by L H\">*) (z, y, z; a), we find

1 oo
LH (2,y, 210) = / e~ T L H™ (2, y, 2t dt, (2.5)

T(v) Jo

From equations (2.4) and (2.5), we have

(a — Zais) mLn(z,y) = LH™) (2,9, 2;0). (2.6)

Using definition (1.3) in the r.h.s. of equation (2.5), we obtain
EHE

! 2R L sk(yy) [ _ _
H(m’s) . _ n mbLn—sk\L, / at tu+k 1 dt 2.7
Lilp y (:my,z,a) F(l/) i k"(n—sk’)' 0 € ) ( )

which on using equation (2.1) in the r.h.s., becomes

@[3

n! 5] (V)k: kaLnfsk(iuy)

a¥ &= akkl(n —sk)!

LH (2., 25 0) =

n,v

(2.8)

Now, using definition (1.4) in the r.h.s. of the above equation, we get the following series
definition for ; H\W®) (z,y, 2; ):

(3] [*=] sk
LHI (2,y, 20) = % ak](:!zl;;k(xn?i skk— TR (2.9)
k=0 7=0
In particular, we note that
LHY (g, D215 1) = pHU™) (@), 2), (2.10)
LH'SZ,TI-LJ’Z)(O?y’ zia) = ,H (y, 2 ), (2.11)
where VH,(LZ )(y, z; ) denotes the known special polynomials defined by [8; p.731]
oo (3] -
JHP (2,95 0) = 1"(1y)/0 et T H?) (2, yt)dt = ;L' 2 w (2.12)

k=

As a generalization of the special polynomials VH7(12> (z,y; «) defined by equation (2.12),

we introduce the special polynomials ,,H,(f> (z,y; ) by means of the following integral repre-
sentation:

JH (2 y:0) = o ) / e T L (gt (2.13)
0

I'(v
Also, we define the special polynomials l,Hﬁf) (z,y; ) by the series
[

=

]

k. .n—sk
VHn (x,y,oz) v akk'(n—sk) (214)
k=0
and by the following generating function:
" exp(zt)
H ; = 2.15
Z :l? Yo ! (a _ yts)u ( )

Now, using definitions (1.5) and (2.14) in the r.h.s. of equation (2.8), we get the following
operational definition for the special polynomials LH,(IT,’S> (z,y, 2z Q):

exp (Dmla8 ) { Hff)(y,z;a)} = LHfjf,’;S)(m,y,z;a). (2.16)
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‘We note that
LHD(0,y, 20) = W H (y, 25 0). (2.17)

3. Properties of LHT(Z,’Z’S)(:@ Y, 2 Q)

The special polynomials ; Hyw® (z,y, ; o) satisfy the following differential relations:

) om
o) (m.s) .
(8 Yo >LH (z,y,2;0) = oy LH) (2,y,210)

=n(n—1)---(n—(m—1) H™) (2,9,250), (3.1)

0 X 0°
& LHr(Li,lL;é) ({L‘7 Y,z; Oé) ay LHSI V+)1 ({E Y,z; Oé)

=vn(n—1)--- (n—(s—l))LHfl SLH(x,y,z;a) (3.2)

and

3] m,
30 LHnﬁ’S)(m,y,z;a) —v LHfL V+)1(:v Y, 2 ). (3.3)

Consequently from equations (3.1) and (3.2), we have

om o 0 m,s
S L o z10) = 0 (o) LHezia) G4
and from equations (3.2) and (3.3), we get
o ] 8s+]
gz LI @y ) = =5 s LH (2., 230), (3.5)
which for s = m and using equation (3.1) (for s = m), yields
0 o (0 0 o
E LH( ™) (z,y, 2 0) = ~%a ((’9:5 3) Lwa’ Ny, 2 a). (3.6)

The integral representation (2.5) can be used to establish other properties for the special
polynomials  H\"*)(2,y, ;) with the help of the corresponding properties of the LGHP

LH,(I )(x, y, z). For instance, multiplying both sides of equation (2.5) by & >+, summing up
over n and using generating function (1.1) in the r.h.s. of the resultant equation, we get

ZLH ms) ,y,z;a)% - exp(yf)rfz?)(xgm) /0°° e~ exp(t€”)dt, (3.7)
n=0 '

which on expanding the second exponential (inside integral) in the r.h.s. gives

g (mes € exp(g) Co(—a€™) o= (6°)F [ v i
ZLwa @z 0) 2 = r(;)) ; - /O etk g (3.8)

Using relation (2.1) in the r.h.s. of the above equation, we get the following generating
function of the special polynomials ; H{">*) (z,y, z; a):

€ _ exp(y€)Co(=a™)
ZLH (z,y,2; oz)n. (@) (3.9)
From generating functions (2.15) and (3.9), we get

n

n m.s s
LH,(L l,+)u(x,y +w,z;a) = Z <k>LH,,(1_’k7>V(:r,y, z;a) HH,E )(w, z;a). (3.10)
k=0

Now, replacing z by zt in differential equation (1.7) and multiplying by ﬁ et t*~! and
integrating the resultant equation with respect to ¢ between the limits O to co, we have

am & 9 1 * —at qv—1 (m,s)
( aym +y 3x8y _nﬁx) 1_,(1/)/0 et L HY ™ (2, y, 2t)dE
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8s+1 1 o ;

. —at v gms) t)dt = 0 3.11
+5Za$ays r(l/)/o € Lily (xayaz ) ) ( )
which on using equation (2.5) in the Lh.s. and then using relation (3.3) in last term of the Lh.s.

of the resultant equation, we find that the special polynomials LHSLT,’S)(I, y, z; ) satisfy the
following differential equation:

am 95 +2 92 o
- —nge ) LH =0. 12
(maym % 9aoz0y Yooy ”ax)L o) (z,y,2) =0 (3.12)

Also, from the monomiality recurrences relations (1.8) and (1.9) and by proceeding on the

same lines as above, we can obtain that the special polynomials LH}ZZ’S)(L y, z; «) satisfy the
following monomiality recurrences relations:

y LH,(;’?;S> (z,y,z;0) =mn LHfﬁ’il(az,y,z;a) (3.13)
and
B amfl o° s s
(mDﬂcl@ym_l - szaaays_l —l—y> LH,(W’ )(x,y,z;oz) = LH£L+173/(:c,y,z;o¢), (3.14)
respectively.

We remark that the differential equation (3.12) can also be obtained by combining equations
(3.13) and (3.14).

Further, replacing z by zt in operational rule (1.12) and multiplying both sides by ﬁ et vl

and integrating the resultant equation with respect to ¢ between the limits O to co, we have
l/oo—t—l <—1am 65) 1 X ot
—_— et exp| D, = + zt— {y"}dt = —/ e vt H,(lm’s) x,y, zt)dt,
@) Jo P\ Gy T oy L) Jo L v 20
(3.15)

which on using equation (2.5) in the r.h.s. and breaking the second exponential in the Lh.s.
becomes

v 1 o
—1 —at yv—1 n (m,s) .
exp (Dz aym) ) /0 et exp (Zt8y5> {y }dt = H, (x,y,2,0). (3.16)

Expanding the third exponential operator containing the s-order derivative in the Lh.s. of

equation (3.16) and then using equation (2.1) in the resultant equation, we get the following

operational rule for the special polynomials 1 H, ,(f,',ljs) (z,y,2;):

0° - —1 am nl| _ (m,s) .
(a — Z@ys) exp (Dx é?y’”) {y } =L H, Y (x,y, 2, 0), (3.17)

which can also be obtained by using operational definition (1.5) in the 1.h.s. of equation (2.6).

4. Further new special polynomials , F7;>™ (2,9, 2; )

It is evident that the method we have proposed offers a fairly efficient means to intro-
duce new special polynomials. In order to further stress the importance of this method in intro-
ducing new special polynomials, we recall that the 3-variable generalized Hermite polynomials

(3VgHP) H,(f"m>(x, y, z) are defined by the series [9] (see[4])

ELr g™ (1)

H™) = n! 4.1
@y z) =n ; kl(n — sk)! (41)
and specified by the generating function
exp(rE +yE" + 26°) = 3 HE (e ,2) S 42)
n=0 ’

Using definitions (1.14) and (1.13) in the r.h.s. of definition (4.1), we get the following
operational definition for the 3VgHP HY"™ (2, y, 2):

H®™) (2, 2) = exp (yﬁxm> {H,(f) (z, z)} (4.3)
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Now, according to relation (2.1) it is evident that

om N\ 1 o° om
(a - yaxm> flz,2) = F(V)/O e " lexp <ytaxm> f(z, z) dt, (4.4)

which for f(z,z) = H{(z, z) becomes

om o\ o o\
<a - y@x”) HY) (2,2) = l"(z/)/o e~ "~ lexp (ytamm> HY (z,z) dt. (4.5)

Using operational definition (4.3) in the r.h.s. of the above equation, we find

m \ —Y 1 0
(a — y;:vm> HY (z,2) = W/O e~ vV HES™) (2 gt 2)dt. (4.6)

The integral on the r.h.s. of equation (4.6) defines a new special polynomials. Denoting
(s,m)

this polynomials by , H,,""" (z, y, z; o), we find

JHS™ (2, 2 0) = 1“(1y)/0 et H M) (1 gt 2)dt. (4.7)

From equations (4.6) and (4.7), we have

< 8) HP (2,2) = JHP™ 2,y 2;0). (4.8)

afyamm n n

Using definition (4.1) in the r.h.s. of equation (4.7), we get

s n! u z e —at u— m
JHE™ (2,y, 2 0) = > kl( ) /0 e T H™ (2, yt)dt, (4.9)
=0 :

Lk H, (2,y0)

n

kl(n — sk)!

(4.10)

Using definition (2.14) in the r.h.s. of the above equation, we get the following series
definition for , Hy"™ (z,y, z; a):

: ] k,r n—sk—mr
(s,m) . e (V)T gy
VH " @y, 2 0) = 5 arklr!(n — sk —mr)!’ (4.11)

The generating function for the special polynomials Z,H,(f’m)(x, y, ;) can be obtained

with the help of generating function (4.2) of the 3VgHP H. ,(f’m) (z,y, z). Multiplying both side
of equation (4.7) by % and summing up over n, we have

= (s,m) . é _ 1 > —at 4v—1 = (s,m) é
nZZOVHn (x,y,z,oz)n! = F(V)/o e ¢ ;Hn (I,yt,z)n!dt, (4.12)

which on using generating function (4.2) in the r.h.s. gives

1

- s,m . f _ * —at yv—1 m s
RZ:O,,Hr(L )(x,y7z,a)m = 1"(1/)/0 et exp(z€ + yt&™ + 2£°)dt. (4.13)

Breaking the exponential function in the r.h.s. of the above equation and then expanding
the second exponential inside the integral and integrating it, we get the following generating

function for VHT(LS’m)(x, Y, 2 a):

oo

sm € exp(aé +26°)
> HLE )(%y,z,a)mzﬁ. (4.14)

n=0
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The special polynomials , "™ (2, y, 2; o) are linked to the special polynomials , Hw™ (z, y, z; @)

defined in Section 2 by the following relation:
vH ) (y, 2, Dyia) = LH{ (2,y, 2 ). (4.15)

In particular, we note that

VH,(f’m)(x,yﬂ;a) = VHT(Lm)(x,y;a), (4.16)
vHP (2,y,2:0) = g HP (2,, 2 ). (4.17)

where | HH,(LZ) (z,y, z; a) denotes the known special polynomials defined by [8; p.732]
(5]

uHP (2,y,2;0) = n!
k=0

2
F L HD (2, 0)
El(n — 2k)!

(4.18)

v

We conclude that further properties of the special polynomials I,H,,(q,s’m)(m, Yy, z; ) can be
directly inferred from the corresponding ones for the 3VgHP Hff’m) (z,y,z) with the help of
the integral representation (4.7) and by following the same procedure leading to the results in

Section 3.
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