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Abstract. This paper deals with a generalization of Sister Celine’s polynomials, their gener-
ating functions and integral representations. A set of relations with other polynomials are given
in the last section.

1 Introduction

Sister Celine [1] has introduced the polynomial fn(x)

fn

[
a1, · · · , ap;
b1, · · · , bq;

x

]
=p+2 Fq+2

[
−n, n+ 1, a1, · · · · · · ap;

1, 1
2 , b1, · · · , bq;

x

]
, (1.1)

which is defined by the following generating function (see [4, p.290])

(1− t)−1
pFq

[
a1, · · · , ap;
b1, · · · , bq;

−4xt
(1− t)2

]
=
∞∑
n=0

fn

[
a1, · · · , ap;
b1, · · · , bq;

x

]
tn, (1.2)

where pFq denotes the generalized hypergeometric function [4].

For p = 1, q = 1, a1 = 1
2 , b1 = 1 the following integral representation of Sister Celine

polynomials is given

fn(
1
2

; 1;x) =
1√
π

∞∫
0

y−
1
2 e−yfn(−; 1;xy)dy. (1.3)

Equation (1.1) with no a’s and no b’s denotes simply

fn(x) = 2F2

[
−n, n+ 1; 1,

1
2

;x
]
=

n∑
r=0

(−1)r(n)!xr

(r!)2( 1
2)r(n− r)!

. (1.4)

For the fn(x) the generating function (1.2) becomes

(1− t)−1exp(
−4xt

(1− t)2 ) =
∞∑
n=0

fn(x)t
n. (1.5)

2 Generalization of Sister Celine’s Polynomials

In the view of above results, we define the generalized Sister Celine polynomial in following
manner

f (α,β)n

[
a1, · · · , ap;
b1, · · · , bq;

x

]
=

(1 + α+ β)n
n!

p+2Fq+2

[
−n, n+ α+ β + 1, a1, · · · , ap;

1 + α, 1
2 , b1, · · · , bq;

x

]
. (2.1)
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Equation (2.1) with no a’s and no b’s denotes simply

f (α,β)n (x) =
(1 + α+ β)n

n! 2F2

[
−n, n+ α+ β + 1;

1 + α, 1
2 ;

x

]
(2.2)

=
(1 + α+ β)n

n!

n∑
r=0

(−n)r(n+ α+ β + 1)rxr

(1 + α)r(
1
2)rr!

. (2.3)

Indeed f (0,0)n (x) = fn(x). (2.4)

3 Generating functions

The following generating function can be easily obtained

∞∑
n=0

f (α,β)n (x)tn = (1− t)−1−α−β
2F2

[
1+α+β

2 , 2+α+β
2 ;

1 + α, 1
2 ;

−4xt
(1− t)2

]
, (3.1)

∞∑
n=0

(C)nf
(α,β)
n (x)tn = (1− t)−C−α−β3F3

[
C, 1+α+β

2 , 2+α+β
2 ;

1 + α, 1 + α+ β 1
2 ;

−4xt
(1− t)2

]
(3.2)

(Obviously for C = 1, α = β = 0, equation (3.2) reduces to the generating function (1.5)),
and

(1− t)−1−α−β
p+2Fq+2

[
a1, · · · ap, 1+α+β

2 , 2+α+β
2 ;

b1, · · · bq, 1 + α, 1
2 ;

−4xt
(1− t)2

]

=
∞∑
n=0

f (α,β)n

[
a1, · · · ap;
b1, · · · bq;

x

]
tn. (3.3)

Proof. Expanding left hand member of (3.1) with the help of (2.2), we get

∞∑
n=0

f (α,β)n (x)tn =
(1 + α+ β)n

n!

∞∑
n=0

n∑
r=0

(−n)r(1 + α+ β + n)r

(1 + α)r(
1
2)r

xr

r!
tn

=
∞∑
n=0

n∑
r=0

(−1)r

(n− r)!
(1 + α+ β)n+r

(1 + α)r(
1
2)r

xr

r!
tn

=
∞∑
n=0

∞∑
r=0

(−1)r

(n)!
(1 + α+ β)n+2r

(1 + α)r(
1
2)r

xr

r!
tn+r

=
∞∑
r=0

(1 + α+ β)2r(−xt)r

(1 + α)r(
1
2)rr!

∞∑
n=0

(1 + α+ β + 2r)n
n!

tn

=
∞∑
r=0

(1 + α+ β)2r(−xt)r

(1 + α)r(
1
2)rr!(1− t)1+α+β+2r

= (1− t)−1−α−β
∞∑
r=0

(1 + α+ β)2r(−xt)r

(1 + α)r(
1
2)r r!(1− t)2r

= (1− t)−1−α−β
∞∑
r=0

( 1+α+β
2 )r(

2+α+β
2 )r

(1 + α)r(
1
2)r

( −4xt
(1−t)2 )

r

r!

Thus we arrive at the result (3.1). Similarly we can easily prove equations (3.2) and (3.3). 2
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4 Integral representations

The following integral representations involving Sister Celine’s polynomials are obtained as fol-
lows:

(a). f (α,β)n (x) =
(1 + α+ β)n
(1 + α)n

√
π

∫ 1

0
t−1(1−t) 1

2−1P (α,β)
n (1−2xt)dt. (4.1)

For α = β = 0, equation (4.1) reduces to known result [1]

fn(x) =
1√
π

1∫
0

t−1(1− t) 1
2−1Pn(1− 2xt)dt, (4.2)

where

P(α,β)
n (x) =

(1 + α)n
n! 2F1

[
−n, n+ α+ β + 1;

1 + α;
1− x

2

]
.

(b).
Γ(β + γ)

Γ(β)Γ(γ)

∫ 1

0
tβ−1(1−t)γ−1f (α,β)n (x(1−t)) = (1 + α+ β)n

n! 3F3

[
−n, γ, 1 + α+ β + n;

1 + α, β + γ, 1
2 ;

x

]
.

(4.3)

(c). P (α,β)
n (1− 2x) =

(1 + α)n
(1 + α+ β)n

√
π

∫ ∞
0

e−yy−
1
2 f (α,β)n (xy)dy,

(4.4)
for α = β = 0, equation (4.4) reduces to known result [1, p.291]

Pn(1− 2x) =
1√
π

∫ ∞
0

e−yy−
1
2 fn(xy)dy (4.5)

and f (α,β)n (
1
2

; 1;x) =
1√
π

∫ ∞
0

e−yy−
1
2 f (α,β)n (−; 1;xy)dy. (4.6)

Proof. (a)
(1 + α+ β)n√
π(1 + α)n

∫ 1

0
t−1(1− t) 1

2−1P (α,β)
n (1− 2xt)dt

=
(1 + α+ β)n√

πn!

n∑
r=0

(−n)r(1 + α+ β + n)r
(1 + α)r

xr

r!

∫ 1

0
tr−1(1− t) 1

2−1dt

=
(1 + α+ β)n

n!

n∑
r=0

(−n)r(1 + α+ β + n)r

(1 + α)r(
1
2)r

xr

r!

= f (α,β)n (x).

(b)

Γ(β + γ)

Γ(β)Γ(γ)

∫ 1

0
tβ−1(1− t)γ−1f (α,β)n (x(1− t))dt

=
(1 + α+ β)n

n!

n∑
r=0

(−n)r(1 + α+ β + n)r

(1 + α)r(
1
2)r

xr

r!

∫ 1

0
tβ−1(1− t)γ+r−1 Γ(β + γ)

Γ(β)Γ(γ)
dt

=
(1 + α+ β)n

n!

n∑
r=0

(−n)r(1 + α+ β + n)r(γ)r

(1 + α)r(
1
2)r(β + γ)r

xr

r!

=
(1 + α+ β)n

n! 3F3

[
−n, 1 + α+ β + n, γ;
1 + α, β + γ, 1

2 ;
x

]
.
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(c)

(1 + α)n
(1 + α+ β)n

√
π

∫ ∞
0

e−yy−
1
2 f (α,β)n (xy)dy

=
(1 + α)n√

πn!

n∑
r=0

(−n)r(1 + α+ β + n)rxrΓ(
1
2)Γ(r +

1
2)

(1 + α)rΓ((
1
2 + r)

=
(1 + α)n

n!

n∑
r=0

(−n)r(1 + α+ β + n)r
(1 + α)r

xr

r!

= Pα,β)n (1− 2x).

This completes the proof of (4.1), (4.3) and (4.4). 2

5 Relation with other polynomials

Bateman’s polynomial

f (α,β)n (
1
2

; 1;x) =
n!

(1 + α+ β)n
Z(α,β)
n (x), (5.1)

where Z(α,β)
n (x) Generalized Bateman’s polynomials [3].

For α = β = 0, we get

f (0,0)n (
1
2

; 1;x) = Zn(x), (5.2)

and also we get

(1 + α)n
(1 + α+ β)n

Z(α,β)
n (x) =

1√
π

∫ ∞
0

y
1
2 e−yf (α,β)n (−; 1;xy)dy, (5.3)

for α = β = 0, equation (5.3) reduces to known result [4, pp.291]

Zn(x) =
1√
π

∫ ∞
0

y
1
2 e−yfn(−; 1;xy)dy. (5.4)

Bessel polynomials

y(α,β)n (1;
1
2

;−2x) =
1

(1 + α)n
f (α,β)n (x), (5.5)

where y(α,β)n (x) = (1+α+β)n
n! 2Fo(−n, 1+α+β+n;−;−x2 ), is the Bessel’s polynomials [5, p.75].

Obviously,
yn(0, 0) ≡ yn(x) = 2Fo(−n, 1 + n;−;−x

2
). (5.6)

Laguerre polynomials{
(1 + α)n

n!

}2

f (α,α)n (−; 1−;
1
4
x2) = Lαn(x)L

α
n(−x), (5.7)

obviously for α = 0, the result (5.7) reduces to the known result [4, p.291]

fn(−; 1;
x2

4
) = Ln(x).Ln(−x). (5.8)

Generalized Rice polynomials

(1 + α)n
(1 + α+ β)n

∫ ∞
0

e−ttξ−1f (α,β)n (xt)dt = Γ(ξ)H(α,β)
n (ξ, p, v), (5.9)
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where H(α,β)
n (ξ, p, v) = (1+α+β)n

n!

n∑
r=0

(−n)r(n+α+β+1)r(ξ)r
(1+α)r(p)r

vr

r! is the genralized Rices polynomial

due to Khandekar [2].

f (α,β)n (−,−, ξ;−p; v) =
n!

(1 + α+ β)n
H(α,β)
n (ξ, p, v)

= 3F2

[
−n, n+ α+ β + 1, ξ;

1 + α, p;
v

]
. (5.10)

Generalized Bateman’s polynomials

f (α,β)n (−,−, 1 + z

2
;−, p; 1) =

n∑
r=0

(−n)r(n+ α+ β + 1)r
(1 + α)r(p)r

( 1+z
2 )r
r!

= 3F2

[
−n, n+ α+ β + 1, (1+z)

2 ;
1 + α, p;

1

]
= F (α,β)

n (p, z), (5.11)

which is a Jacobi type generalized Bateman’s polynomial Fn(Z)
and

f (α,β)n (−,−, 1 + Z

2
;−,−; 1) = 3F2

[
−n, n+ α+ β + 1, 1+Z

2 ;
1 + α, 1

2 ;
1

]

= F (α,β)
n (

1
2
, Z). (5.12)

For β = α, equation (5.12) reduces to

f (α,α)n (−,−, 1 + Z

2
;−,−; 1) = 3F2

[
−n, n+ 2α+ 1;

1 + α, 1
2 ;

1

]

= F (α,α)
n (

1
2
, Z). (5.13)

Pasternak’s polynomials

f (α,β)n (−,−, 1 + Z +m

2
;m+ 1; 1) = 3F2

[
−n, n+ α+ β + 1, 1+Z+m

2 ;
1 + α, m+ 1;

1

]
, (5.14)

which is generalized Pasternak’s polynomial denoted by Fmn (Z), For α = β, the above equation
(5.14) reduces to

f (α,α)n (−,−, 1 + Z +m

2
;−,m+ 1; 1) = 3F2

[
−n, n+ 2α+ 1, 1

2(1 + Z +m);
1 + α, m+ 1;

1

]
,

(5.15)
which is an ultra spherical type generalized Pasternak’s polynomial F (α,α)

n,m (Z).

For α = 0 it reduces to Pasternak’s polynomials Fmn (Z).
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