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Abstract. Pseudo-differential operators associated with symbol 6(z,¢),z = x + iy and
¢ = u + it on Wi (C")-space is defined and using the theory of Fourier transformation its
various properties are studied. LP(R™)- boundedness is investigated for 1 < p < oo. Sobolev
space associated with distributional space [W3%(C™)]’ is defined and its properties are obtained.

1 Introduction

The spaces Wy (R™), W(C") and W§2(C") were introduced and analyzed by Gurevich [4],
Gel’fand and Shilov [3] and Friedman [2]. They applied these W -type spaces for investigating
uniqueness and corrected class of Cauchy problem and other problems of partial differential
equations by using Fourier transformation tool. Recently, continuous Wavelet transformation on
W -spaces are studied by [6, 9] and many interesting properties are obtained.

The theory of pseudo-differential operators is developed by Wong [10], Rodino [1], Pathak
[5] and others. They exploited this theory on Schwartz space S(R"), Gel’fand and Shilov space
of type S and Gevery space by using the technique of Fourier transformation.

They also studied psuedo-differential operators on their respective Sobolev space and got
many important results. Sobolev spaces are used to study the minimal-maximal properties,
global regularities and spectral properties of pseudo-differential operators on Schwartz space
S(IR™). The Pseudo differential operators on Wy, (R") and W*(C™) are studied by author and
others and obtained many important results, see [7, 8].

Our main aim in this paper is to introduce more general symbol and precise study of pseudo-
differential operators on W% (C")-space and to study many properties because its dual space
[WE(C™)]" is more general than [Wj,(R™)]" and Schwartz distributional space S’(R™).

The present article is divided into three sections. Section 2 gives the various definitions
of pseudo-differential operators, symbol, W-type spaces, Fourier transformation and Sobolev
space. Section 3 contains a study of properties of pseudo-differential operators on W3 (C™)
space and L?(R"™)-boundedness result of pseudo differential operators. In the last section, using
LP(R™)-boundedness result, the Sobolev space G*P(C"), s € Rand 1 < p < oo on [W3%(C")]
space is defined and it is proved that the pseudo-differential operator Ay : G5*(C") — G°*(C")
and Ay : G*P(C™) — G*~™P(C") are bounded linear operator for s, m € R.

2 Preliminary

Now in this section we recall the definitions of Wy, (R™), W(C") and W (C") from [2] and
[3].

Let M; and Q; be the convex functions such that

Mj(x;) = /0-/] ni(&5) & (x5 >0) 2.1
and

Yj
Q;(y;) = /0 w;i(n;) dn;  (y; 2 0) (2.2)

forj=1,2,3,---n.
We set
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:u(f) = (.ul(fl)v"'v,un(gn))

w(n) = (wl(nl)a"' vwn(nn))
and
Mj(—x;) = Mj(z;), M;(x;) + Mj(a) < Mj(x; + o)) (2.3)
Q;(—y;) = Q;(y)), Q;(y;) +Q;(y;) < Q;(y; + ) (2.4)

The space W), (R™) consists of all C*>-functions which satisfy the inequalities
[D(x)| < Cx expl~M (az)], 2.5)
k k1) (e kn
where D) = Déll)Déf) e D;n ),
exp[—M (az)] = exp[—Mi(a1z1) - - — My (anwy)] (2.6)

and constants Cy, a > 0 depending on the function ¢. A function ¢(z) € W**(C") if and only if
for b > 0 there exists a constant C}, > 0 such that

2%0(2)| < CrexplQ(by)],  z==+iy 2.7
where
2k = zf‘z§2z§3 B
and
exp[Q(by)} = CXp[Ql (bly1> + Qj(bjyj) + -+ Qn(bnyn)]a (28)

the constants C, and b > 0 depend on the function ¢.
The space Wi (C™) consists of all entire analytic functions ¢(z) which satisfy

6(2)] < Cexp[—M[(ax)] + Q[(by)]], (2.9)

where z = x + iy and exp[—M (ax)] and exp[Q(by)] have similar meaning like (2.5) and (2.7)
and constants C, a and b depend on the function ¢.

Now, we define the duality of functions M (z) and Q(y) in the following way:

Let M;(z;) and Q;(y,) be defined by (2.1) and (2.2) respectively and let ;;(£) and w;(n;)
be mutually inverse, that is 1;(w;(n;)) = n;, 1;(p;(€)) = ;. then the corresponding functions
M, (x;) and Q;(y;) are called dual in sense of Young. In this case the Young inequality is

ziy; < Mj(z;) + Q;(yy)- (2.10)

This inequality holds for any z; > 0, y; > 0 and equality holds if and only if y; = 11, (x;), where
x; varies in the interval x? < x; < oo and y; varies in the interval y? < y; < oo. That equality
will be

vy, = M) +Q(y;) @2.11)
zjy; = Mj(z;) +Q9(y;) (2.12)
for Mj(x;) < M (x;) and Q°(y;) > Q;(y;).

From [2, pp.132-133,Theorem 12] and [2, p.134,Theorem 13 and Theorem 15] the Fourier
transformation of a function ¢ € Wi (C") is defined by

36 = (@) 3 / 9 6(2) du 2.13)

for z =z + iy and £ = u + it.
From [1] and [2] the Fourier duality relation is given by
FW(C")] =Wn(R"), F[Wa(R")] =W*(C") and
FIWR, (€M) =W (C").
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Now, we recall the definitions of translation 7" and modulation M of function f on R™ from
[10, p. 14]:
Let f be a measurable function defined on R". For any fixed y € R", we define T}, f and
M, f by
(T, f)(x) = f(z +y) (2.14)
and
(My f)(z) = e f(a). (2.15)
Next, we define a symbol associated with pseudo-differential operator by the following way:
The function 0(z,£) € C®(C™ x C™) which is the set of all entire analytic functions of
z =+ iy and € = u + ¢t is said to be class V"™ iff for any two multiindices a and j3, there is a
positive constant C,, 3 depending on « and 3 only such that

(DEDP8)(2,6)| < Cap(1 + €)™ 181, (2.16)

where m € R and z,£ € C™. If we take y = 0, t = 0 then the symbol will to the well known
class of S™.

Theorem 2.1. Let ¢ € W§2(C") and let o(z, ) be an entire function in (z, £) and satisfy
(2,8 < C(1+ (€)™,
then  9(€)o(2,€) € WE(C™).
Proof. Let ¢ € Wi (C") and |o(z,¢)| < C(1 + |£])™. Then
|o(2,£)p(8)] |o(2,€)l16 ()]
C(1 + [€])™exp|—M (au) + Q(bt)].

Since (1 + |£))™ < exp[—M (apu) + Q(bot)], m € R then using the definition of W (C™)
space we find that

0(2:6)¢( )] < Cewp[=M(agu) + Q(bot)] exp[M (au) + Q(bt)].

IN

By the definition of convex function (2.1) and (2.2), we get
|o(2,8)0(§)] < C exp[[-M[(a — ao)u] + Q[(b+ bot)]] -
This implies that
#(&)o(z,€) € W (CM).

Using this argument and argument of Fourier transform in W$%(C"), we can define the partial
differential operator (2.17) and pseudo differential operator (2.18).

A linear partial differential operator P(z, D) as z = x + iy on C" is given by

P(z, D) = Z aq(z) DI,
lo|<m

If we replace D™ by a monomial £* € R™ then we get a symbol

P(z, &) = Z aq(z) £°.

ja]<m
We take ¢ € Wi (C") then we get
(P(z, D) ¢) () = ) aa(2)(D'"9) (2)
jal<m

By the property of Fourier transformation and using the technique of [3] we get

(P(z D) §)(z) = D au(z)(D)(2)

la|<m

= Y aa(2)(€9) (2)

lo|<m
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(P2 D)) (2) = 3 aalz) @m)7/2 | €7 295(¢) du
lo|<m '

= / e ( > adz)@) 9(€) du

la|<m

— @0 [ e P d(e) du.

Hence,

~

(P(z, D) 8) () = (2m) ™ [ ) Pz, 3(¢) du. 2.17)

n

In (2.17) if we replace P(z, £) by more general symbol 6(z, £) which are no longer polynomial
in £. The operator is so called pseudo differential operator.
The pseudo-differential operators associated with symbol (z,£) € V™ is defined by

(400)(z) = (2m) "2 [ 9602, €)(6) du 2.18)

asé =u+it€ C"and z € C" and ¢ € Wi (C").

For s € R, the pseudo-differential operators V; associated with symbol 6(¢) = (1+]¢[?)~%/?
as £ = u + it is defined by

(Vef)(z) = F7H (1 + |€P) 2 f)(2),  for f € W(C™). (2.19)

Now, the Sobolev space G*?(C") of L?(R™)-type is defined to be the set of all f € [W3(C™)]’
such that
1fllsp = 1(Vaf) (), for 1 <p<oo. (2.20)

The notations and terminologies of this paper are taken from Wong [10, pp 1-4] and Friedman

[2].

3 Properties of Psueudo-differential Operators

In this section we study the various properties of pseudo-differential operators Ay associated
with symbol 0(z, £) on W5 (C")-space.

Theorem 3.1. Let (2, £) be the symbol belong to V™. Then Ay maps Wi (C") into itself.

Proof. Let ¢ € W (C™). Then, for any multi-indices a and 3, we have to show that

sup | exp[M[(ax)] — Q[(by)]](As¢)(2)] < o0

Now from (2.18) the pseudo-differential operator can be written as
2B(Ap0)(2) = 2m) 2 [ DPei=00(2 €)b(€) du 2,& € Cn.
R 5 k) K )

Using integration by parts we have
BApd)z) = (@m) (1) / =9 DO [0(2,€)3(€)]du

= 00 [ 5 (D)0 0 9pde du
<B

3 Y
= o2 Y (7) [ el ng b du

B ,n 8 0) [ gitee 1) i)\ T N
= @n) (1)l <B( >/Rnpg>(e< =it T(01 + &)

(DE0)(2,6) DI (E) du.
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Again using integration by parts we have

P)e) = o)l Y (7) [ e peein pP g, )
R"

[v<B

H +€)7*) DI () du

(2m) 2 (—elE 3 3 ( )( )

[v|<B 18| <a

z(z7§+1> (Dgafé)Déﬁf’Y)e) (Z, E)

%\

([T(1+ &) =) D2e =1 DG(E) du

s

1

_ —n/2(_1)lal+I8] B i{z,64+1) ( y(a—8) H(B—7)
zz<v><>/we o

[vI<Bd|<a

<.
Il

L1 +&) ) (—)lle =0 DD 3(¢) du

Jj=1

P(A08)(z) = (@m) (=)l ZMZ( V(5o [ e

(D= DF0)(=,€) (f[(l +£j)‘°”) D3() du.

Then
|zﬁ(A9¢)(z)| < (27) —n/2 Z Z ( >( ) |ei<z’§>(Dg‘l_‘s)DéB_ﬂﬂ)(z,fﬂ
[v1<B 8] <
(14 [e) =1 DXV (€)| du
< (2n) nﬂ;ﬁl(; ( >( > . |ei<(r+z‘y),(u+z't)>|
DE=IDE=9(2,6)| (1 + [¢)) 71! DV d(¢)| du
< (2m)? |exp(—(y, u) — (z,1))]
> 2 (06 >/ o
(DI D) (2,6)] (1 + [€)) 711 DY d(€)]| du.
Now,
128(A60)(2)] < (2m) "7 )| lexpllyw) — (@, 1))
> 2 06 L
(DD 0)(2,€)] (1 + [¢)) 71! DV (€)| du
< e S (O)(5) [ el - ol

Iv[<B18]<a

Cas,p—n (14 |€])m 1A= e |D o(&)| du

Using inequality (1 + |¢])~181+1vI=lel < exp[MO(ayu) + QO(byt)] for m — |8 + || — |a| > 0
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and (2.9) we have

Pl < e S S (0)(5)cosnn

[VI<B 8|S
[ expliv.u) — (o, explds®(ara) + (o)

exp[—M°(a" .u) + QO (bt)] du.
Using (2.3) and (2.4) we have

) < eSS S (VMo
1< 15]<a <7> (5> ’
/ “expll(y,w)| = MO[(a" — ar)ul exp[—(a, t) + Q°(by +b")t] du
< enr Y S (D) (D)o casas
V1< |3]<a <W) (5> v
expl—(z, ) + Q(by +b")1] / “expll(y,w)| = MO[(a” — a)u]] du
<

0 2 8 ()

[VI<BS|<a

expl—(a,t) + (" + 1)1 | expll. wl = M°l(a” — ar)ul] du

n

Using (2.11) and (2.12) and the arguements of [2, p.134]

P(Aes)()] < (2m) N en s
9 "rz<:ﬁéz<:a (7> (5> e
exp[—M([(6" +b1) '] + Q[(a” — 2a1)~'y]]
/ exp[—M°(au)] du
Rn
< Ol gexp[—M|[(by + ") '] + Q[(a” — 2a1) " 'y].

Hence

lexp[M[(b1 + ") '] — Q[(a” — 2a1) " 'y]](Ag0)(2)| < CL 5(1 + |27) 7"
Thus

sup |exp[M (b + ") ~'a] — Q[(a” —2a1)"'y](499)(2)] < Cip
zeCn

< 0o0.

This implies that
(A99)(2) € W (C").

Theorem 3.2. Ay is continuous linear mapping W32 (C") into itself.

Proof. If the functions ¢(z) converge uniformly to zero as v — oo in any bounded domain
of the z-plane and in addition satisfy the inequalities.

|60 (2)] < Cexp[—M|(az)] + Q[(by)]],

then the sequence ¢, (z) € Wi (C™) is said to converge to zero as v — 0o, where the constants
C, a and b do not depend on the index v.

Since from Theorem 3.1 Ay¢ is a mapping from W32 (C") into itself. Using above results,
App, € W5(C™) converge to zero uniformly in any bounded domain of the z-plane as v — oo
and satisfies the above inequality. Therefore, the sequence Agp € W% (C™) is converges to zero
as v — oo. This shows that Ay maps continuously into itself.

Now, we define the pseudo-differential operator Ay on [W3%(C"))'-space by

(Aof,¢) = (f, A5d), &€ Wg(CH). 3.1)
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Theorem 3.3. Ay is a linear mapping from [W3%(C")]’ into itself.

Proof. Let f € [W3(C™))’. Then, for any sequence {¢, } of functions in W% (C™) converg-
ing to zero in W§(C™), as v — oo. From (2.20) we have

<A0f7 ¢V> = <f7 A;¢U>a v = 172737' o (32)

By the arguements of Theorem 3.2, we conclude that (Ayf, ¢,) — 0 as v — oco. Hence
Agf € [Wir(CM)].

Definition 3.4. A sequence of distributions {f,} in [Wi(C")]’ is said to converge to zero in
(W (C™)]"if (f,,¢) — 0as v — oo forall ¢ € W (C™).

Theorem 3.5. Ay maps continuously [W$(C™)]’ into itself.

Proof. Let ¢ € [W52(C")]. Then, using (3.2) and the fact that f, — 0 in [W32(C")]’ as
v — oo,

(Ao fs, 0) = (f, Aj) = 0

as v — oo. Hence Ay f, — 0in [W$(C™)]’ as v — oo, and the proof is complete.

Theorem 3.6. Let § € C*(C"), k > n/2, be such that there exists a positive constant B such
that
(DE0)(E)] < Can(T 1), €#0 (33)

for multi-indices o with |a| < k. Then, for 1 < p < oo, there exists a positive constant B,
depending on o and N, such that

1(A8)()|lp < M) ol ¢ € WiH(C™), (3.4)
where
(40)(2) = (2m) % [ =00()d(e) du. (35)

€ = u + it, and ¢ denotes the Fourier transformation of ¢.

Proof. (3.5) can be written as

(49)(2) = (2m)"2F'[0(£)(€)](2) (3.6)

where F~! denotes the inverse Fourier transformation of a function z as z = z + iy.
Now, we assume that

F0€)H(9)](2) = (f * 9)(2)- 3.7)

Then by convolution property of Fourier transformation, we have

0(€)(&) = FI(f*9))()
f)-a(e).

This implies that
f2)=F0©I=),  g(2) = ¢(2).
Thus, the expression (3.7) yields
(49)(2) = 2m) " 2(FHO(E)] * ) (2).
Using convolution property || f * ¢||, < [|f]l1 |#ll, for f € L'(R™) and ¢ € LP(R™) we have
1(A8)(2)l» @2m) 2N (EE)] * 9) (@)l
@m) 2 E )] [1]lp- (3.8)

IN

Next, we have to prove that
F7(¢)] € L' (R™).

Thus, from [3, p. 24] we have
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By property of Fourier transformation the above expression gives

() F0©)) = 2m) 2 | DE (e C9)0(e) du

Integration by parts, above expression can be obtained

n

(O F @) = @n) RN [ O (E) du

= @) P [ expl-o) ~ (1. 0)D0)(E) du

n

Therefore,

G @)E) < B Culexpl=(u.0]l [ expl—(e.w]l (1+1¢) ! du
< B, lexpl=(y.0)| suplexpl—a )] [ (141671 du
< Balexpl—(y,1)]
< Bapn.

This implies that
[F70(9)]] < Bawnll(1412") " - 3.9)

From (3.8) - (3.9), we find the required result (3.4)

Theorem 3.7. Let ¢ € W3 (C™) and symbol 6,,(z, &) has compact support in 2. Then, pseudo-
differential operators Ay, ¢ can be expressed as

(o, )2) = o) ([0 ([ 90,0090 an) ) o

where

(Ax0)(2) = (2) "2 / NG, (A O)3(€) du (3.10)

n

asz=x+1iy, A\ = v+ v and

BN, €) = (2m) /2 / 0, (2,6) du, A E € T,

n

Proof. Since

n

(A90)(2) = (27) "2 / 96, (2,€)3(€) du,

then, by using the property of Fourier transformation we have

(0, 0)(:) = @r) 2 ([ 00 (@) [ e, 0,6) do) d(6) du)

as A = v + iv’. By Fubini’s theorem and (3.10) we get

(o)) = o) ([0 ([ @090,0,000 ) av). 3D

Lemma 3.8. For all multi-indices « and 8 and positive integers N, there is a positive constant
Ca, N, depending on o and N such that

(D0,) (A, €)] < Caw(1+ A1 (1 + Je) 1o
for{ =u+idtand A = v + v,

Proof. The Fourier transformation of 6,,, with respect to A\ = v + iv’ is given by

B (A, €) = (2m)~"/2 / —iENg, (5,6) da.

n
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Then
()DL, (0, 6) = )12 [ o[ N IDg, (2. 6) da

Integration by parts we have

()DL, (0,) = 2m) A=) [ ENOD0,,(2,6) da

as z =z +1y.

Hence,
(D00, = @n) -1y [ nei<z*>agﬁ>D§“>[n<z—m)@(z,sn da
_ T —n/2 [3 i(z,\) —m
en R [ e ) () pente - m)
a(ﬂ D (z 5)
Now
A DI, (X, €)]
7)) "/2 2 —(z, vy — (y, v Dz —m 20 (~ e
< () ggjﬁ(w)/wmxp (@.0) — )| ID{n(z — m)] (D~ DEA(=. )] d
_ B _
< @o)r Y |exp[—(z,v) — {y,v")]| [80)n(2 — m)|Co_r a1 + |€)) 71! da
<8 (7> /
_ B _
< @) 2N (D) Cona [ Texpl—(z,v) — (g, oD 100 0(z —m)| (1+ [¢]) 7o) da
<8 (7> /R
_ B
< (2m) 2 Cooya(l+ D71 [ expl—(z, v)]00)n(z — m)| da.
> () L.
Then
N Dl (A, €)]
)n/2 g lex] Mz —m)l dz
Y (D) ermati+ien™ [ o0t = mla
< e Pa+leh) T S (P)oys .
[v|<B (7)
< (@m) TP+ Cs
< Can(l+gh7l

Hence, for large arbitrary positive integers [N, we have

[(D8,) (A ©)] < Cop1 4 INY) 71+ ey
as & =u +it.

Theorem 3.9. Let § € V°. Then we get the following relation

| I erde< chloly o e wEE.

m

Proof. From Wong [10, p. 80], we can write

(/ |(Ago)(2)P d:c) < (/Rn [(Ag, ¢)(2)|P dx) . (3.12)
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Using Lemma 3.8 and Theorem 3.6, we find that

1Axgll, < Cn(L+A)Nell, Yo € Wi (CT). (3.13)
Using (3.11), (3.13) and Minkowski’s inequality in the integral form we obtain

1/p
a0l = @02 ([ 1] N (o)) dop ds )

(1] ot )~ o ) o)

< e (/ leapl— (. o) (AA¢><z>|pdx)1/p dv
< /Z/R(/ Aw<>|pdx)l/pdv
< @0 [ I, d.

n

%

Using (3.13) we get

146, 0l

IN

en e ([ s pYa) o,

< (@m)Ponlell, ¢ e Wi (Ch).

Hence from (3.12) and (3.13) we have

| lsoepde< ot ol o wE. (3.14)

m

Now, we represent Ay as a singular integral operator.

Lemma 3.10. Let K (2, w) = [, e 0(z,w) ds, 2 =z +iy € C" w = s +iv € C" in the
distributional sense. Then

(i) foreach z € C", K(z,w) is a function defined on R™,

(ii) for each sufficiently large positive integer N, there is a positive constant C'y; such that

|K (2 —w,w)| <Cn(1+|z—w/™)™ (3.15)

(iii) for each fixed z = x +1iy and ¢ € W% (C") vanishing in the neighbourhood of C", we find
that

(499)(2) = . K(z —w,w)p(w)ds. (3.16)

Proof. (i) can be defined by using the arguments of [10, p. 26] and [1, pp. 23-24].

To prove (ii), let a be a multi-index with length greater than w. Then by the property of
Fourier transformation (D) = ¢l°l{ we have

(1)K (2 w) = (<)) [ €0 Dp(z,6) du
Therefore, using (2.16)and tools of theorem (3.6) we have

K (2,w)] < Co(1 + |w]*)™

For large positive integer /N we can obtain

K (2,2 —w)| < CL(1+ |2 = w|™) ™!



266 S. K. Upadhyay

To prove (iii), we define the distribution L, on W3 (C") by

<Lzﬂp> = 9(275)1/)(6) du,

Rn

where z = x + iy, £ = v + i7 and w = s + iv. By the definition of pseudo-differential operator
(2.18)

(A0 = [ 00 0(0) du
= L.(M.9) (3.17)
Using Gelfand and Shilov [3] technique of integration we get
(Ad)(s) = Lo(T.0)
= L.(1.0) (3.18)
From (i) we have
L) = [ G —w)otw) ds

Hence
(A0)(2) = | 0z —w)(T20)(w)ds

= 0(z, —w)o(z +w) ds
Rn

_ / 0(, = — w)p(w) ds.

This completes the proof of the theorem.

Theorem 3.11. Let (2, ¢) be a symbol in V°. Then Ay : LP(R") — LP(R™) is a bounded linear
operator for 1 < p < oo.

Proof. From Theorem 3.6, Theorem 3.7, Theorem 3.9 and Lemma 3.10 we can show that
the pseudo-differential operator Ay is a bounded linear operator from LP(R™) into LP(R") for
1 <p<oo.

O

4 The Sobolev Space

In this section, we study the pseudo-differential operators on Sobolev type space G*?(C™) which
is defined in Section 2.

For s € R, the pseudo-differential operator associated with symbol 6(¢) = (1 + |£[>)~%/% as
& = u + it is defined by

(Vou)(2) = F71(0(€)a(€))(z)  foru e [Wi(C™)]'. (4.1)

Now, we define the Sobolev space G**(C") of LP-type to be the set of all distribution u €
[W2(C™)] such that
llulls.p = IV=sullp for1 <p < oo. 4.2)

Theorem 4.1. Let u € [W5(C")]". Then
@) ViViu = Viu,

@i1) Vou = u.
Proof. The proof of the above theorem is obvious from [10, p. 90].
Theorem 4.2. G*?(C™) is a Banach space with respect to ||us,.

Proof. The proof of the above theorem is usual from [10, p. 81].
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Theorem 4.3. V; is an isometry from V*? onto V4P,

Proof. Let u € V*P. Then from Theorem 4.1 we get J_,v € G5P(C") and vv_tv = v. This
implies G*:?(C"™) is onto.

Theorem 4.4. Let | < p < oo and s < t. Then GHP(C") C G*P(C").
Proof. See [10, p. 91]. This is called Sobolev embedding theorem.
Theorem 4.5. Let s > 0and 1 < p < co. Then

Vedllp < l0llp, &€ LP(R™).

Proof. We have R A
(Js)(€) = L+ [€P)2d(e),  ¢ecCm
Hence, for G5(£) = (1 + |€]*)~%/% we have

(Gs % 0)(€) = (14 [€)720(6). “3)
Hence, for all ¢ € Wi (R"),
Jsp = (Gé * ¢)7
and using convolution property
[Js0lly = [Gs*olp
< Gsl l19ll
< ol

Theorem 4.6. For symbol 6 in U™, Ay : G™P(C") — G%P(C") is a bounded linear operator
for1 < p < oo.

Proof. Counsider the bounded linear operators
V.o : GP(C") — GOP(C™)
AgVy, 1 GOP(C™) — GOP(C™)

and

Vi : GOP(CT) — GS—™P(C™).

The first and the third operators are bounded by isometry of pseudo-differential operator of
Theorem 4.3 and the second operator is bounded by LP(R™)-boundedness property of pseudo-
differential operator. Hence the product V;_,, ApV,,_s is a bounded linear operator from G*?
into G°~"™P, By Theorem 4.3 operators V,,,_, and V;_,, are isometric and onto. Hence, Ay :
G™P — GOP must be bounded linear operator.

Theorem 4.7. Let 6(z,£) be any symbol in V™, then 4y : G5P(C") — G*~™P(C") is a
bounded linear operator for 1 < p < cc.

Proof. Since V,,,_; Ay is a pseudo-differential operator with symbol in V. Hence, from Theorem
4.6 we can easily prove that

|Agullemmp = [ Jm—sAoull, < Cllulley ¥ ue G,
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