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Abstract In this paper we defined the Ai‘i (A A, ¢)Z defined by a modulus and exhibit
some general properties of the space with an four dimensional infinite regular matrix.

1 Introduction

Throughout w, xy and A denote the classes of all, gai and analytic scalar valued single se-
quences, respectively.
We write w? for the set of all complex sequences (x,,,), where m,n € N, the set of positive
integers. Then, w? is a linear space under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [4]. Later on, they
were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir and Solankan [2],
Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:

M, (t) == {(:cmn) € w?: SUPm. neN |:L',,m\t’"” < oo} ,

Cp,(t) == {(xmn) € w? :p—liMum noo |Tmn — 1 bmn — 1 for somet € (C} ,

Cop (t) := {(xmn) € w? : p— liMum oo |a:mn|tm" = 1} ,

L, (t) = {(xmn) cw?: Z;O:I ZZO:I \:z:mn|tm"’ < oo},

Cop (1) = Cp (1) (N M (1) and Cop, (t) = Cop (£) (1 M (2);

where t = (t,,,) is the sequence of strictly positive reals ¢,,, for all m,n € N and p —
limm n—oo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1 for all m,n €
N; M., (t),Cp (t) ,Cop (t) , Lo (t) , Cpp (t) and Copp, (t) reduce to the sets M., Cp, Cop, Ly, Cp and
Cobp, respectively. Now, we may summarize the knowledge given in some document related to
the double sequence spaces. Gokhan and Colak [21,22] have proved that M,, (t) and C,, (¢) , Cpp, (t)
are complete paranormed spaces of double sequences and gave the a—, 5—,y— duals of the
spaces M, (t) and Cy, (t) . Quite recently, in her PhD thesis, Zelter [23] has essentially studied
both the theory of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [24] have recently introduced the statistical convergence and
Cauchy for double sequences and given the relation between statistical convergent and strongly
Cesaro summable double sequences. Nextly, Mursaleen [25] and Mursaleen and Edely [26] have
defined the almost strong regularity of matrices for double sequences and applied these matrices
to establish a core theorem and introduced the M —core for double sequences and determined
those four dimensional matrices transforming every bounded double sequences = = (z,;) into
one whose core is a subset of the M —core of x. More recently, Altay and Basar [27] have de-
fined the spaces BS, BS (t) ,CS,,CSyy,CS, and BY of double sequences consisting of all double
series whose sequence of partial sums are in the spaces M, M,, (t) ,Cp, Cpp, C, and L,,, respec-
tively, and also examined some properties of those sequence spaces and determined the av— duals
of the spaces BS, BV, CSy, and the 8 () — duals of the spaces CS;, and CS, of double series.
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Quite recently Basar and Sever [28] have introduced the Banach space £, of double sequences
corresponding to the well-known space ¢, of single sequences and examined some properties of
the space £,. Quite recently Subramanian and Misra [29] have studied the space x3, (p, ¢, u) of
double sequences and gave some inclusion relations.

Spaces are strongly summable sequences were discussed by Kuttner [31], Maddox [32], and
others. The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox [8] as an extension of the definition of strongly Cesaro summable
sequences. Connor [33] further extended this definition to a definition of strong A— summabil-
ity with respect to a modulus where A = (a,, x) is a nonnegative regular matrix and established
some connections between strong A— summability, strong A— summability with respect to a
modulus, and A— statistical convergence. In [34] the notion of convergence of double sequences
was presented by A. Pringsheim. Also, in [35]-[38], and [39] the four dimensional matrix trans-
formation (Az), , = >0 2207 aj Ty, was studied extensively by Robison and Hamilton.

Let ¢, denotes the set of all subsets of N, those do not contain more than (mn) ele-
ments. Further (¢,,,) will denote a non decreasing sequence of positive real numbers such
that mngm11n+1 < (m+ 1,0+ 1) ¢, for allm,n € N.

Now, if u = (u,,,) is any sequence such that w,,,, # 0 for each m,n and w? (X) denotes
the space of all sequences with elements in X, where (X, ¢) denotes a semi normed space, semi-
normed by ¢, and 7, ¢ is any real number such that 7, > 0. This will be accomplished by
presenting the following sequence space:

AT (AT, A9 =

—nu 1 Drs
{x cw?: Squ,nzl,oeqﬁmn%% >oreo Doseo (18) ™ f (q (\Am (A /m+n) ) < oo} ;

where f is a modulus function. Other implications,general properties and variations will also be
presented.
We need the following inequality in the sequel of the paper. For a,b,> 0and 0 < p < 1, we
have
(a+b)? <aP + 0P (1.1)

The double series Z:j,n:l Ty 18 called convergent if and only if the double sequence (s,,,) is

convergent, where s,,, = Z:”JZ] zij(m,n € N) (see[1]).

A sequence * = (Z,,,)is said to be double analytic if sup,,, |Zmn|/ ™™ < o0o. The vector

space of all double analytic sequences will be denoted by A%. A sequence 2 = () is called
double gai sequence if ((m + n)! |xmn|)]/m+n — 0 as m,n — oo. The double gai sequences

will be denoted by x?2. Let ¢ = {all finitesequences} .

Consider a double sequence = = (;;). The (m,n)"" section 2"} of the sequence is defined
by glmnl = > %Zomij 35 for all m, n € N; where 3;; denotes the double sequence whose only
non zero term is a ﬁ in the (4, )" place for each i, j € N.

An FK-space(or a metric space)X is said to have AK property if (3,,,,) is a Schauder basis
for X. Or equivalently z[™" — z.

An FDK-space is a double sequence space endowed with a complete metrizable; locally
convex topology under which the coordinate mappings © = (zx) — (Tmn)(m,n € N) are also
continuous.

Orlicz[13] used the idea of Orlicz function to construct the space (L) . Lindenstrauss and
Tzafriri [7] investigated Orlicz sequence spaces in more detail, and they proved that every Orlicz
sequence space ¢, contains a subspace isomorphic to £, (1 < p < 00) . subsequently, different
classes of sequence spaces were defined by Parashar and Choudhary [14], Mursaleen et al. [11],
Bektas and Altin [3], Tripathy et al. [18], Rao and Subramanian [15], and many others. The
Orlicz sequence spaces are the special cases of Orlicz spaces studied in [6].

Recalling [13] and [6], an Orlicz function is a function M : [0,00) — [0, c0) which is con-
tinuous, non-decreasing, and convex with M (0) =0, M (x) > 0, for z > 0 and M (x) — oo as
x — oo. If convexity of Orlicz function M is replaced by subadditivity of M, then this function
is called modulus function, defined by Nakano [12] and further discussed by Ruckle [16] and
Maddox [8], and many others.
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An Orlicz function M is said to satisfy the A;— condition for all values of u if there ex-
ists a constant K > 0 such that M (2u) < KM (u) (v > 0) . The A,— condition is equivalent to
M (fu) < KM (u), for all values of u and for £ > 1.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct Orlicz sequence
space

Oy = {1; cw:d o M ('“‘%‘) < 00, forsomep > 0},

The space ¢,; with the norm

Joll = inf {p>0: 505, (221) <1},

becomes a Banach space which is called an Orlicz sequence space. For M (¢) =t (1 < p < 00),
the spaces ;s coincide with the classical sequence space £,,.

If X is a sequence space, we give the following definitions:
(1)X = the continuous dual of X;

{)Xe = {a = (amn) : =1 |@mnTmn| < 00, foreachx € X} ;
(i X? = {a = (@mn) * D50 | QmnTmn 1S convegent, foreachx € X} :

m,n=1

) M,N
(IV)X’Y = {CL = (amn) D SUPmn = 1 ‘Em’nzl AmnTmn

< 00, foreachz € X} ;

(V)let X beanF K — space D ¢; then X = {f(%mn) 1 f e X/} ;

Vmtn oo, foreachz € X} ;

(Vi)X(S = {a = (amn) L SUPmn |amnxmn|
X XP X7 are called o — (orKéthe — Toeplitz)dual of X, 3 — (or generalized — K 6the —
Toeplitz)dualof X,y — dualof X, 6 — dual of X respectively. X is defined by Gupta and
Kamptan [20]. It is clear that 2 ¢ X# and X* C X7, but X C X" does not hold, since the
sequence of partial sums of a double convergent series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz
[30] as follows

Z(A)={z = (zp) cw: (Azy) € Z}

for Z = ¢, ¢y and /., where Az, = xj, — xpy forall kK € N.

Here ¢, ¢y and /., denote the classes of convergent,null and bounded sclar valued single se-
quences respectively. The difference space bv,, of the classical space ¢, is introduced and studied
in the case 1 < p < oo by Baar and Altay in [42] and in the case 0 < p < 1 by Altay and Baar
in [43]. The spaces ¢ (A), ¢o (A) , £ (A) and bv, are Banach spaces normed by

1
lall = |1| + supgs1 |Az| and ], = (352, 2l”)'”, (1 < p < 00).

Later on the notion was further investigated by many others. We now introduce the following
difference double sequence spaces defined by

Z(A) ={z = (zmn) €W : (Azpy,) € Z}

_ A2 2 — —
Where Z — A s X and Azmn - (xmn - annJrl) - (Ierln - xm+ln+l) = Tmn — Tmn+l1 —
Tmain + Tmiine) forallm,n € N

2 Definitions and Preliminaries

A?‘Z (A A, ¢)Z denote the Pringscheims sense of double analytic sequence space of modulus.

2.1 Definition

A modulus function was introduced by Nakano [12]. We recall that a modulus f is a function
from [0, 00) — [0, 00) , such that

(1) f(xz) =0ifand only if x = 0

@) f(z+y) < f(2)+f(y), forallz >0,y >0,

(3) f is increasing,
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(4) f is continuous from the right at 0. Since |f (z) — f (y)| < f (Jz — y|) , it follows from here
that f is continuous on [0, c0) .

2.2 Defintion

Let A = (awl) denote a four dimensional summability method that maps the complex double
sequences z into the double sequence Az where the k, /— th term to Az is as follows:

(AZ) = Dt Zonet ¢ Tmn
such transformation is said to be nonnegative if a;/;" is nonnegative.

The notion of regularity for two dimensional matrix transformations was presented by Silver-
man [40] and Toeplitz [41]. Following Silverman and Toeplitz, Robison and Hamilton presented
the following four dimensional analog of regularity for double sequences in which they both
added an adiditional assumption of boundedness. This assumption was made because a double
sequence which is P— convergent is not necessarily bounded.

2.3 Definition
For a subspace 1 of a linear space is said to be sequence algebra if z,y € 1, implies that
2.4 Definition

A sequence E is said to be solid (Or normal) if (AyynZmn) € E, whenever (2,,,) € E for all
sequences of scalars (A, = k) with [A,,,| < 1.

2.5 Definition

A double sequence space I is said to be monotone if it contains the canonical pre-images of all
its step spaces.

2.6 Remark

From the above, it is clear that a sequence space F is solid implies that £ is monotone.

2.7 Definition

Let X be a real or complex linear space, g be a function from X to the set R of real numbers.
Then, the pair (X, g) is called a paranormed space and g is a paranorm for X, if the following
axioms are satisfied for all elements x,y € X and for all scalars « :

(PN.D g(z)=0ifz = 0.

(PN.2) g (—x) = g ().

(PN3)g(z+y) <g(z)+g(y).

(PN.4) If () is a sequence of scalars with i, — «asn — oo and x,,, z € X forall n € N with
Zn, — x as n — oo then a,x,, — @ as n — oo, in the sense that g (ax, — ax) — 0as n — oco.

3 Main Results

3.1 Theorem

Affi (A A, (;S)Z is linear space over the complex field C
Proof: It is easy. Therefore omit the proof.

3.2 Theorem

A?cz (A A, (;S)Z is a paranormed space with

1 - mtn\ Prs/M
9(@) = suPmnz1. o€, 5— > > (rs) ”“f(q (14 () ) (3.1

rE€o s€o

if and only if h = infp,s > 0, where M = maz (1, H) and H = supppmn.
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(>i1) Ai‘j (Amn A, gb)Z is a complete paranormed linear metric space if the condition p in (3.1)
is satisfied.
Proof(i): sufficiency: Let & > 0. It is trivial that g (§) = 0and g (—z) = g ().

The inequality g (z +y) < g (z) + g (y) follows from the inequality (3.1), since p,s/M <

1 for all positive integers r,s. We also may write g (Az) < mazx <|)\| ) |)\|h/M) g (z), since

AP < max (|)\|h ) |/\\M) for all positive integers r, s and for any A € C, the set of com-

plex numbers. Using this inequality, it can be proved that Az — 6, when z is fixed and A — 0,
or A\ — 0and x — @, or \is fixed and z — 6.
necessity:Let A?i (A A, ¢)Z be a paranormed space with the paranorm

_ 1 —np mn 1/m+n Prs/M
g (‘T) = SUPm,n>1,0€dhmn Dmn 27'60 Zséo (T‘S) f q ‘AT@ (Au ‘T)|

and suppose that h = 0. Since \)\|p”/M < |)\|h/M = 1 for all positive integers r,s and A € C

such that 0 < |A] < 1, we have

— - s /M
9(2) = SUPm.n>1.0€0mn G 2reo 2useo (18) " f (Q(IAI)” / ) =L
Hence it follows that

—np rs /M
g()\x) = SupTYl,TLZl,O‘Equnﬁ ZTEO’ Zséo’ (TS) " f (q(|)\|)p / ) = 1

forz = (a) € A?cz (Amn A ¢)Z as A — 0. But this contradicts the assumption A?Z (Amm A, qb)z
is a paranormed space with g () .

(i1) The proof is clear.

3.3 Corollary

A?Z (A A, (;S)Z is a complete paranormed space with the natural paranorm if and only if
2 mn 2 mn
Afz (A A, qS)Z = qu (Amm A, ¢)Z

3.4 Theorem
Afpz (A A, gbl) Azq (A A, ¢2) if and only if sup,,m>1 ¢§”" < 00.
Proof: Let z € Azq (Am” A, ¢! ) and T = supn>1 ﬁ Then

mn m n pTS
SUPm 2106, 5 Yorea Yosea (1) ™ F (0 (14rs (A7) ™)) <

1

Prs
SUPmn>1 27": SUPm n>1 LJOEDmn ¢l Z""Ga‘ deg (TS) k f ( (|A7‘s (ATnx)|l/m+n) ) =

m n pTS
T x SUPm n>1,0E€EPmn d’l ZTEO’ ZGEO’ (T’S) nw f ( (|A7’s (ATanl/ + ) ) .
Therefore = € A2q (Amm, A, (;5)
Comesely, let A% (A7, A,61)" € A28 (877 A, ¢2)7 and & € A2 (A", 4,1)" . We have

pe 1/m+n p ne
SUPm, n>1,0E€EDmn ¢l ZTGO’ ZSEO’ (7"5) wa( (|ATS (A;”L )I e ) ) < o0

Suppose that supmn>1 ¢2 me < oo. Then there exists a sequence of positive natural numbers

. Brnin; .
(myn;) such that lzmi,jﬁmﬁ = 0o. Hence we can write

_ 1, 1 1 Prs
supmanIKTE(z)m,ngb% ZrEa ZSEU’ (T'S) " (q (|Ars (Amn ) /m+n) ) Z
Prs
SUPm,n>1,0€Pmn ¢1 ZTEO’ ZSEO’ (1"5) 77/‘ <q (|Am (Amn ) /m+n) ) = o0o. Therefore = ¢
¢

mn < 0.
#r

A2q (A A, ¢2) which is a contradiction. Hence sup,,,>1

3.5 Theorem

Let f be an modulus function which satisfies the A;— condition. Then Azq (AZL”, A, ¢1)Z =

Azq (Amn A (bz) if and only if sup,,,>1 i < 00 and supmp>1 i

< 00.
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3.6 Theorem
Let f and f; be modulus functions which satisfies the A, — condition. Then Ai‘i (Amm A, d))z C

2q mn n
Ao, (AT, A 9)]

Proof: Let z € Affz (Apm, A, (b)z and € > 0 be given and choose § with 0 < § < 1 such that
f(t) < efor0 <t <. Therefore we have write

SUPmn>1,0€mn o Doreo Dosco (18) 1 f (fl (q (\Ars (Azmm”l/wwrn)p”)) _
SUPm,n>1,0€0m g 20 21 (15) " f (f1 (q (IATS (Agmx)\l/m+")””>) "

Ut o 7 55 ) £ (1 (3 (14 (A7) ).

where the summation 3 3 -, is over f (q (|Ars (A )| 1/ m+n)) < & and the summation > >,

is over fi (q (|ATS (AT”x)|l/m+n)) > 4. Since f is continuous, we have

Szt oeimn 7 30500 () f (11 (0 (145 (A7ma) 7)) ) < maa {1, (1))
SUPm,n>10€hmn 5o 2o 21 (18) " i (q (|A7‘s (AZ”:C)II/W”)M) <

mazx {1» f (1)H} SUPm.n>1,0€dmn g Doreo Doseq (15) i (q (IATS (AT":c)Il/’”*”)p”) . For
fi <q <|Ars (Au’””x)|l/m+")) > §, we use the fact that

A (g (14r @) ) ) < i (0 (140 Q) /7)) 571 <

£ (g (145 (agma) /7)) 671

Since f satisfies the A,— condition, then there exists L > 1 such that

f (fl (q (\Am (A?"x)ll/mm))) <f (1 + fi (q (|Am (A’u””x)|l/m+”)> 54) <

@45 (20 (a (140 @Ama) V™) ) 67 ) 451 (2) i (a (140 (Ama) ) ) 07t =

£ @5 fr (a (140 @) Vm).

Sz 0ehmn 7 Do Saco (79) "1 (1 (0 (14ns (A7) V7)) <
maz {1, £ ()"} supmnz1.0e0m 5 Xreo S (75) " fi (a (145 (77 747) ) 4

_ m+n DPrs
maz {1, (Lf (2)67)" } supmnz1.ocon 5 Creo Yueo ()™ fi (0 (14 (A7) /75) )
Therefore x € A?cz (A7 A, 0))

3.7 Theorem
Afcz (AT A, (;S)Z is not separable

Proof: f (q <|A7‘s (Aum”x)|1/m+")pm) — 0asm,n — oo, so it may so happen that first row

or column may not be convergent, even may not be bounded. Let S be the set that has double
sequences such that the first row is built up of sequences of zeros and ones. Then S will be
uncountable. Consider open balls of radius 3~! units. Then these open balls will not cover
A?Z (A7, A, ¢);, . Hence is not separable.
3.8 Remark
Let f = (fmn) be a modulus function ¢; and g, be two seminorms on X, we have

: 2 mn Y 2 mn 2q1+ mn 7

(@) ATY (AT, A, 6)! VAT (A", A, 9)1 C AT (ATm, A, )"

(ii) If ¢y is stronger than ¢, then A?Z‘ (AT A, ¢)Z C Ai;” (AT A, ¢)Z

(iii) if ¢ is equivalent to ¢, then A?CZ‘ (Amn A, qs)Z = A?‘ZZ (Amm A, QS)Z .

3.9 Proposition

Forevery p = (pr) , { A}/ (Aum",A,m}ﬁ =N a0} = (A apn a0} =

{nff (@A)} where i (A7, 4,0)] =
Nyen—(1y
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- mn 1/m+n\Pre
{33 = Tmn - ﬁ Zrea Zsea (TS) mLf (q (|Ars (Au 33)| fmt ) ) < OO}
B
. 2 mn 2, mn
Proof(1): First we show that {nfg (A ,A,¢)Z} c {Afg (A ,A,¢)Z}
B
Letx € {njzfz (AT A, (;5)2} andy € {A?Z (A A, qS)Z} . Then we can find a positive integer
N such that (|ymn|l/m+"> <

_ Drs
max (la SUPm,n>1 @ﬁ ZT‘EO’ ZSEG’ (TS) " f (q (|A7”S (Azlnx)|l/m+"> ) < OO) < N7 for all
m,n.
Hence we may write

[ Tntinn| < S [l < S (F (i) < 5y (F (14772 N7

Since x € {niz (Amn A, ¢)Z} . the series on the right side of the above inequality is convergent,

whence x € {A?g (A" A, ¢)Z} . Hence {’7?3 (Amn A, d))Z} c {Aiz (Amn A, ¢)Z}ﬂ
Now we show that {A?Z (Amn A ¢)Z}ﬁ c {niz (Amm A, ¢)Z}

. B
For this, let x € {Ai: (AT A, c;S)Z} and suppose that z ¢ {Ai‘i (AT A, gb)Z} . Then
there exists a positive integer N > 1 such that - (f (JA7"™ 2| N™*")) = co.

If we define y,,,, = N SgnA" m,n = 1,2,--- , theny € {Ai’f (AT, A, ¢)Z} .
But, since
(S Tt = Lo (F (Frantionnl)) = Lo (F (AT N™)) = 00, we get @ ¢
o 8
{A?;’ (Apm, A, d))Z} , which contradicts to the assumption = € {A?Z (Amn A, ¢)Z} . There-

fore z € {nfcz (AT A, gﬁ)Z} . Therefore {Aiz (AT A, QS)Z}B = {nfpz (AT A, gb)Z} )

(ii)and (iii) can be shown in a similar way of (i). Therefore we omit it.

4 Result

4.1 Proposition

The space Afc‘i (Amm A, qS)Z is not monotone and such are not solid.

Proof: The space A?Z (apm, A, ¢)Z is not monotone follows from following examples. Since
the space A?Z (A A, qS)Z is not monotone, is not solid is clear from the remark 2.6.
Example: Let X = C and consider the sequence (xz,,,) defined by if

(xmn) = ’ for all m,n N.

_ i?, ifm=mn,ieN,
Ymn 0, otherwise .

Then (zn) ¢ A (AT, A, )" but (ymn) € AF (AT", A, )" . Hence AT (An™, A, ¢)7 are
not monotone.



254 N. Subramanian

4.2 Proposition

The space A?Z (Amm A, ¢)Z are not convergence free in general
Proof: The proof follows from the following example:
Example: Consider the sequences (), (Ymn) € A?Z (A7, A, ), . Defined by (A]"'z) =

1\ l/m+n _n\1l/m4n 1 \l/m+n C oy .
(75w and (A7"y) = (155) - Hence sup,, n>1 (757 < oo. which implies
1/m+n m—7L)1/m+” I/m+4n __
m+n -

SUPmn>1 | Tmn < 00. AlSO supmp>1 ( = 0. Hence supy,n>1 |Ymn|

0. Therefore the space A?Z (A A, qﬁ)Z are not convergence free.
4.3 Proposition

A?Z (AT A, QS)Z is not sequence algebra
Proof This result is clear the following example:
Example: Let (2,,,) = (L)l/mm and (Ypmp) = (=2 )1/m+n for all m,n € N. Then we

m-+n m-+n

have z,y € Aig (A", A, ¢)" butz -y ¢ A?Z (A7 A, ¢)

n
"
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