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Abstract. In this note, the concept of N-symmetric points. Janowski functions and the
conic regions are combined to define a class of functions in a new interesting domain . Certain
interesting results are discussed.

1 Introduction

Let A denote the class of functions of form
o)
z)zz—l—Zanz", (1.1)

which are analytic in the open unit disk &/ = {z : z € C and |z| < 1}, with normalization
f(0) =0and f/(0) = 1. A function f in A is said to be starlike with respect to N-symmetric
points Sy, if

%{Zf(z>}>o, 2€U,N €N, (1.2)
fn(2)
where
2) = z—i—Z)\N(n)anz", (1.3)
where
1, n=IN+1, l € Np.
A = 1.4
n(n) {o, n#IN + 1. 14

For a positive integer N, let ¢ = exp (2£) denote the N*" root of unity for f € A, let

N-1
—v v 1
Myn(z) =Y e f(e2). = (1.5)
v=1 Zv 1 € v
be its N-weighed mean function. It is easy to verify that
N—1
M 1
e) = Mynlz) NfN =N OEﬂf e'z) = fn(2).
v

The class S* is the collection of functions f € A such that for any r close to r < 1, the angular
velocity of f about the point My (. positive at z = zq as z traverses the circle |z| = r in the
positive direction. The well-known class of starlike functions S* such that f (/) is a starlike
region with respect to the origin i.e, tw € f(U) whenever w € f(U) and ¢ € [0, 1] and the class
of starlike functions with respect to symmetric points are important special cases of Sy;.

Further, a function f € A belongs to the class Iy of convex functions with respect to V-

symmetric points of
!/ !/
%{W} >0, z€UNeN.
fa(2)
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For N = 1 we obtain the usual class of convex functions.
Consider conic region Q, k£ > 0 given by

Q= {u+iv:u>ky/(u—1)>+02}.

This domain represents the right half plane for £ = 0, hyperbola for 0 < k£ < 1, a parabola for
k =1 and ellipse for k > 1.
The functions p(z) play the role of extremal functions for these conic regions where

=, k=0
1+%(1og}jf;) L k=1

pi(z) = 1+ 25 sinh? [(2 arccos k) arctanhy/z], 0<k <.

(1.6)

u(z)
2 T [V 1 1
1+ =1 sIn |:2R(t) fO o ﬁ—(tz)zdl} + 21 k>1,
where u(z) = lz__\/\%, t € (0,1), z € U and z is chosen such that £ = cosh (ﬁg((tt))) , R(t) is the
Legendre’s complete elliptic integral of the first kind and R’(¢) is complementary integral R(t).
pr(z) =1+ 8z + ..., [9] where

8( k)*
Slarcos 1Y 0<k<l

k=19, k=1 (1.7)
o k> 1
Wweoyviarore: ~ ok

Using the concept of starlike and convex functions with respect to N-symmetric points and conic
regions we define the following:

Definition 1.1. A function f € A is said to be in the class k — UB(«, 8,7, N), fork >0, o >
0, 0<pB,<1,0<+v<1if and only if

%(J(avﬁa’YaNaf(z)) > |J(aa577>N>f(Z)) - 1|v

o= {25 (H-3) o125 (Y )

where

and fy(2) is defined by (1.3),
Or equivalently

J(a7 Bv v Na f(Z)) =< Pk(Z),
where py(z) is defined by (1.6).

This class generalizes for Khalida Inayat Noor and Sarfraz Nawaz Malik in [6], Kanas and
‘Winsiowska [3,10], Shams and Kulkarni [4], Kanas [7], Mocaun [1], Goodman [5].

2 Main results

Theorem 2.1. A function f € A and of the form (1.1) is in the class k — UB(«, 3,7, N), if it
satisfies the condition

> ks, 8,7, N) < (1= 8)(1—7), 2.1)
n=2
where

n—1

Yn(kio, By, N) = (1= B)(1=7) p_(n+1—5)An(G)-An(n+1 = j)lajani—]

J

+ (k1|1 = a)(1 =)+ v (m)n —[(1 =) + aly = B)](n + DA (n) + a(l = B)(1n* + An(n))||an|

+ 3 (ke DIG = a)(1 =) = AvG1 =) +aly = BDn + 1= HAv(n+ 1 = fajani|

Jj=2

||
[N}

n—1

+ 3 (k+ Dla(l = B)(n+1 =3 Ax(f)ajana—j| + (1= B)(1 =) (n + DAx(n)lan|

Jj=2

)

where N >2 k>0, a>0, 0<3,<1,0<~v<1andAy(n) is defined by (1.4).
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Proof. Assuming that (2.1) holds, then it suffices to show that

k‘\J(OK,ﬁ’%N,f(Z)) - 1| —éR(J(CY,,B,’}/,N,f(Z)) - 1) <L
Now consider |.J(a, 8,7, N, f(2)) — 1|, then

I-a Zf’(Z)_> o ((Zf’(z))’_ )_1’
‘I—B(fN(Z) £ Rl G
(1= a)(1 = 92" (2w () = [(1 =) + aly = AUn () fh(2) +all = HUF () ()} ‘ oo

(I=8)1 = fn(2)fy(2)
Now from (1.1) and (1.4) we get

2f (2)fn(z) = 2 |:Znanz"l] |:Zn)\N(n)anz"1:| , ap=An(0) =0,a1 = An(1) =1,

n=0
0 {

n
Z] n—7AnMn —jajan_j;| 2" :z+2 Z] n—NAn(n—ajan—_;| 2"
n=0 | =0 n=3 | j=0

]38
QM:

Jjn—g)An(n— j)a]-an_]-:| 2"

w | =

:é [Znanz”] |:Zn)\N(n anz ] =
n=0 n=0

3
I

8
3

Mg

+Z |: +An(n nan-i-Z] n+1—j)>\N(n+1—j)a3an+1j:| 2",
j=2

Similarly , we get

o) n—1
InENGE) =2+ [(n +DAN(R)an + Y (41— HANG) AN+ 1 - j)ajamy} 2"
n=2 j=2

and

i=2

e} n—1
INGE)GEFR) =2+ [(n2 +AN(M))an + Y (n+1=5)AN(i)ajan ]} 2"
n=2

Using the above equalities in (2.2), we get

(oo}

222 (1= )1 = 9)(1 + Aw()n = [(1 = 9) + aly = Al(n + DAw(n) + a(l = B)(n + Ax(n)] anz"
(=81 =) [z 4+ 5%, [+ DAv(m)an + 75 0+ 1= )Aw () Aw(n+1 = Hajani—; | ]

2 [Z05 G0 = )1 = VAN + 1= )] (n+ 1= )agans ;2"

+
(1= B)(1 =) [z + 552, [(n+ DAv(n)an + 575 (n+ 1= DAn () An (n+ 1 = ajans—; | ]

(23)

S [255 (=9 + aly = AN DAn(n+ 1= )] (0 + 1= Hajansi—;="

(1=B)(1 =) [z 4+ 52, [0+ DANm)an + 55 (0 + 1= DANG)AN (1 + 1 = fajans—s] 2]

s [ n—1 L (a(l = B)(n+1 —j))\N(j))] (n+1—=j)ajanyi—;2"

+
(=) =) [z+ 332, [(n + AN ()an + X205 (4 1= DANG) AN (0 + 1= f)ajans ] 2]

< Yool (1= a)(1 =5)(1 + An(n))n = [(1 =) + aly = B)l(n + DAn(n) + a(l = B)(n* + Ay (n))] an|
T 1= [1 - T+ DAnm)lan] - T3, [ 0+ 1 - AN G)An (1= fajans ]
N ‘2 1701)(177))\N(n+17j))(n+1fj)ajan_,_]_j‘

(lfﬁ)(lfv)[leZi( DAN()lan] = 202, |25 (04 1= AN G)An (0 + 1 = agans ]

S5, [0S [0 =) + aly = AN AN+ 1= )] (1 + 1= fagans ]

(1= B)(1 =) [1 = 2200+ DAN()lan] = S50, |S535 (04 1= DANG)An (0 + 1= Hajansi—]]

S22, |55 (@l = B+ 1= AN () ajanti—]

+ .
(1= 8)(1 =) [1 = Z22(n+ DAn(m)lan| = 3252, |75 (04 1= DANG)An (0 + 1= ajans—]]
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Since
]f|J(O¢,ﬁ,’y,N,f(Z)) - 1| - %{J(a,/)’?%]\ﬂf(z)) - 1} < (k+ 1)|J(O¢7ﬂ,’7,N,f(Z)) - 1‘7

then

o (B )X, (1= @)1 = 2)(1 + An()n = [(1 =) + aly = Hln + DAn (1) +a(l = (2 + Ay ()| |an]
(1= B)(1 =) [1 = S0+ DAN () lan] = 52, |75 0+ 1= DA G)Aw (0 + 1= ajanc]]

L DERL 555 60 - @)1 =) A =) +aly = 9D (1+1 = Dhln+1 = dasanio|

TU= B0 =) [1 — St DA ()len] — S50[S0+ 1 — DAwG)An(n+ 1~ agancss]|

(k+ D) X320 [ 275 (a1 = B)(n+ 1= 5PAN () ajansi |
(1= )1 =) [1 = £, 0+ DAw(m)lan] = £32, [S5 (04 1= AN () AN (0 + 1= fajana— ||
The last expression is bounded by 1 if

+

S (b 1)[(1 = @)1 = 9)(1 + Aw)n = [(1 =) + aly = B)(n + DA () +a(l = B)(n> + Ay ()| lan|

n=2

n=2 \jJ

n—1
BS {Z (h+ 1) [G(1 = a)(1 =7) = AN =) +aly = B (n+ 1 = PAn(n+1 j)ajam._jl}

[e’s} n—I1
+> {Z(k+ D] (a(t = B+ 1= PAN(G)) agani1—5] + (1 = B =N + 1>AN<n>|an|}

n=2 g
n—1
+Z{ > (41— 5)An( )AN(n+1—j)|ajan+1j|} <(1=8)01-"9).
Jj=2
This completes the proof. O

When N = 1, we have the following known result, proved by Khalida Inayat Noor and
Sarfraz Nawaz Malik in [6].

Corollary 2.2. A function f € A and form (1.1) in the class k — («, B,7), for —1 < 8,7 <
1, a >0, k > 0 ifit satisfies the condition

S (ki Br) < (1— B)(1 7). 2.4)
n=2
where
balkson B7) = (k4 1){(n — 1D)(1 —a)(1 —7) + na(l — F)(n— 1)}an
HE+ DY (G- D01 = a)(1 =) +all = B)n =)} + 1 - Dlajancis|
(1= B0 =)+ Dlaal + (1= B)(1 =) S0+ 1~ flasanss.

Jj=2
For N = 1,a = 0, we have following result due to Shams and Kulkarni [4].

Corollary 2.3. A function | € A and form (1.1) in the class SD(k, B), if it satisfies the condition

- _
(1—B)(1—+ >Z{k+l (n— 1)1 = y)|an| + (k+ 1) ijl n+1j)a]~an+1j}
j=2

n=2

n

NE

+ {(1 —B)(1 = lan] + (1= A1) Y (n+1 —j>|ajan+.-j}

[l
©

2 J

3
||
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N Ak +D(n—1)+ (1= B)}an.
n=2
This implies that

Z{nk+ —(k+8)}anl <1-7

For N =1, a = 1 we arrive at Shams and Kulkarni et result in [4].

Corollary 2.4. A function f € A and form (1.1) in the class K D(k,~), if it satisfies the condition

e} n—I1
(1=B)(1 -~ >Z{nk+1n—1)(1—ﬂ)lan|+(k+1)Z(n—j)(n+1—j)(l—ﬁ)lajanﬂj}

n=2 j=2

NE

n—1
{n(lﬁ)( MNlan| + (1 - Z n+1—j)lajanii— ]}

+n:2 j=2
> (1- ﬁ)f)n{(ﬂ D(n = 1)+ (1 = }anl-
This implies that N "~
> n{n(k+1) = (k+9)}Han| <1 -y
n=2

Alsofor N =1, =0, v =0 then we get the well- known Kanas’s result [7].
Corollary 2.5. A function f € A and form (1.1) in the class UM («, k), if it satisfies the condition

]

Z"/’n(k;a) <1,

n=2

where
n—I1

Yn(k;a) = (k+ D(n— 1)1 = a+na)lan| + (n+ Dlan| + Y (n+1—=j)|ajanii—;
=2
n—I1

k1Y G~ D~ ) +aln =)} n+1-jlajanii—l.
j=2

For N =1, a =0, g =0,then we get result proved by Kanas and Wisniowska in [3]

Corollary 2.6. A function f € A and form (1.1) in the class k — ST, if it satisfies the condition

oo

> {n+k(n - D}an| < 1.

n=2

Also for N = 1, kK = 0, a = 0, then we have the following known result, proved by
Silverman in [8]

Corollary 2.7. A function f € A and form (1.1) in the class 8*(), if it satisfies the condition

D (n=Blan| <1-8.
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