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Abstract In the present paper, we obtain q-analogues of Saigo fractional integrals and deriva-
tives of generalized basic hypergeometric series. Similar results for some simpler functions and
polynomials have also been derived as special cases of our main findings.

1 Introduction

We first give some definitions and notations, which have been taken from the book by Gasper
and Rahman [2].

The q-shifted factorial (q-analogue of Pochhammer symbol) is defined as

(a; q)n =
n−1∏
k=0

(
1− aqk

)
, n ∈ N (1.1)

with (a; q)0 = 1, q 6= 1.
If we consider (a; q)∞ then as the infinite product diverges when a 6= 0 and |q| ≥ 1, therefore
whenever (a; q)∞appears in a formula, we shall assume that |q| < 1.
Also, for any complex number α, we have

(a; q)α =
(a; q)∞

(aqα; q)∞
, (1.2)

where the principal value of qα is taken.
The q-analogue of power function (z − a)αis defined as

(z − a)αq = zα
(a/z; q

)
α

= zα
∞∏
j=0

[
1−

(a/z) qj
1−

(a/z) qj+α
]
= zα

(a/z; q
)
∞(

qαa/z; q
)
∞
, 0 < |q| < 1, (z 6= 0) . (1.3)

The q-gamma function is defined as

Γq (z) =
(q; q)∞
(qz; q)∞

(1− q)1−z
, if 0 < |q| < 1, (1.4)

where z ∈ C/ {0,−1,−2, ...} and the principal values of qzand (1− q)1−z are taken.
The q-derivative of an analytic function f (z) is defined as follows

(Dqf) (z) =
f (z)− f (qz)

(1− q) z
, (z 6= 0, q 6= 1) . (1.5)

and
lim
q→1

Dqf (z) =
df (z)

dz
.

We have
Dn
q z

µ =
Γq (µ+ 1)

Γq (µ− n+ 1)
zµ−n, Re (µ) + 1 > 0. (1.6)
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The q-integrals of a function f (t) are defined as follows∫ a

0
f (t) dqt = a (1− q)

∞∑
k=0

qkf
(
aqk
)
, (1.7)

and ∫ ∞
a

f (t) dqt = a (1− q)
∞∑
k=1

q−kf
(
aq−k

)
. (1.8)

The generalized basic hypergeometric series is defined as follows

rφs

[
a1, ..., ar

b1, ..., bs
; q, z

]
=
∞∑
n=0

(a1, ..., ar; q)n
(b1, ..., bs; q)n

(−1)n q

 n

2




1+s−r

zn

(q; q)n
, (1.9)

with

(
n

2

)
= n(n− 1)/2 and (a1, ..., ar; q)n = (a1; q)n ... (ar; q)n .

If 0 < |q| < 1, series (1.9) converges absolutely for all z if r ≤ s and for |z| < 1 if r = s+ 1.
Also if |q| > 1, the series converges absolutely for|z| < |b1...bsq| / |a1...ar|.
The q-binomial theorem is given by

1φ0

[
α

−
; q, z

]
=

(αz; q)∞
(z; q)∞

, |z| < 1, 0 < |q| < 1. (1.10)

From (1.3) and (1.10), follows that

(z − a)αq = zα1φ0

[
q−α

−
; q,

a

z
qα

]
. (1.11)

For 0 < |q| < 1, q-analogues of exponential functions are given by

ezq = 1φ0

(
0
−

; q, z

)
=
∞∑
n=0

zn

(q; q)n
=

1
(z; q)∞

, |z| < 1, (1.12)

and

Ezq = 0φ0

(
−
−

; q,−z

)
=
∞∑
n=0

q

 n

2


zn

(q; q)n
= (−z; q)∞ . (1.13)

Basic hypergeometric polynomials (Koekoek et al.[3]).
The little q-Jacobi polynomials

pn (z; a, b; q) = 2φ1

(
q−n, abqn+1

aq
; q, qz

)
. (1.14)

The little q-Legendre polynomials

Pn (z; q) = 2φ1

(
q−n, qn+1

q
; q, qz

)
. (1.15)

The little q-Laguerre polynomials

pn (z; a, q) = 2φ1

(
q−n, 0
aq

; q, qz

)
. (1.16)

The q-Laguerre polynomials

L(a)
n (z; q) =

(
qa+1; q

)
n

(q; q)n
1φ1

(
q−n

qa+1 ; q,−qn+a+1z

)
. (1.17)

The Stieltjes-Wigert polynomials

Sn (z; q) =
1

(q; q)n
1φ1

(
q−n

0
; q,−qn+1z

)
. (1.18)
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2 q-analogues of Saigo fractional integrals and derivatives(

Garg & Chanchlani [1])

The q-analogues of Saigo fractional integrals of order α ∈ C (Re (α)> 0) , for a real
valued function f (x) on (0,∞), are defined as follows

Iα,β,ηq f (x) =
x−β−1

Γq (α)

∫ x

0

(
tq
/
x; q
)
α−1

×
∞∑
m=0

(
qα+β; q

)
m
(q−η; q)m

(qα; q)m (q; q)m
(−1)m q(η−β)mq

−

 m

2

(
t

x
− 1
)m
q

f (t) dqt, (2.1)

and

Jα,β,ηq f (x) =
q−α(α+1)/2−β

Γq (α)

∫ ∞
x

(x/t; q)α−1 t
−β−1

×
∞∑
m=0

(
qα+β; q

)
m
(q−η; q)m

(qα; q)m (q; q)m
(−1)m q(η−β)mq

−

 m

2

(
x

qt
− 1
)m
q

f
(
tq1−α) dqt. (2.2)

where 0 < |q| < 1, β and η being real or complex.
Definitions given by (2.1) and (2.2), in view of (1.7) and (1.8) can be written as

Iα,β,ηq f (x) = x−β (1− q)α

×
∞∑
m=0

(
qα+β; q

)
m
(q−η; q)m

(q; q)m
q(η−β+1)m

∞∑
k=0

qk
(qα+m; q)k
(q; q)k

f
(
xqk+m

)
. (2.3)

and
Jα,β,ηq f (x) = x−βq−α(α+1)/2 (1− q)α

×
∞∑
m=0

(
qα+β; q

)
m
(q−η; q)m

(q; q)m
qηm

∞∑
k=0

qβk
(qα+m; q)k
(q; q)k

f
(
xq−α−k−m

)
. (2.4)

The q-analogues of Saigo fractional derivatives of order α ∈ C (m− 1 < Re (α) ≤ m, m ∈ N) ,
for a real valued function f (x) on (0,∞), are defined as follows

Dα, β, η
q f (x) = Dm

q I
−α+m,−β−m,α+η−m
q f (x) (2.5)

and
Pα,β,ηq f (x) = qα(α+β)

(
−q−(α+β)Dq

)m
J−α+m,−β−m,α+ηq f (x) , (2.6)

where 0 < |q| < 1, β and η being real or complex, Iα,β,ηq and Jα,β,ηq are given by (2.1) and (2.2)
respectively.

For 0 < |q| < 1, Re (α) > 0, β, η and µ being real or complex, images of power function
under fractional q-integrals Iα,β,ηq and Jα,β,ηq are given by

Iα,β,ηq (xµ) =
Γq (µ+ 1)Γq (µ− β + η + 1)

Γq (µ− β + 1)Γq (µ+ α+ η + 1)
xµ−β , (2.7)

provided Re(µ+ 1) > 0 and Re(µ− β + η + 1) > 0.
and

Jα,β,ηq (xµ) =
Γq (β − µ)Γq (η − µ)

Γq (−µ)Γq (β + α− µ+ η)
xµ−βq−αµ−α(α+1)/2, (2.8)

provided Re(β − µ) > 0 and Re(η − µ) > 0.
For 0 < |q| < 1, n − 1 < Re (α) ≤ n, n ∈ N, β, η and µ being real or complex, images of

power function under fractional q-derivatives Dα,β,η
q and Pα,β,ηq are given by

Dα,β,η
q (xµ) =

Γq (µ+ 1)Γq (µ+ α+ β + η + 1)
Γq (µ+ β + 1)Γq (µ+ η + 1)

xµ+β , (2.9)

provided Re(µ+ 1) > 0 and Re(µ+ α+ β + η + 1) > 0.
and

Pα,β,ηq (xµ) =
Γq (−β − µ)Γq (α+ η − µ)

Γq (−µ)Γq (−β + η − µ)
qα(β+µ)+α(α−1)/2xµ+β , (2.10)

provided Re(−β − µ) > 0 and Re(α+ η − µ) > 0.
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3 q-analogues of Saigo fractional integrals and derivatives of generalized
basic hypergeometric series

Theorem 3.1. Let α, β, η, ρ, λ ∈ C, 0 < |q| < 1 and Re (α) > 0, then for

(i) Re (λ+ 1) > 0 and Re (λ− β + η + 1) > 0, we have

Iα,β,ηq

(
xλrφs

[
a1, ..., ar

b1, ..., bs
; q, ρx

])

=
Γq (λ+ 1)Γq (λ− β + η + 1)

Γq (λ− β + 1)Γq (λ+ α+ η + 1)
xλ−βr+2φs+2

[
a1, ..., ar, q

λ+1, qλ−β+η+1

b1, ..., bs, q
λ−β+1, qλ+α+η+1 ; q, ρx

]
.

(3.1)

(ii) Re (β + λ) > 0 and Re (η + λ) > 0, λ 6= 0, we have

Jα,β,ηq

(
x−λrφs

[
a1, ..., ar

b1, ..., bs
; q, ρ

/
x

])

=
Γq (β + λ)Γq (η + λ)

Γq (λ)Γq (β + α+ η + λ)
x−λ−βqαλ−α(α+1)/2

r+2φs+2

[
a1, ..., ar, q

β+λ, qη+λ

b1, ..., bs, q
λ, qβ+α+η+λ

; q, ρq
α/
x

]
.

(3.2)
We can not directly put λ = 0 in (3.2) as in the case Γq (λ) appears in the denominator of
r.h.s. of the equation, but if we take limit of (3.2) as λ→ 0, we arrive at the following result
which we obtain here independently for convenience of derivation.

(iii) Re (β) > 0 and Re (η) > 0, we have

Jα,β,ηq

(
rφs

[
a1, ..., ar

b1, ..., bs
; q, ρ

/
x

])

= q−α(α−1)/2 (−1)1+s−r
ρx−β−1 Γq (β + 1)Γq (η + 1)

Γq (α+ β + η + 1)
(1− a1) (1− a2) ... (1− ar)
(1− b1) (1− b2) ... (1− bs)

1
(1− q)

× r+2φs+2

[
a1q, ..., arq, q

β+1, qη+1

b1q, ..., bsq, q
2, qβ+α+η+1 ; q, ρq

1+α+s−r/
x

]
. (3.3)

Here Iα,β,ηq and Jα,β,ηq are defined by (2.1) and (2.2) respectively and rφs is basic hyperge-
ometric series given by (1.9). We also assume that the conditions of convergence of rφs as
given with its definitions are satisfied.

Proof. (i) On using the definition (1.9), the left side of (3.1) becomes

Iα,β,ηq


∞∑
n=0

(a1; q)n ... (ar; q)n
(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

ρnxλ+n

(q; q)n

 . (3.4)

On interchanging the order of fractional q-integral and summation, we have

∞∑
n=0

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

Iα,β,ηq

(
xλ+n

(q; q)n

)
. (3.5)

On using (2.7), it becomes

∞∑
n=0

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r

Γq (λ+ n+ 1)Γq (λ+ n− β + η + 1)
Γq (λ+ n− β + 1)Γq (λ+ n+ α+ η + 1)

xλ+n−β .

(3.6)
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Using (1.4) and simplifying, we arrive at

Γq (λ+ 1)Γq (λ− β + η + 1)
Γq (λ− β + 1)Γq (λ+ α+ η + 1)

xλ−β

×
∞∑
n=0

(a1; q)n ... (ar; q)n
(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r (
qλ+1; q

)
n

(
qλ−β+η+1; q

)
n

(qλ−β+1; q)n (qλ+α+η+1; q)n
(ρx)

n
.

(3.7)

Interpreting (3.7) with (1.9) it gives the right hand side of (3.1).

(ii) The result (3.2) can be proved on similar lines.

(iii) On using the definition (1.9) the left side of (3.3) becomes

Jα,β,ηq


∞∑
n=0

(a1; q)n ... (ar; q)n
(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

ρnx−n

(q; q)n

 (3.8)

On interchanging the order of fractional q-integral and summation, we get its value as

∞∑
n=0

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r

Jα,β,ηq

(
x−n

)
. (3.9)

On using (2.8), it becomes

q−α(α+1)/2
∞∑
n=1

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r

Γq (β + n)Γq (η + n)

Γq (n)Γq (β + α+ η + n)
x−n−βqαn.

(3.10)
Changing the summation index to run from 0 to∞, using the result

(a; q)n+1 = (1− a) (aq; q)n (3.11)

and doing some simplifications, we arrive at

q−α(α−1)/2 (−1)1+s−r
ρx−β−1 Γq (β + 1)Γq (η + 1)

Γq (β + α+ η + 1)
(1− a1) (1− a2) ... (1− ar)
(1− b1) (1− b2) ... (1− bs)

1
(1− q)

×
∞∑
n=0

(a1q; q)n ... (arq; q)n
(b1q; q)n ... (bsq; q)n (q; q)n

(−1)n q

 n

2




1+s−r (
qβ+1; q

)
n

(
qη+1; q

)
n

(q2; q)n (qβ+α+η+1; q)n
ρnx−nqn(1+α+s−r).

(3.12)
Interpreting (3.12) with (1.9) it gives the right side of (3.3).

If we take β = 0 in (3.1) and (3.2), the q-analogues of Saigo fractional integrals reduce to
q-analogues of Kober fractional integrals and we arrive at the results obtained by Yadav and
Purohit [5] and Yadav et al. [7].

If we take β = −α in (3.1) and (3.2), the q-analogues of Saigo fractional integrals reduce
to q-analogues of Riemann-Liouville and Weyl fractional integrals and we arrive at the results
obtained by Yadav and Purohit [4] and Yadav and Purohit [6].

Theorem 3.2. Let α, β, η, ρ, λ ∈ C, 0 < |q| < 1 and Re (α) > 0, then for



q-ANALOGUES OF SAIGO FRACTIONAL ... SERIES 149

(i) Re (λ+ 1) > 0 and Re (λ+ α+ β + η + 1) > 0, we have

Dα,β,η
q

(
xλrφs

[
a1, ..., ar

b1, ..., bs
; q, ρx

])

=
Γq (λ+ 1)Γq (λ+ α+ β + η + 1)

Γq (λ+ β + 1)Γq (λ+ η + 1)
xλ+βr+2φs+2

[
a1, ..., ar, q

λ+1, qλ+α+β+η+1

b1, ..., bs, q
λ+β+1, , qλ+η+1 ; q, ρx

]
.

(3.13)

(ii) Re (λ− β) > 0 and Re (α+ η + λ) > 0, λ 6= 0, we have

Pα,β,ηq

(
x−λrφs

[
a1, ..., ar

b1, ..., bs
; q, ρ

/
x

])

= qα(β−λ)+α(α−1)/2xβ−λ
Γq (λ− β)Γq (α+ η + λ)

Γq (λ)Γq (λ+ η − β) r+2φs+2

[
a1, ..., ar, q

λ−β , qα+η+λ

b1, ..., bs, q
λ, qλ+η−β

; q, ρ
/
xqα

]
.

(3.14)
The result (3.14) for λ = 0 can be obtained independently as follows.

(iii) Re (−β) > 0 and Re (α+ η) > 0, we have

Pα,β,ηq

(
rφs

[
a1, ..., ar

b1, ..., bs
; q, ρ

/
x

])

= qα(α+2β−3)/2 (−1)1+s−r
ρxβ−1 Γq (−β + 1)Γq (η + α+ 1)

Γq (−β + η + 1)
(1− a1) (1− a2) ... (1− ar)
(1− b1) (1− b2) ... (1− bs)

1
(1− q)

×r+2φs+2

[
a1q, ..., arq, q

−β+1, qη+α+1

b1q, ..., bsq, q
2, q−β+η+1 ; q, ρq

1−α+s−r/
x

]
. (3.15)

where Dα,β,η
q and Pα,β,ηq are defined by (2.5) and (2.6) respectively and rφs is basic hyper-

geometric series given by (1.9). We also assume that the conditions of convergence of rφs
as given with its definitions are satisfied.

Proof. (i) On using the definition (1.9), the left side of (3.13) becomes

Dα,β,η
q

∞∑
n=0

(a1; q)n ... (ar; q)n
(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

ρnxλ+n

(q; q)n
. (3.16)

On interchanging the order of fractional q-derivative and summation, we have

∞∑
n=0

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

Dα,β,η
q

(
xλ+n

(q; q)n

)
. (3.17)

On using (2.9), it becomes

∞∑
n=0

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r

Γq (λ+ n+ 1)Γq (λ+ n+ α+ β + η + 1)
Γq (λ+ n+ β + 1)Γq (λ+ n+ η + 1)

xλ+n+β .

(3.18)
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Using (1.4) and simplifying, we get

Γq (λ+ 1)Γq (λ+ α+ β + η + 1)
Γq (λ+ β + 1)Γq (λ+ η + 1)

xλ+β

×
∞∑
n=0

(a1; q)n ... (ar; q)n
(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r (
qλ+1; q

)
n

(
qλ+α+β+η+1; q

)
n

(qλ+β+1; q)n (qλ+η+1; q)n
(ρx)

n
.

(3.19)
Interpreting (3.7) with (1.9) it gives the right hand side of (3.13).

(ii) The result (3.14) can be proved on similar lines.

(iii) On using definition (1.9), the left side of (3.15) becomes

Pα,β,ηq


∞∑
n=0

(a1; q)n ... (ar; q)n
(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

ρnx−n

(q; q)n

 (3.20)

On interchanging the order of fractional q-derivative and summation, we have

∞∑
n=0

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n

(−1)n q

 n

2




1+s−r

Pα,β,ηq

(
x−n

(q; q)n

)
. (3.21)

On using (2.9), it becomes

qα(α−1)/2
∞∑
n=1

(a1; q)n ... (ar; q)n ρ
n

(b1; q)n ... (bs; q)n (q; q)n

(−1)n q

 n

2




1+s−r

×Γq (−β + n)Γq (n+ η + α)

Γq (n)Γq (−β + η + n)
x−n+βqα(β−n). (3.22)

Changing the summation index to run from 0 to∞, using the result

(a; q)n+1 = (1− a) (aq; q)n , (3.23)

and doing some simplifications, we get its value as

qα(α+2β−3)/2 (−1)1+s−r
ρxβ−1 Γq (−β + 1)Γq (η + α+ 1)

Γq (−β + η + 1)
(1− a1) (1− a2) ... (1− ar)
(1− b1) (1− b2) ... (1− bs)

1
(1− q)

×
∞∑
n=0

(a1q; q)n ... (arq; q)n
(b1q; q)n ... (bsq; q)n (q; q)n

(−1)n q

 n

2




1+s−r (
q−β+1; q

)
n

(
qη+α+1; q

)
n

(q2; q)n (q−β+η+1; q)n
ρnx−nqn(1−α+s−r).

(3.24)
Interpreting (3.24) with (1.9) it gives the right hand side of (3.15).

Special Cases

Corollary 3.3.

(i) If we take r = 1, s = 0, λ = 0, ρ = 1, a1 = 0 in Theorems 1(i) and 2(i), the function rφs
reduces to exq defined by (1.12) and we obtain following results
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Iα,β,ηq

(
exq
)
=

Γq (−β + η + 1)
Γq (−β + 1)Γq (α+ η + 1)

x−β3φ2

[
0, q, q−β+η+1

q−β+1, qα+η+1 ; q, x

]
, (3.25)

provided Re (−β + η + 1) > 0 and |x| < 1.

Dα,β,η
q

(
exq
)
=

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ3φ2

[
0, q, qα+β+η+1

qβ+1, qη+1 ; q, x

]
, (3.26)

provided Re (α+ β + η + 1) > 0 and |x| < 1.

(ii) If we take r = 1, s = 0, ρ = 1, a1 = 0 , in Theorems 1(iii) and 2(iii), we obtain the
following results

Jα,β,ηq

(
e1/x
q

)
= q−α(α−1)/2x−β−1 Γq (β + 1)Γq (η + 1)

Γq (β + α+ η + 1)
1

(1− q)

×3φ2

[
0, qβ+1, qη+1

q2, qβ+α+η+1 ; q, q
α/
x

]
, (3.27)

provided Re (β + 1) > 0, Re (η + 1) > 0 and |x| > |qα| .

Pα,β,ηq

(
e1/x
q

)
= qα(α+2β−3)/2xβ−1 Γq (−β + 1)Γq (η + α+ 1)

Γq (−β + η + 1)
1

(1− q)

×3φ2

[
0, q−β+1, qη+α+1

q2, q−β+η+1 ; q, q
−α/

x

]
, (3.28)

provided Re (−β + 1) > 0, Re (η + α+ 1) > 0 and |x| > |q−α| .

Corollary 3.4.

(i) If we take r = s = 0, λ = 0, ρ = −1, in Theorems 1(i) and 2(i), the function rφs reduces
to Exq defined by (1.13), we obtain following results

Iα,β,ηq

(
Exq
)
=

Γq (−β + η + 1)
Γq (−β + 1)Γq (α+ η + 1)

x−β2φ2

[
q, q−β+η+1

q−β+1, qα+η+1 ; q,−x

]
, (3.29)

provided Re (−β + η + 1) > 0.

Dα,β,η
q

(
Exq
)
=

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ2φ2

[
q, qα+β+η+1

qβ+1, qη+1 ; q,−x

]
, (3.30)

provided Re (α+ β + η + 1) > 0.

(ii) If we take r = s = 0, ρ = −1, in Theorems 1(iii) and 2(iii), we obtain the following results

Jα,β,ηq

(
E−1/x
q

)
= q−α(α−1)/2x−β−1 Γq (β + 1)Γq (η + 1)

Γq (β + α+ η + 1)
1

(1− q)

×2φ2

[
qβ+1, qη+1

q2, qβ+α+η+1 ; q,−q
1+α/

x

]
, (3.31)

provided Re (β + 1) > 0, Re (η + 1) > 0.

Pα,β,ηq

(
E−1/x
q

)
= qα(α+2β−3)/2xβ−1 Γq (−β + 1)Γq (η + α+ 1)

Γq (−β + η + 1)
1

(1− q)

×2φ2

[
q−β+1, qη+α+1

q2, q−β+η+1 ; q,−q
1−α/

x

]
, (3.32)

provided Re (−β + 1) > 0, Re (η + α+ 1) > 0.
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Corollary 3.5. If we take r = 1, s = 0, a1 = q−ν ,ν ∈ C, in Theorems 1(i), 1(ii), 2(i) and 2(ii)
and use in (1.11), we get

Iα,β,ηq

(
xλ
(
1− ρxq−ν

)ν
q

)
=

Γq (λ+ 1)Γq (λ− β + η + 1)
Γq (λ− β + 1)Γq (λ+ α+ η + 1)

xλ−β

× 3φ2

[
q−ν , qλ+1, qλ−β+η+1

qλ−β+1, qλ+α+η+1 ; q, ρx

]
, (3.33)

provided Re (λ+ 1) > 0, Re (λ− β + η + 1) > 0and |ρx| < 1.

Jα,β,ηq

(
x−λ

(
1− ρq−ν/x

)ν
q

)
=

Γq (β + λ)Γq (η + λ)

Γq (λ)Γq (β + α+ η + λ)
x−λ−βqαλ−α(α+1)/2

×3φ2

[
q−ν , qβ+λ, qη+λ

qλ, qβ+α+η+λ
; q, ρq

α/
x

]
, (3.34)

provided Re (β + λ) > 0, Re (η + λ) > 0 and |x| > |ρqα|.

Dα,β,η
q

(
xλ
(
1− ρxq−ν

)ν
q

)
=

Γq (λ+ 1)Γq (λ+ α+ β + η + 1)
Γq (λ+ β + 1)Γq (λ+ η + 1)

xλ+β

×3φ2

[
q−ν , qλ+1, qλ+α+β+η+1

qλ+β+1, qλ+η+1 ; q, ρx

]
, (3.35)

provided Re (λ+ 1) > 0, Re (λ+ α+ β + η + 1) > 0 and |ρx| < 1.

Pα,β,ηq

(
x−λ

(
1− ρq

−ν/
x

)ν
q

)
= qα(β−λ)+α(α−1)/2xβ−λ

Γq (λ− β)Γq (α+ η + λ)

Γq (λ)Γq (λ+ η − β)

×3φ2

[
q−ν , qλ−β , qα+η+λ

qλ, qλ+η−β
; q, ρ

/
xqα

]
, (3.36)

provided Re (λ− β) > 0, Re (α+ η + λ) > 0 and |x| > |ρq−α|.

Corollary 3.6.

(i) If we take r = 2, s = 1, λ = 0, ρ = q, a1 = q−n, a2 = abqn+1 and b1 = aq, in The-
orems 1(i), 2(i), the function rφs reduces to Little q-Jacobi polynomials defined by (1.14)
and we obtain following results

Iα,β,ηq (pn (x; a, b; q)) =
Γq (−β + η + 1)

Γq (−β + 1)Γq (α+ η + 1)
x−β4φ3

[
q−n, abqn+1, q, q−β+η+1

aq, q−β+1, qα+η+1 ; q, qx

]
,

(3.37)
provided Re (−β + η + 1) > 0 and |qx| < 1.

Dα,β,η
q (pn (x; a, b; q)) =

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ4φ3

[
q−n, abqn+1, q, qα+β+η+1

aq, qβ+1, qη+1 ; q, qx

]
,

(3.38)
/ provided Re (α+ β + η + 1) > 0 and |qx| < 1.

(ii) If we take r = 2, s = 1, ρ = q, a1 = q−n, a2 = abqn+1 and b1 = aq, in Theorems 1(iii)
and 2(iii), we obtain following results

Jα,β,ηq

(
pn

(
1/
x; a, b; q

))
= q−α(α−1)/2+1x−β−1 Γq (β + 1)Γq (η + 1)

Γq (β + α+ η + 1)
(1− q−n)

(
1− abqn+1

)
(1− aq)

× 1
(1− q) 4φ3

[
q−n+1, abqn+2, qβ+1, qη+1

aq2, q2, qβ+α+η+1 ; q, q
1+α/

x

]
. (3.39)

Provided Re (β + 1) > 0, Re (η + 1) > 0and |x| >
∣∣q1+α

∣∣ .
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Pα,β,ηq

(
pn

(
1/
x; a, b; q

))
= qα(α+2β−3)/2+1xβ−1 Γq (−β + 1)Γq (η + α+ 1)

Γq (−β + η + 1)
(1− q−n)

(
1− abqn+1

)
(1− aq)

× 1
(1− q) 4φ3

[
q−n+1, abqn+2, q−β+1, qη+α+1

aq2, q2, q−β+η+1 ; q, q
1−α/

x

]
.

(3.40)
Provided Re (−β + 1) > 0, Re (η + α+ 1) > 0 and |x| >

∣∣q1−α
∣∣.

Corollary 3.7.

(i) We set r = 2, s = 1, λ = 0, a1 = q−n, a2 = qn+1, b1 = q, ρ = q in Theorems 1(i), 2(i)
and use (1.15) to get the following results,

Iα,β,ηq (pn (x; q)) =
Γq (−β + η + 1)

Γq (−β + 1)Γq (α+ η + 1)
x−β4φ3

[
q−n, qn+1, q, q−β+η+1

q, q−β+1, qα+η+1 ; q, qx

]
,

(3.41)
provided Re (−β + η + 1) > 0 and |qx| < 1.

Dα,β,η
q (pn (x; q)) =

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ4φ3

[
q−n, qn+1, q, qα+β+η+1

q, qβ+1, qη+1 ; q, qx

]
,

(3.42)
provided Re (α+ β + η + 1) and |qx| < 1.

(ii) We set r = 2, s = 1, a1 = q−n, a2 = qn+1, b1 = q ρ = q, in Theorems 1(iii) and 2(iii),
to get the following results

Jα,β,ηq

(
pn
(
1
/
x; q
))

= q−α(α−1)/2+1x−β−1 Γq (β + 1)Γq (η + 1)
Γq (β + α+ η + 1)

(1− q−n)
(
1− qn+1

)
(1− q)2

×4φ3

[
q−n+1, qn+2, qβ+1, qη+1

q2, q2, qβ+α+η+1 ; q, q
1+α/

x

]
, (3.43)

provided Re (β + 1) > 0, Re (η + 1) > 0and |x| >
∣∣q1+α

∣∣ .
Pα,β,ηq

(
pn
(
1
/
x; q
))

= qα(α+2β−3)/2+1xβ−1 Γq (−β + 1)Γq (η + α+ 1)
Γq (−β + η + 1)

(1− q−n)
(
1− qn+1

)
(1− q)2

×4φ3

[
q−n+1, qn+2, q−β+1, qη+α+1

q2, q2, q−β+η+1 ; q, q
1−α/

x

]
, (3.44)

provided Re (−β + 1) > 0, Re (η + α+ 1) > 0 and |x| >
∣∣q1−α

∣∣ .
Corollary 3.8.

(i) We set r = 2, s = 1, λ = 0, a1 = q−n, a2 = 0, b1 = aq, ρ = q in Theorems 1(i) and 2(i)
and use (1.16) to get the following results

Iα,β,ηq (pn (x; a, q)) =
Γq (−β + η + 1)

Γq (−β + 1)Γq (α+ η + 1)
x−β4φ3

[
q−n, 0, q, q−β+η+1

aq, q−β+1, qα+η+1 ; q, qx

]
,

(3.45)
provided Re (−β + η + 1) > 0 and |qx| < 1.

Dα,β,η
q (pn (x; a, q)) =

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ4φ3

[
q−n, 0, q, qα+β+η+1

aq, qβ+1, qη+1 ; q, qx

]
,

(3.46)
provided Re (α+ β + η + 1) and |qx| < 1.
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(ii) We set r = 2, s = 1, a1 = q−n, a2 = 0, b1 = aq, ρ = q, in Theorems 1(iii) and 2(iii), to
get the following results

Jα,β,ηq

(
pn
(
1
/
x; a, q

))
= q−α(α−1)/2+1x−β−1 Γq (β + 1)Γq (η + 1)

Γq (β + α+ η + 1)
(1− q−n)
(1− aq)

× 1
(1− q) 4φ3

[
q−n+1, 0, qβ+1, qη+1

aq2, q2, qβ+α+η+1 ; q, q
1+α/

x

]
, (3.47)

provided Re (β + 1) > 0, Re (η + 1) > 0and |x| >
∣∣q1+α

∣∣ .
Pα,β,ηq

(
pn
(
1
/
x; a, q

))
= qα(α+2β−3)/2+1xβ−1 Γq (−β + 1)Γq (η + α+ 1)

Γq (−β + η + 1)
(1− q−n)
(1− aq)

× 1
(1− q) 4φ3

[
q−n+1, 0, q−β+1, qη+α+1

aq2, q2, q−β+η+1 ; q, q
1−α/

x

]
, (3.48)

provided Re (−β + 1) > 0, Re (η + α+ 1) > 0 and |x| >
∣∣q1−α

∣∣ .
Corollary 3.9. (i) We set r = 1, s = 1, λ = 0, a1 = q−n, b1 = qa+1, ρ = −qn+a+1, in

Theorems 1(i) and 2(i) and use (1.17) to get the following results

Iα,β,ηq

(
L(a)
n (x; q)

)
=

(q; q)n
(qa+1; q)n

Γq (−β + η + 1)
Γq (−β + 1)Γq (α+ η + 1)

x−β

×3φ3

[
q−n, q, q−β+η+1

qa+1, q−β+1, qα+η+1 ; q,−qn+a+1x

]
, (3.49)

provided Re (−β + η + 1) > 0.

Dα,β,η
q

(
L(a)
n (x; q)

)
=

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ3φ3

[
q−n, q, qα+β+η+1

qa+1, qβ+1, qη+1 ; q,−qn+a+1x

]
,

(3.50)
provided Re (α+ β + η + 1) .

(ii) We set r = 1, s = 1, a1 = q−n, b1 = qa+1, ρ = −qn+a+1, in Theorems 1(c) and 2(c), to
get the following results

Jα,β,ηq

(
L(a)
n

(
1
/
x; q
))

= q−α(α−1)/2+n+a+1x−β−1 (q; q)n
(qa+1; q)n

Γq (β + 1)Γq (η + 1)
Γq (β + α+ η + 1)

(1− q−n)
(1− qa+1)

× 1
(1− q) 3φ3

[
q−n+1, qβ+1, qη+1

qa+2, q2, qβ+α+η+1 ; q,−q
2+n+a+α/

x

]
, (3.51)

provided Re (β + 1) > 0, Re (η + 1) > 0.

Pα,β,ηq

(
L(a)
n

(
1
/
x; q
))

= qα(α+2β−3)/2+n+a+1xβ−1 Γq (−β + 1)Γq (η + α+ 1)
Γq (−β + η + 1)

(1− q−n)
(1− qa+1)

1
(1− q)

×3φ3

[
q−n+1, q−β+1, qη+α+1

qa+2, q2, q−β+η+1 ; q,−q
2+n+a−α/

x

]
, (3.52)

provided Re (−β + 1) > 0, Re (η + α+ 1) > 0.

Corollary 3.10.
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(i) We set r = 1, s = 1, λ = 0, a1 = q−n, b1 = 0 and ρ = −qn+1 in Theorems 1(i) and 2(i),
and use (1.18) to get the following results

Iα,β,ηq (Sn (x; q)) =
Γq (−β + η + 1)

Γq (−β + 1)Γq (α+ η + 1)
x−β3φ3

[
q−n, q, q−β+η+1

0, q−β+1, qα+η+1 ; q,−qn+1x

]
,

(3.53)
provided Re (−β + η + 1) > 0.

Dα,β,η
q (Sn (x; q)) =

Γq (α+ β + η + 1)
Γq (β + 1)Γq (η + 1)

xβ3φ3

[
q−n, q, qα+β+η+1

0, qβ+1, qη+1 ; q,−qn+1x

]
,

(3.54)
provided Re (α+ β + η + 1) > 0.

(ii) We set r = 1, s = 1, a1 = q−n, b1 = 0 and ρ = −qn+1 , in Theorems 1(iii) and 2(iii), to
get the following results

Jα,β,ηq

(
Sn

(
1/
x; q
))

= q−α(α−1)/2+n+1x−β−1 Γq (β + 1)Γq (η + 1)
Γq (β + α+ η + 1)

(1− q−n)
(1− q)

×3φ3

[
q−n+1, qβ+1, qη+1

0, q2, qβ+α+η+1 ; q,−q
2+n+α/

x

]
, (3.55)

provided Re (β + 1) > 0, Re (η + 1) > 0.

Pα,β,ηq

(
Sn

(
1/
x; q
))

= qα(α+2β−1)/2+n+1xβ−1 Γq (−β + 1)Γq (η + α+ 1)
Γq (−β + η + 1)

(1− q−n)
(1− q)

×3φ3

[
q−n+1, q−β+1, qη+α+1

0, q2, q−β+η+1 ; q,−q
2+n−α/

x

]
, (3.56)

provided Re (−β + 1) > 0, Re (η + α+ 1) > 0.
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