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Abstract. In this paper, we introduce the notion of generalized n-derivation in near-ring
N and investigate several identities involving generalized n-derivations of a prime near-ring N
which force IV to be a commutative ring. Finally some more related results are also obtained.

1. INTRODUCTION

Throughout the paper, N will denote a zero symmetric left near-ring. N is called zero sym-
metric if Ox = 0 holds for all x € N (Recall that in a left near-ring z0 = O for all x € N).
N is called a prime near-ring if zNy = {0} implies x = 0 or y = 0. It is called semiprime if
Nz = {0} implies = 0. Given an integer n > 1, near-ring N is said to be n-torsion free, if
for x € N, nz = 0 implies x = 0. The symbol Z will denote the multiplicative center of N, that
is, Z={zx € N | zy =yxforally € N}. Forany x,y € N the symbols [z,y| = zy — yx
and (z,y) = x + y — x — y stand for multiplicative commutator and additive commutator of x
and y respectively, while the symbol xoy will denote zy + yx. For terminologies concerning
near-rings, we refer to G.Pilz [15].

An additivemap d : N — N is called a derivation if d(xy) = d(x)y+xd(y) ( or equivalently
d(zy) = xd(y) + d(x)y ) holds for all z,y € N. The concept of derivation has been generalized
in several ways by various authors. Generalized derivation has been introduced already in rings
by M. Bresar [6]. Also the notions of generalized derivation, permuting tri-generalized derivation
have been introduced in near-rings by Oznur Golbasi [8] and M. A .6ztiirk etc. [13] respectively.
An additive mapping f : N — N is called a right generalized derivation with associated
derivation d if f(zy) = f(x)y + zd(y), for all z,y € N and f is called a left generalized
derivation with associated derivation d if f(zy) = d(z)y + x f(y), forall z,y € N. f is called a
generalized derivation with associated derivation d if it is both a left as well as a right generalized
derivation with associated derivation d. Motivated by the concept of tri-derivation, Park [14]
introduced the notion of permuting n-derivation in rings. Further, the authors introduced and
studied the notion of permuting n-derivation in near-rings (for reference see [3]). In the present
paper, inspired by these concepts, we define generalized n-derivation in near-rings and study
some properties involved there, which gives a generalization of n-derivation of near-rings.
AmapD: N x N X ---x N — N is said to be permuting if the equation D (1,22, -+ , o) =

n—times
D( (1), Tr(2)5 "+ s Tr(n)) holds for all 21,2, , 2, € N and for every permutation = € S,
where S, is the permutation group on {1,2,--- ,n}. Amapd : N — N defined by d(z) =
D(z,x,--- ,x) forallz € N where D : N x N X --- x N — N is a permuting map, is called

n—times
the trace of D.
Let n be a fixed positive integer. An n-additive (i.e.; additive in each argument) mapping D :
N x N x ---x N — N is called an n-derivation if the relations

D(mlx/17x2a"' 7xn) = D(.’l?],l'z,"' ,Jin)l’/l —|—LL’1D($/1,.’172,"' 7.’17,”)

’ ’ ’
D(3317372372a"' 73;71) = D(J;laxza"' aer)-f2+$2D(33173727"' 71'71)

’ ’
D(xtha"' 7xn-rn) - D(l'],x27"' ,I‘n)iﬂn +.’L‘nD(I17.’1?2,"' ,.’I}n)
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hold for all x],x;,zz,x;, e ,o:n,x/n € N. If in addition D is a permuting map then D is
called a permuting n-derivation of N (see [3] for further reference). An n-additive mapping
F:NxN x---x N — N is called a right generalized n-derivation of /N with associated
n-derivation D if the relations

F(xlxlamb"' vl'n) = F(l’l,l’z,"' 7xn)x1 +LE1D(.’L‘1,£C2,"' amn)
F(z1, 201y, yan) = F(z1, 22, -+ y20) Ty + 22D (21,29, -, T0)
F(‘rlam27"' 71'71‘%77,) - F(l’l,(ﬂz,"' ,$n)$n +an(wlvl'27"' 71'77,)
hold for all z, 37/17.%‘2,.%'/2, e ,xn,x; € N. If in addition both F' and D are permuting maps

then F' is called a permuting right generalized n-derivation of /N with associated permuting n-
derivation D. An n-additive mapping F': N X N X --- x N — N is called a left generalized
n-derivation of IV with associated n-derivation D if the relations

F(xlxlvxZa"' 73777,) = D(JTI,JSZ,"' ,an).rl +$1F(I1,J)2,"' 73771)
F($17.'L'2.'172,"' 7:1;71) - D(.’lf],l'z,"' ,l’n)l‘2+$2F(l‘1,ZE2,"' 7.’17»”)
F(x17x27"' 73;71'1:77,) :D(xlaa:Zv”' )xn)xn +l'nF($1,$2,"' 71;77,)

hold for all xl,xl,xz,x;, e ,xn,o:;L € N. If in addition both F' and D are permuting maps

then F' is called a permuting left generalized n-derivation of N with associated permuting n-
derivation D. Lastly an n-additive mapping F' : N X N x --- x N — N is called a generalized
n-derivation of NV with associated n-derivation D if it is both a right generalized n-derivation as
well as a left generalized n-derivation of N with associated n-derivation D. If in addition both
F and D are permuting maps then F is called a permuting generalized n-derivation of N with
associated permuting n-derivation D.

For an example of a left generalized n-derivation, let n be a fixed positive integer, S a com-
a b

00
symmetric left near-ring with regard to matrix addition and matrix multiplication. Define D :
Nj X Ny x --- x N —> Nj such that

mutative left near-ring. Then N; = < ) |a,b,0 € S } is a non-commutative zero

n—times

D a; b a b a, bn (0 aar---a,
! o o/'\o o) Lo o “\o 0 '

It is easy to see that D; is an n-derivation of N;. Define F| : Ny x Ny X --- x N — N such

F aq b1 an b2 Qp bn o 0 blbz-'~bn
"\Lo o/)'\Lo o)7L o o)) \o 0 ‘

It can be easily verified that Fj is a left generalized n-derivation of N; with associated n-
derivation D; but not a right generalized n-derivation of N; with associated n-derivation D;.
It can be also seen that F] is a permuting left generalized n-derivation of N with associated per-
muting n-derivation D but not a permuting right generalized n-derivation of N; with associated
permuting n-derivation D;.

For an example of right generalized n-derivation,

0 d
zero symmetric left near-ring with regard to matrix addition and matrix multiplication. Define
Dy : N x Ny x --- x Ny — N> such that

. 0 . . .
consider N, = { ( ¢ ) |c,d,0€ S } . It can be easily shown that [V, is a non-commutative

n—times

0 ¢ 0 o 0 ¢, 0 ciep---cp
DZ ) s Ty = .
0 d; 0 dp 0 d, 0 0
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It is easy to see that D, is an n-derivation of N,. Define F; : N X Ny X --- x Ny — N, such

that
0 C1 0 C 0 Cp, 0 0
F2 5 5 DY 5 = .
0 d; 0 dy 0 d, 0 didy---dy,

It can be easily verified that F, is a right generalized n-derivation of N, with associated n-
derivation D, but not a left generalized n-derivation of IV, with associated n-derivation D;. It
can be also seen that F; is a permuting right generalized n-derivation of N, with associated per-
muting n-derivation D, but not a permuting left generalized n-derivation of N, with associated
permuting n-derivation D;.

For an example of generalized n-derivation,

0 =z vy
consider N3 = 0 0 0 | x,y,2,0 € S 3. It can be seen that N3 is a non-commutative
0 0 =z

zero symmetric left near-ring with regard to matrix addition and matrix multiplication. Define
D3 : N3 x N3 X --- x N3 — N3 such that

n—times
0 = wy 0 2 » 0 xn yn 0 zyz2--x, O
Ds 0 0 O ,f 0 0 O oo+, 0 0 0 =10 0 0
0 0 2z 0 0 = 0 0 =z, 0 0 0

It is easy to see that Dj is an n-derivation of N3. Define F5 : N3 X N3 X --- x N3 — N3 such
that

0 z1 w 0 2 » 0 zn yn 0 0O
F; 0O 0 O , ] 0 0 O oo 0 0 0 = 0 0 0
0 0 2z 0 0 =z 0 0 =z, 0 0 O

It can be easily verified that F3 is a generalized n-derivation (i.e.; both left generalized n-
derivation and right generalized n-derivation) of N3 with associated n-derivation Ds. It can
be also easily seen that F3 is permuting generalized n-derivation with associated permuting n-
derivation Ds.

It is to be noted that if in the above examples we take S to be a distributive near-ring, then F},
F, and F5 become left generalized n-derivation, right generalized n-derivation and generalized
n-derivation associated with n-derivations D, D, and D; respectively. However these are not
permuting left generalized n-derivation, permuting right generalized n-derivation and permuting
generalized n-derivation respectively.

Recently many authors have studied commutativity of rings satisfying certain properties and
identities involving derivations, generalized derivations, permuting n-derivations etc.( see for
detail reference [1,2,6,7,11,12,14,16] ). Also commutativity behavior of prime near-rings satis-
fying certain properties and identities involving derivations, generalized derivations, permuting
tri-generalized derivations, permuting n-derivations etc. have been investigated by several au-
thors ( see [3,4,5,8,9,10,13] where further references can be found ). Now our purpose is to study
the commutativity behavior of prime near-rings which admit suitably constrained generalized n-
derivations. In fact, our results generalize, extend and compliment several results obtained earlier
on generalized derivations, permuting tri-generalized derivations and permuting n-derivations.
For example Theorems 3.2 — 3.4,3.6 & 3.7 of [3], Theorem 2.6 of 8], Theorems 3.1,3.2,3.5,3.6
of [9], Theorem 3.1 of [10] and Lemmas 9 & 10 of [13] etc.- to mention a few only. Some other
related results have been also discussed.

2. PRELIMINARY RESULTS

We begin with the following lemmas which are essential for developing the proofs of our main
results. Proofs of Lemmas 2.1 & 2.2 can be seen in [4] and [5] respectively while Lemmas 2.3-
2.5 have been essentially proved in [3].

Lemma 2.1. Let N be a prime near-ring.
(i) If z € Z \ {0} then z is not a zero divisor.
(i7) If Z \ {0} contains an element z for which z + z € Z, then (N, +) is abelian.
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Lemma 2.2. Let N be a prime near-ring. If z € Z \ {0} and « is an element of N such that
rxz € Zorzx € Zthenzx € Z.

Lemma 2.3. Let N be a near-ring. Then D is a permuting n-derivation of N if and only if
D(zixy, 22, ,xn) = 21 D(xy, 22, -+ ) + D(x1, 22, -+ ,ap)z, forall zy,z), 22, 2, €
Lemma 2.4. Let N be prime near-ring and D a nonzero permuting n-derivation of N. If

D(N,N,--- ,N)x = {0} where x € N, then z = 0.

Lemma 2.5. Let D be a nonzero permuting n-derivation of prime near-ring N such that
D(N,N,--- ,N) C Z. Then N is a commutative ring.

Remark 2.1. It can be easily shown that above Lemmas 2.3 — 2.5 also hold if D is a nonzero
n-derivation of near-ring N.

Lemma 2.6. F is a right generalized n-derivation of N with associated n-derivation D if and

only if
! ! ’
F(zizy, @2, ,xn) =1 D(x), 22, 20) + F(x1, 20, T0) T
! i /
F(xy, 202y, ,xn) = 22D(x1, @5, ) + Fxy, 22, -+, 20) 2
’ / !
F(zi, 22, ,xpx,) = xoD(z1,22,- -+ ,x,) + F(x1,20,- -+, 2p),,
7 ’ ’
hold for all z1,zy, 22,25, - , %, z, € N.

Proof. Let F be a right generalized n-derivation of N with associated n-derivation D. Then

F(-le,thv"' 737,”,) - F(thZa"' ,l’n>$/l +I]D(I,17I2,"' 7In,>af0rallxlaz,17x2a"' s Iy €
Consider
F(xl(:n,l +x,1),z2,~-- ,xn) = F(zy,m,- - ,xn)(a:; +1:,1)+x1D(x,1 +x/1,1:2,--~ ,Tp,)
!’ !’
= F(x17x27"'7xn)x1+F(mlyx27"'7xn)$1

+x1D(x), T2, ) + 2 D(2), 2, 2).

Also
F(I]($l+$l>,$27"',$n) = F(xlezZ?"'7I71)+F(le]ax27“'axn)
F($1,$2, e 7.'17»”).’151 + .’EID(.’El,J}Q, e amn)
+F<l’],$2, e axn)zl +I]D(Z‘17I’2, e 7In,>-
Combining the above two equalities we find that
F($17x27 e 7-,1777,)-,171 + fElD(-’L‘l,JJz, T 7.’En) = xlD(xpr? T ,Sﬁ'n) + F(SL’],(E27 e 7$n)x17 for
all zy, 2,22, -+ ,z, € N. Similarly we can prove the remaining (n — 1) relations. Converse

can be proved in a similar manner.

Lemma 2.7. Let N be a near-ring admitting a right generalized n-derivation F' with associated
n-derivation D of N. Then,

(F(z1,22, y@0)xy + 21 D(x), 2, xn)ly = F(og,x,- ,2,)Ty
+$1D($171’2,"' 7xn)yu

{F(IEl,I’z,"' ,In>$/2+I2D(I1,LL'I2,'” 7:L'n)}y = F(l‘],ftz,u' ,llfn)l'IQy
+$2D($17,’I,‘27-~- 7xn)y7

(F(x1,22, - wn)ay, + 2o D1, 220, ya)}y = F(ai,a2, - ,20)2,y
—|—an($17 Ty " 7xn)ya

hold forallml,x;,xg,mlz,-n ,xmx/n,y € N.
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/7 "
Proof. For all 1, x|,z ,22, - ,2n € N,

/1,71727"' 7In) = F(:E1£EI17I2,"' 7xn>x/1/ + (lell)D<x/1/a‘r27"' ;xn)
1"

{F(l‘l,lﬁ, e 7xn)xl1 + .’EID(.’I,‘;, Xy 7Z‘n)}$1
+(x1z)D(x), 22, , T0).

F((x127)

Also
F(xl(azl]x/{),xz, ) = Fzy, o, ,xn)x;x/{ + xlD(l‘l]$l{,Jf2, Ce L Tp)
!’ 1 !’ 1"
F(zi,z2, -+ xn)z 2y + 21 {D(z), 22, -+ , )7,
7 17
+x,D(x),x2, - ,2p)}
== F(xla,xZ, : 'N' axn)xllxll, + xlD(lflaxZa T 7xn)x,1’
‘a2, D(z), 22, -+, Tp).

Combining the above two relations, we get

{F(.’IJ],(E27"' 7xn)x/1+mlD(m/17x27"' ,.’I,'n)}.’tll/ == F($1,$27"' 7:En)x1‘r1

Putting y in place of a:/l we find that
{F(z1, 22, - ,xn)x/l + xlD(x/l,zz, sxg)ly = Flxy, o, ,zn):plly
+$1D($17.’172, e 7~”Cn)y

Similarly other (n — 1) relations can be proved.

Using Lemma 2.6 and similar techniques as used to prove the above lemma, one can easily get
the following:

Lemma 2.8. Let V be a near-ring admitting a right generalized n-derivation F' with associated
n-derivation D of N. Then,

{xlD(-r/lax27"' 73371) +F(.’II1,.T2,"' axn)x/l}y - Z‘]D(I;,.’I}z,"' 7$n)y
+F(SC],£E27"' 7zn)$ly7

{xZD(w1;$;7"' 7(En)+F(xl7:E27"' 7$n)$/2}y = mZD($17xl27"' axn)y
+F(I1,Z‘27 e 7$H)I2y7

’

{an(xtha"' 7:1;;L)+F(-T1;$27"' 7mn)$n}y - an(xlaxZa"' axn)y
+F(I’1,.’B2, e axn)xnya

hold forallxl,xl,xz,x/z,n- ,Jcn,xln,y € N.

Lemma 2.9. F'is a left generalized n-derivation of N with associated n-derivation D if and only
if

!’ ’ ’
F(ZL’]CL’l,xz,~~~ 7xn) :$1F(1'1,(£2,~~ vxﬂ) +D(£L'1,x2,~~~ 7xn)xla
F(xlaxeIZa"' axn) :J}2F(.’L'1,Jf,2,"' ,.’En) +D(J)1,$2,"' axn)x/Za
F(ZZ?],IZ,"' 7xn,xln) :an(mthv"' 71';L)+D($],£L'27"' azn)xln
hold forallxl,x/l,xz,x/z,-~- ,xn,x; € N.

Proof. Use same arguments as used in the proof of Lemma 2.6.

Lemma 2.10. Let N be a near-ring admitting a generalized n-derivation F' with associated n-
derivation D of N. Then,

{D(zy, 22, - ,xn)wll +x1F(m1,x2,~~- sxo)ty = D(z1,22,- - ,xn)xlly
+$1F($],$2, o axn)yv
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{D(.I‘l,l‘z,"' 7l'n)$l2+l'2F($1,$2/,"' 7$n)}y = D(xtha"' 7$n)3)l2y
’
+£L'2F((L'1,x2, te 7xn)ya
{D(xl,.TQ,'" ,.Tn)J?/n‘f—JCnF(l‘],l'z,"' 7x;L)}y = D(Zl:],l’z,"' 7xn)f‘c'lny
!
+5EnF(.’E17(E27 e 7xn)y7
hold for allml,xl,xz,x;, e ,:cmx/n,y € N.
Proof. For all xl,:c'l,xlll,:cg,~~ ,Tn € N,
F((zi2))x) 0, 20) Flzyxy,x, - an)z, + (wx) D]z, x,)
’ ’ "
{D((Elax27 T 71'n)£f1 + $1F($1,x2, e 7$n)}x1
’ 1"
+(x1z))D(x) 20, -+, Ty).
Also
F(zi(zyx)), 22, %) D(x1, 22, -, xn)z 2, + 2 F(z 2], 20, T0)
! 1" ! "
D(CC],ZEQ, to 5-7771)5171171 + II{F(szZa to 7In)x1
’ 1"
+x,D(x), 22, ,2p)}
! " ’ "
= D(xl,z2,~ " azn)x]zl +$1F<x17x23 T ,xn)xl
’ 1"
+aiz,D(z), 2, -, xp).
Combining the above two relations, we get
{D(xlwrZ»"' ,xn)$1+xlF($1,1’27"- 71'71)}‘%,1/ = D(SCl,CL’Z,"' 7xn)x/1x/1,
’ 1"
+a 1 F(xy, @, ,2n)Ty .
Putting y in place of xlll, we find that
{D(x1, 22, s an)zy + 21 F(ay, 20, an)ly = D(wi,aa,- a0y
’
+a1 F(zy, 20, ,20)y.

Similarly other (n — 1) relations can be shown.

Lemma 2.11. Let N be a near-ring admitting a generalized n-derivation F' with associated n-

derivation D of N. Then,

{Z‘IF(Z‘/]7$2,"',J,'n)—f—D(Jf],Z'z,"',xn)le]}y =
{szF((Ehl’/z,”' 7xn) +D($1,IC2,'~~ ,mn)flz}y =
{an<xl7x27"' 7x;1) +D({E17(L'2,"' 7$n)x/n}y

’ ’ ’
hold for all z1,z,, 22,25, -+ , %, 2,y € N.

xlF(:If‘l]ava T 73371)3/
+D(£C1,£L’2, v wrn)xlya
I'ZF(xlaxIZ" o axn)y
+D(J}1’ T, axn)$2y7

- an(xl;x27"' x )y

rr'n
’
+D($1,$2, e 7xn)xnya

Proof. Using Lemmas 2.6, 2.9 and the same trick as used in the proof of above lemma, one can

get its proof easily.

Lemma 2.12. Let IV be prime near-ring admitting a generalized n-derivation F' with associated

nonzero n-derivation D of N and z € N.
(¢) fxF(N,N,---,N) = {0}, then z = 0.
(i) If F(N,N,--- ,N)x = {0}, then z = 0.
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Proof. (i) Given that :cF(gclaz/l,xz, <+, xp) = 0 for all :cl,;zzll,~' ,Tn, € N. This yields that
e{F(z1,22,-- ,xn)x; + xD(x),22,---,2,)} = 0. By hypothesis we have
eND(xy, 2, ,2,) = {0}. But since N is a prime near-ring and D # 0, we have z = 0.

(44) It can be proved in a similar way by using Lemma 2.10.

Lemma 2.13. Let N be near-ring admitting a generalized n-derivation F' with associated n-
derivation D of N. Then F(Z,N,N,--- ,N) C Z.

Proof. Let z € Z, then F(zry,72,-- ,1) = F(r1z,m2,-- ,ry) for all ry,rp,-+- ,7, € N.
Using Lemma 2.9 we have F(z,75,-+ ,ry)r1 + 2D(r1,72, -+ ,1m) = riF (2,12, ;1) +
D(ry,ra, -+ ,7n)z. Which in turn gives us F(z,72, -+ ,7n)r1 = mF (2,72, ,7r) , that is,

F(Z,N,N,--- ,N)C Z.

3. MAIN RESULTS

Recently Oznur Gélbasi [8, Theorem 2.6] proved that if N is a prime near-ring with a nonzero
generalized derivation f such that f(N) C Z then (N, +) is an abelian group. Moreover if N
is 2-torsion free, then NV is a commutative ring. The following result shows that "2-torsion free
restriction" in the above result used by Oznur Gélbasi is superfluous. In fact, for generalized
n-derivation in a prime near-ring /N we have obtained the following.

Theorem 3.1. Let IV be a prime near-ring admitting a nonzero generalized n-derivation F' with
associated n-derivation D of N. If F(N,N,--- ,N) C Z, then N is a commutative ring.

Proof. Forallml,:v/l,--~ ,Tn €N

F(zzy, 0, ) = D(xy, 22, an)x; + 21 F(x), 22, 2) € Z. (3.1)
Hence {D(zy,z2," - ,xn)xll + :L‘lF(.%‘/l,CL'Q, <o)t =z {D(xy, 22, - ,xn)xll
+ ;z:lF(z'],xz, -++,Zn)}. By hypothesis and Lemma 2.10 we obtain D(x1, 22, - - ,xn)x/l:cl =
x1D(xy, 20, - 7acn)x/l, putting xlly where y € N for :c/l in the preceding relation and using it
again we get D(xy, 22, - ,:cn)x/l (yz1 — x1y) = 01i.e,; D(xy, 22, -+ ,xn)N(yz1 — 21y) = {0}.
But primeness of N yields that for each fixed x; either z; € Z or D(zy,x2,--- ,x,) = 0 for
all zp, @3, ,x, € N.If first case holds then D(x ¢, 22, - ,z,) = D(tx1, 22, -+, x,) for all

t,xs, - ,x, € N. Using Lemma 2.3 and Remark 2.1 we obtain that D(zy,x2, - ,xn)t +
1 D(t, 2, o) =tD(x1, T2, -+ yxn)+ D(t, 22, -+ ,xp)wy forall ¢, zy, - -+ ,x, € N thatis,
D(z1,22,- ,x,) € Z and second case implies D(zy,z2,--+,2,) = 0 that is,

0 = D(zy,x2, -+ ,x,) € Z. Including both the cases we get D(xy,x2, -+ ,x,) € Z for all
Zi, 22, &, € N ie; D(N,N,--- ,N) C Z. If D # 0, then by Lemma 2.5 and Remark
2.1, N is a commutative ring. On the other hand if D = 0, then equation (3.1) takes the
form F(mlx/l,:cz, e Tp) = xlF(x/l, T2, ,xy) for all :cl,xll, .-+, x, € N.By hypothesis and
Lemma 2.2, z; € Zi.e.; N = Z. Thus we conclude that IV is a commutative near-ring. Since
N # {0}, there exists 0 # p € N = Z such thatp+p € N = Z. By Lemma 2.1(i:) we find that
N is a commutative ring.

Corollary 3.1 ([3], Theorem 3.2). Let IV be a prime near-ring admitting a nonzero permuting
n-derivation D such that D(N, N, ..., N) C Z then N is a commutative ring.

Recently Oznur Golbasi [9, Theorem 3.1. and 3.2.] showed that if f isa generalized derivation of
a prime near-ring N with associated nonzero derivation d such that f([z,y]) = Oforall z,y € N
or f([z,y]) = £[z,y] forall z,y € N, then N is a commutative ring. While proving the theorem
it has been assumed that f is a left generalized derivation with associated nonzero derivation d.
We have extended these results in the setting of left generalized n-derivations in prime near-rings
by establishing the following theorems.

Theorem 3.2. Let N be a prime near-ring admitting a left generalized n-derivation F' with asso-
ciated nonzero n-derivation D of N. If F([z,y], 2,73, -+ ,1) = O for all z,y,ro,73,- -+ , 7y, €
N, then N is commutative ring.
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Proof. Since F([z,y], 72, ,r) = 0, substituting zy for y we obtain F'(z[z,y|,r2, -+ ,rn) =0
that is, D(z,72,--+ ,m)[x,y] + 2F([z,y],r2,---,rn) = 0. By hypothesis we get
D(z,ry, -+ ,rp)[z,y] = 0 that is,

D(J?,Tz,"' aTn)xy:D(xﬂﬁZa”' arn)y'x' (32)

Putting yz for y in (3.2) and using it again we have D(x, 72, -+ ,7)y(zz — 2z) = 0 ie.;
D(z,r3, -+ ,mn)Nlz,z] = {0}. For each fixed x € N primeness of N yields either z € Z
or D(z,rp,++- ,ry) = 0 forall rp,--- ,r, € N.If first case holds then D(zt,rs, -+ , 1) =

D(tz,rp,--- ,ry) for all ¢,75,--- 7, € N. Using Lemma 2.3 and Remark 2.1 we obtain that
D(z,ra, -+ yrp)t + aD(t, 72, 1) = tD(x,r2,-++ 1) + D(t,72,- ,ry)z for all
t,ra, - ,mn € N ie.; D(z,rp,--,7r,) € Z and second case implies D(z,72,-- ,1,) = 0,

that is, 0 = D(z, 72, -+ ,r,) € Z. Including both the cases we get D(x,ra,--- ,ry,) € Z for all
T,7rp,- -+ , 1y € N thatis,
D(N,N,--- ,N) C Z, hence by Lemma 2.5 and Remark 2.1, N is a commutative ring.

Theorem 3.3. Let N be a prime near-ring admitting a left generalized n-derivation F’ with associ-
ated nonzero n-derivation D of N.If F([x,y],r2,73,- -+ , 7)) = L[z, y] forall x,y, 72,73, - 7y €
N, then N is commutative ring.

Proof. Since F([x,y], 2, ,rn) = %[z, y]. Substituting zy for y we obtain

F(z[z,y],r2, - yrn) = tx[z,y]ie; D(z,ro, - rn) [z, y)+2F ([z, y], 72, -+ 0) = Tx[z, 9]
By hypothesis we get D(z, 77, - ,r)[®,y] = Othatis, D(z, 72, ,r)zy = D(z,12, -+ , 70 )Y,
which is identical with (3.2) of Theorem 3.2. Now arguing in the same way as in the Theorem
3.2 we conclude that NV is a commutative ring.

The conclusion of Theorems 3.2 and 3.3 remain valid if we replace the product [z, y] by zoy. In
fact, we obtain the following results.

Theorem 3.4. Let N be a prime near-ring admitting a left generalized n-derivation F’ with asso-
ciated nonzero n-derivation D of N. If F'(zoy,rp, 73, ,r) = Oforall z,y, 2,73, -+ ,7, € N,
then N is commutative ring.

Proof. Given that F'(zoy,ra, -+ ,r,) = 0. Substituting zy for y we get F(x(zoy),r2, -+ ,rn) =
0 ie; D(z,ra---,rn)(voy) + xF(z0Yy,7m2,- ,7) = 0. By hypothesis we get
D(z,r,- -+ ,rp)(zoy) = 0, that is,

D(z,ry,- yrp)zy = —D(z,72, -+ ,10)yz. (3.3)
Putting yz for y in (3.3) we have D(z,ry, - ,rp)zyz = —D(w,72,-+ ,70)yzx , that is
D(z,ra,- -+ yrn)zyz + D(x, 712, -+ ,7n)yzz = 0. Now substituting the values from (3.3) in the
preceding relation we get {—D(z,72, -+ ,mn)yz}z + D(z,72,- - ,m)yzz = 0 that is
D(z,r2,- - yrn)y(—x)2+D(z, 712, -+ ,70)y2x = 0. Replacing = by —z in the preceding relation
we have D(—z,r, - ,rn)yzz + D(—z, 12, -+ ,7p)yz(—z) = 0, in turn we get

D(—z,7p, -+ ,rp)y(zz — 2zx) = 0 or D(—z,73,--+ ,7,)N[z,2] = {0}. For each fixed z €
N primeness of N yields either z € Z or D(—z,rp,--+ ,r,) = 0. If first case holds then
D(zt 7y, ,ry) = D(tx, 70, ,7) forall t,r5,--- 7, € N. Using Lemma 2.3 and Remark
2.1 we obtain that D(z, 7, -+ ,rp)t+xD(t,m2, -+ 1) = tD (w12, ,70)+D(t, 72, -+ ,70)T
forallt,ry, - ,r, € Nie; D(x,ra,--- ,7,) € Z and second case implies —D(x, 72, ,7y,) =
0 that is, 0 = D(x, 73, -+ ,7,) € Z. Combining both the cases we get D(z,rs,--- ,7y,) € Z for
all x,rp,-++ ,7, € N ie.; D(N,N,--- ,N) C Z hence by Lemma 2.5 and Remark 2.1, N is a
commutative ring.

Theorem 3.5. Let N be a prime near-ring admitting a left generalized n-derivation F' with associ-
ated nonzero n-derivation D of N.If F(zoy, 2,73, -+ ,7) = *(zoy) forall z,y,mp, 73, -+ ;7 €
N, then N is a commutative ring.

Proof. We have F(zoy,ra,- -+ ,7,) = £(zoy). Substituting zy for y we obtain

F(z(zoy),r2, - ,1p) = x(zoy) i.e.; D(z, 12, -+ ,rn)(xoy)+axF (zoy,ra, -+ ,rn) = Tz (x0y).
By hypothesis we get D(z, 77, ,7,)(zoy) = 0,1.e; D(z, 72, ,r0)xy = —D(2,72, -+ , 10 )Y,
which is identical with (3.3) of Theorem 3.4. Now arguing in the same way as in the Theorem
3.4 we conclude that NV is a commutative ring.
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Theorem 3.6. Let NV be a prime near-ring admitting a left generalized n-derivation F' with as-

sociated nonzero n-derivation D of N. If F([z,y],r2,73, - ,mn) = *(woy) for all =z,y,
72,73, ,7n € N, then IV is a commutative ring.
Proof.  We have F([z,y],72,---,mn) = =(zoy). Substituting zy for y we obtain

F(z[z,y],r2, - ,rn) = £z(zoy) ie; D(x, 2, -+ ) [, Y|+ F([x,y],r2, -, 7n) = Za(xoy).
By hypothesis we get D(z, 77, - , 7)) [z, y] = Othatis, D(z, 72, -+ ,rp)zy = D(z,712, - , 70 )Y,
which is identical with (3.2) of Theorem 3.2. Now arguing in the same way as in the Theorem
3.2 we conclude that NV is a commutative ring.

Theorem 3.7. Let N be a prime near-ring admitting a left generalized n-derivation F’ with associ-
ated nonzero n-derivation D of N.If F(zoy, 2,73, -+ ,7p) = *[x,y| forall z,y, 2,73, -+ ,7p €
N, then N is a commutative ring.

Proof. Since F(zoy,72,--,r) = *£[z,y]. Substituting zy for y we obtain
F(z(zoy),r2, - ,1p) = xx[z,y]ie; D(x,r2, - ) (woy) +xF(x0y, 12, -+ ,70) = L[, 9]
By hypothesis we get D(x, 72, -+ ,7,)(zoy) = 0 that is,

D(Jf‘ar27 e arn)xy = _D(xaTZa e arn)y'ra

which is identical with (3.3) of Theorem 3.4. Now arguing in the same way as in the Theorem
3.4 we conclude that IV is a commutative ring.

Theorem 3.8. Let N be a prime near-ring admitting a generalized n-derivation F' with associ-
ated nonzero n-derivation D of N. If F([z,y|,r2,73, -+ ,7,) € Z forall z,y, 72,73, -+ ,7y € N,
then N is commutative ring or D(Z, N, N,--- ,N) = {0}.

Proof. For all x,y, 2,73, -+, € N,
F([%l/]ﬂ“za"' >rn) €Z. (34)

Now we have two cases,

Casel: If Z = {0}, it follows F([z,y],r2,-- ,r) = 0 for all z,y,7r2,73, -+ ,7, € N. Now by
Theorem 3.2 we conclude that NV is a commutative ring.

Casell: If Z # {0}, replacing y by yz in (3.4), where z € Z, we get D(z,72,- -+ , 1) [z, y] +
2F([z,yl, 12, ,rn) € Z for all z,y,72,73,-- ,7, € N,z € Z. Using (3.4) together with
Lemma 2.10, preceding relation forces D(z, 72, -+ ,7)[x,y] € Z.Since z € Z, D(zt, 12, ,7n)
= D(tz,rp,-+- ,ry) for all t,rp,--- ,r, € N. Using Lemma 2.3 and Remark 2.1 we ob-
tain that D(z,7p, -+ , 1)t + 2D(t, 72, -+ ;1) = tD(2,72, -+ ;1) + D(t, 12, ,71y)2 for all
t,ra, -+ ,rn € Nie; D(z,m2, -+ ,1,) € Z. Now we infer that D(z, 77, ,,,)[[z,y],t] = O for
allt € N. Butif D(Z,N,N,--- ,N) # {0} then by Lemma 2.1(:) we have [[z,y],{] = 0 i.e.;
[z,y] € Z. Now replacing y by xy in the preceding relation [[z, y], t] = 0, we have [z, y|[z,t] =0
which in turn gives us [z, y] N[z, ¢] = {0}. In particular we have [z, y]N[z,y] = {0}. In light of
primeness of NV we obtain that [z,y] = 0 and hence N is a commutative near-ring i.e; N = Z.
Since N # {0}, there exists p € N \ {0}. Hence p+p € N = Z and by Lemma 2.1(4i), we
conclude that NV is a commutative ring.

Theorem 3.9. Let NV be a 2-torsion free prime near-ring admitting a generalized n-derivation F
with associated nonzero n-derivation D of N. If F(zoy,r2,73,---,r) € Z for all
x,Y,T2,73, Ty € N, then N is a commutative ring or D(Z, N, N,--- ,N) = {0}.

Proof. For all z,y, 12,73, ,7, € N,
F(zoy,ra,-++ 1) € Z. (3.5)

Now we separate the proof in two cases,

Casel: If Z = {0}, it follows F(xoy, 13, -+ ,7,) = 0 for all z,y,75,73,+-+ ,7, € N. Hence by
Theorem 3.4 we conclude that N is a commutative ring.

Casell: If Z # {0}, replacing y by yz in (3.5), where z € Z, we get D(z,72,- -+ ,7p)(z0y) +
2F(zoy,ra,-++ ,rn) € Z for all z,y,7m2,73,--+ ,7» € N,z € Z. Using (3.5) together with
Lemma 2.10, preceding relation forces D(z, 72, -+ ,m,)(zoy) € Z.Since z € Z, D(zt,ra, -+ ,y)
= D(tz,rp,-+- ,ry) for all t,rp,--- ,r, € N. Using Lemma 2.3 and Remark 2.1 we ob-
tain that D(z,7p, -+ , 1)t + 2D(t, 72, -+ ;1) = tD(2,72, -+ ;1) + D(t, 12, ,7y)2 for all
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t,ra, -+, € Nie.; D(z,72, -+ ,7,) € Z and hence we infer that D(z, 7, ,ry,)[zoy,t] =0
forallt € N. Butif D(Z,N,N,---,N) # {0} then by Lemma 2.1(i) we have [zoy,t] = O1i.e.,
(voy) € Z.Let 0 # y € Z. Hence zoy = y(z + ), 220y = y(a? + 2?), it follows by Lemma
22thatx +x € Z, 2> + 2> € Zforallz € N. Thus (z + )2t = z(x + 2)t = (2% + 22)t =
t(x? + 2?) = tz(z + ) = (x + x)tx for all z,t € N and therefore (z + z) N[z, t] = {0} for all
x,t € N. Once again using primeness, we get € Z or 2z = 0 in latter case 2-torsion freeness
forces x = 0. Consequently, in both the cases we arrive at x € Z i.e.; N = Z and therefore N is
a commutative near-ring. Since N # {0}, there exists p € N \ {0}. Hence p+p € N = Z and
by Lemma 2.1(#4), we conclude that NV is a commutative ring.

Very recently Oznur Gélbasi [10, Theorem 3.1.] proved that if N is a semi prime near-ring and f
is a nonzero generalized derivation on IV with an associated derivation d such that f(z)y = z f (y)
for all x,y € N, then d = 0. While proving the theorem it has been assumed that f is a right
generalized derivation of N with associated derivation d. We have extended this result in the
setting of generalized n-derivation. In fact we proved the following.

Theorem 3.10. Let N be a semi prime near-ring admitting a generalized n-derivation F’ with as-
sociated n-derivation D of N. If F(xy,x2, - ,xzn)yi = x1F(y1,v2, - ,yn) for all
T1,22, " T, Y1,Y2,° " s Yn € N, then D = 0.

Proof. We have
F(zy,22, o)y = 21 F (Y1, 92, ,Yn) (3.6)

forall 1,22, ,@n, y1,42," - ,Yn € N. Putting x; 2 in place of z; in the above identity (3.6),
where z; € N and using Lemma 2.10, we get

IIZIF<y17y27"' ayn) :F($1217l’2,"' 7xn/)yl
= D($1,$27"' amn)zlyl +:E1F(Z17:E2a"' >x’n)yl-

By (3.6) we find that

r1z21F (Y192, vyn) = D(@1, @2, -+ 2n) 2ty + 2120F (Y1, 92, -+ 2 Yn)-

This yields that D(x,x2, -+ ,x,)z151 = 0. Now replacing y; by D(z1,22,- -+ ,z,) We get
D(zy,22,- ,xy)ND(x1,22, - ,2,) = {0}. But since N is a semi prime near-ring, we con-
clude that D = 0.

Corollary 3.2 ([3], Theorem 3.6). Let N be a semiprime near-ring and D a permuting n-
derivation of N. If D(1317332,~-- 71‘n)y] = .T]D(yl,yz’--- ’yn)’ for all T1, L2, Ty,
Y1,Y2, - ,Yn € N, then D = 0.

Theorem 3.11. Let N be a prime near-ring admitting a generalized n-derivation F' with associ-
ated n-derivation D of N. If K = {a € N | [F(N,N,---,N),a] = {0}} and d stands for the
trace of D, then

(i) a € K implies either a € Z or d(a) = 0.
(i1) d(K) C Z.

Proof. (i) We have

F(zy, 22, ,zn)a = aF(z1, 22, ,Zn) (3.7)
for all xy,x,,--- ,x, € N.Putting az; in place of x| in the above equation and using Lemma
2.10 we get

D(a,xa, -+ ,xp)z10+ aF(x1,22, - ,xn)a = aD(a,z2, -+ ,zp)x1 + aaF (1,22, , T0).

Using the identity (3.7), we get D(a,x2, -+ ,@n)z10 = aD(a, x2, - , %y )T1. NoW putting z1y;
for z; in the latter relation and using it again, we have D(a,x2, -+ ,2,)z1[y1,a] = 0 where
y1 € N. This gives us D(a,x2, - ,2,)N[a,y1] = {0}. Since N is a prime near-ring, either
[a,y1]) = O forall yy € N or D(a,xa,-- ,2,) = O for all z,--- , 2, € N. If first holds then
a € Z,ifnotthen D(a, s, -+ ,x,) = 0, and hence in particular, D(a, a, -+ ,a) = 0ord(a) = 0.

(ii) From the above proof we observe that if a € K then either a € Z or d(a) = 0. But d(a) = 0
implies d(a) € Z. If d(a) # 0 then we have a € Z. In this case we have D(za,a--- ,a) =
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D(az a, - 7a) forallz € N. Usmg Lemma 2.3 and Remark 2.1, we obtain that o:D(a a,---,a)+
D(z, 7a) D(a,a,--- ,a)x + aD(z,a,--- ,a). This reduces to zD(a,a, ,a) =
D(a,a,--- ,a)z, Wthh shows that d(a) € Z and thus d(K) cz.

Corollary 3.3 ([3], Theorem 3.7). Let IV be any prime near-ring and D be any nonzero permut-
ing n-derivation of N. If K = {a € N | [D(N, N,---,N),a] = {0}} and d stands for the trace
of D, then

(i) a € K implies either a € Z or d(a) = 0.
(i1) d(K) C Z.

Corollary 3.4 ([9], Theorem 3.6). If f is a generalized derivation of prime near-ring N with
associated nonzero derivation d, « € N and [f(z),a] =0 forall z € N, then d(a) € Z

Theorem 3.12. Let N be a prime near-ring admitting a generalized n-derivation F' with associ-
ated n-derivation D of N suchthat D(Z,N,--- ,N) # {0}anda € N.If [F(N,N,--- ,N),a] =
{0}, thena € Z.

Proof. Since D(Z,N,--- ,N) # {0}, there exist ¢ € Z,r,,--- ,7, € N all being non zero such
that D(c,ra,- -+ , ) # 0. Furthermore, as D is an n-derivation of N and ¢ € Z, D(ct, 2, -+ ,7p)
=D(te,ry, -+ ,ry) forallt € N. By Lemma 2.3 and Remark 2.1, we infer that D(c, 72, - - - , 7, )t+
eD(t,ra, -+ ,rn) = tD(c,r2, - yrn) + D(t,12, -+ ,rp)cforall ¢ € Nie.; D(c,ra, -+ ,1p) €
Z. By hypothesis F(cx,ra, - ,mn)a = aF(cx,ry, -+ ,ry) for all z € N using Lemma 2.10 we
have D(c, 72, ,rp)za+cF(x, 2, -+ ,7p)a = aD(c,m2, -+ ,mp)x+acF (x,72,+ -+ ,1y). Since
both D(c,rs,- -+ ,7y,) and c are elements of Z, using the hypothesis again previous equation takes
the form D(c,ra, -+ ,ry)[z,a] = 0i.e.; D(c,72,+ - ,rn)N[z,a] = {0}. By primeness of N and
0 # D(e,rp,-+- ,7y) We obtain that a € Z.

Corollary 3.5 ([9], Theorem 3.5). If f is a generalized derivation of prime near-ring N with
associated nonzero derivation d such that d(Z) # {0}, and a € N, [f(z),a] = 0 forall z € N,
then a € Z.

Theorem 3.13. Let N be a prime near-ring admitting a generalized n-derivation F' with associ-
ated n-derivation D of N such that D(Z,N,--- ,N) # {0}.IfG: Nx N x---N — Nisa
map such that [F(N,N,--- ,N),G(N,N,--- ,N)] = {0}, then G(N,N,--- ,N) C Z.

Proof. Taking G(N, N, --- , N) instead of a in Theorem 3.12., we get the required result.

Theorem 3.14. Let N be a prime near-ring admitting a generalized n-derivation F' with asso-
ciated n-derivation D of N such that D(Z,N,---,N) # {0}. If G is a nonzero generalized
n-derivation of N such that [F(N,N,--- ,N),G(N,N,---,N)] = {0}, then N is a commuta-
tive ring.

Proof. Since G, a nonzero generalized n-derivation is a map from N x N x - -- N to N. Therefore
by Theorem 3.13. we get G(N, N, --- ,N) C Z. Thus N is a commutative ring by Theorem 3.1.

Theorem 3.15. Let F' and G be generalized n-derivations of prime near-ring N with associated
nonzero n-derivations D and H of N respectively such that F/(z1, 2, -+ , %) H(y1,¥2, *+ ,Yn) =
—G(x1,22, - yx0)D(Y1,y2, - yyn) forall xy, zp, -+, xn, y1,92,+ ,Yn € N. Then (N, +) is
an abelian group.

Proof. For all xy, 23, ,&n,y1,Y2, -+ ,Yn € N we have,
F(3717€52a"' 733n)H(y1>y27"' ayn) = _G(xla-rZ;"' axn)D(ylay27"' ayn) We substitute
y1 + y, for y; in preceding relation thereby obtaining,

F(£C1,$2,~-- axn)H(yl +y/1»y2»"' ayn> +G((E1,QI;27--- an)D(yl +y/17y27"' ayn) =0
that is,
F(CI)‘17$2,"' 733n)H(y1,y2>"' 7yn)+F(CU1>$27"' 7xn)H(y/1ay2a"' 7yn)

+G(xla'r2a"' axn)D(ylay27"' ayn) +G($1,ZI}2,"' 7xn)D(y;’y2a"' 7yn) =0.
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Using the hypothesis we get,
F(Itha"' 7xn)H(yl7y27"' ayn)+F($l7x27"' 7x7l)H(y;ay23"' 7y7l>

_F(xlvx27"' »xn)H(ylay21"' 7yn)_F(x17x2a"' 7xn)H(yiay27"' ayn) =0

that is, F(z1,22,-,20)H((y1,9,),%2, - ,yn) = 0. Now using Lemma 2.12(i) we get
H((y1,9,),%2, - ,yn) = 0. Replacing (y1,,) by w(y1,y,) where w € N in the previous rela-
tion and using it again we have H (w,y2, - - ,yn)(yl,yi) = 0 for all w,yl,yll,yz, o, Yn € N.

Since H # 0, by Lemma 2.4 and Remark 2.1, we conclude that (y;,y;) = 0, i.e.; (N, +) is an
abelian group.

Corollary 3.6 ([3],Theorem 3.4). Let N be a prime near-ring with nonzero permuting n-derivations
D and D, such that

D](Ithv'” 7xn)D2(y]ay2a"' 7y7l) = —D2(I],$2,"' axn)D](yl?yZ?“' ayn)
forall zy,x2, -+ ,Zn,y1,%2, - ,Yn € N. Then (N, +) is an abelian group.

Theorem 3.16. Let F and F; be generalized n-derivations of prime near-ring N with associated
nonzero n-derivations D; and D, of N respectively such that

[Fl(Nva"' 7N)7F2(N3Na”' 7N)] :{O}
Then (N, +) is an abelian group.

Proof. If both z and z + z commute element wise with F,(N, N,--- | N), then

2By (xy, 0, xn) = B (1,20, ,70)2
and
(Z"’Z)FQ(.’E],QEQ,"' 7xn) = FZ(.T],:EZ,"‘ ,"I}n)(Z—“Z)
for all x|, x5, -+ ,z, € N. In particular,

(24 2)Fy(z1 + 21,30, -+ s 2) = Fa(w1 + 21,30, -+ ,a) (2 + 2) for all zy, 2, , 2, € N.

From the previous equalities we get zFy(xy + Jj,] -z — x;,x2,~-- ,xn) = 0, that is,
2P ((@1,2), 22, ,2,) = 0. Putting z = Fy (y1, 42, -+ , yn) We get

Fl(yl7y27"' 7yn)F2((551,$/1)7CU27"' 7:E’n) = O

By Lemma 2.12(ii) we conclude that F5((z1,z,), 22, ,2n) = 0. Putting w(z, ;) in place
of additive commutator (1, z,) where w € N we have Fs(w(x1, ), 2, - - ,@,) = O that is,

Dy(w,xy, -+ x0) (@1, 2)) + wB((21,2,), 22, 2n) = 0.

Previous equality yields D, (w, z2, - ,:cn)(osl,x'l) = 0. By Lemma 2.4 and Remark 2.1, we
conclude that (z1,z;) = 0. Hence (N, +) is an abelian group.

Corollary 3.7([3],Theorem 3.3). Let N be a prime near-ring and D; and D, be any two nonzero
permuting n-derivations of N. If [D{(N,N,--- ,N), Dy(N,N,--- ,N)] = {0}, then (N, +) is
an abelian group.
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