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Abstract. In this paper, we study a mathematical problem for dynamic contact between
two electro-elasto-viscoplastic bodies with damage. The contact is frictionless, modelled with
a normal compliance condition involving adhesion effect of contact surfaces. Evolution of the
bonding field is described by a first order differential equation. We derive variational formulation
for the model and prove an existence and uniqueness result of the weak solution. The proof
is based on arguments of nonlinear evolution equations with monotone operators, a classical
existence and uniqueness result on parabolic inequalities, differential equations and Banach fixed
point theorem.

1 Introduction

The piezoelectric phenomenon represents the coupling between the mechanical and electrical
behavior of a class of materials, called piezoelectric materials. In simplest terms, when a piezo-
electric material is squeezed, an electric charge collects on its surface, conversely, when a piezo-
electric material is subjected to a voltage drop, it mechanically deforms. Many crystalline ma-
terials exhibit piezoelectric behavior. A few materials exhibit the phenomenon strongly enough
to be used in applications that take advantage of their properties. These include quartz, Rochelle
salt, lead titanate zirconate ceramics, barium titanate and polyvinylidene fluoride (a polymer
film). Piezoelectric materials are used extensively as switches and actually in many engineer-
ing systems in radioelectronics, electroacoustics and measuring equipment. General models for
electro-elasto-viscoplastic materials can be found in [1, 9] and, more recently, in [25]. A contact
problem with normal compliance for piezoelectric materials was investigated in [2, 10, 26, 27].
The variational formulations of the corresponding problems were derived and existence and
uniqueness of weak solutions were obtained. In this paper we deal study a dynamic friction-
less contact problem with adhesion between two electro-elasto-viscoplastic bodies. For this, we
consider a rate-type constitutive equation with two internal variables of the form

ol = Ale(u’) + Gle(u) +(E5)* V' +

t (1.1)
[ F (o716 - Aetat )~ €00 e (D, ) o

where u¢ the displacement field, ol and e(ué ) represent the stress and the linearized strain tensor,
respectively. Here A’ is a given nonlinear function, F* is a nonlinear constitutive function
describing the viscoplastic behaviour of the material. We also consider that the viscoplastic
function F* depends on the internal state variable ¢* describing the damage of the material
caused by plastic deformations. G* represents the elasticity operator. FE(¢’) = —V* is the
electric field, £¢ = (e;;1,) represents the third order piezoelectric tensor, (£¢)* is its transposition.
In (1.1) and everywhere in this paper the dot above a variable represents derivative with respect
to the time variable . It follows from (1.1) that at each time moment, the stress tensor o (t) is
split into three parts: o/(t) = o, (t) + % (t) + o4 (t), where o¥,(t) = A’e(u’(t)) represents
the purely viscous part of the stress, o (t) = (£°)*Vt(t) represents the electric part of the
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stress and o’%(t) satisfies a rate-type elastic-viscoplastic with damage relation

ol (t) = Gle(u'(t)) +/0 Fhoh(s), e(u’(s)), ¢ (s)) ds. (1.2)

Note also that when F* = 0 the constitutive law (1.1) becomes the Kelvin-Voigt electro-viscoelastic
constitutive relation,

a'(t) = Ale(u(t)) + G'e(u’(1)) + (E9)* V! (1) (1.3)

Dynamic contact problems with Kelvin-Voigt materials of the form (1.3) can be found in [2,
27]. The normal compliance contact condition was first considered in [16] in the study of
dynamic problems with linearly elastic and viscoelastic materials and then it was used in various
references, see e.g. [14, 21]. This condition allows the interpenetration of the body’s surface into
the obstacle and it was justified by considering the interpenetration and deformation of surface
asperities. The importance of this paper is to make the coupling of the piezoelectric problem and
a frictionless contact problem with adhesion. The adhesive contact between deformable bodies,
when a glue is added to prevent relative motion of the surfaces, has received recently increased
attention in the mathematical literature. Analysis of models for adhesive contact can be found
in [4, 10, 17, 18] and recently in the monographs [19, 20]. The novelty in all these papers is
the introduction of a surface internal variable, the bonding field, denoted in this paper by 3, it
describes the point wise fractional density of adhesion of active bonds on the contact surface, and
some times referred to as the intensity of adhesion. Following [11], the bonding field satisfies the
restriction 0 < 8 < 1, when 8 = 1 at a point of the contact surface, the adhesion is complete and
all the bonds are active, when = 0 all the bonds are inactive, severed, and there is no adhesion,
when 0 < S < 1 the adhesion is partial and only a fraction 3 of the bonds is active. The damage
is an extremely important topic in engineering, since it affects directly the useful life of the
designed structure or component. There exists a very large engineering literature on it. Models
taking into account the influence of the internal damage of the material on the contact process
have been investigated mathematically. General models for damage were derived in [6, 7] from
the virtual power principle. Mathematical analysis of one-dimensional problems can be found in
[8]. The three-dimensional case has been investigated in [15]. In all these papers the damage of
the material is described with a damage function (¥, restricted to have values between zero and
one. When ¢! = 1, there is no damage in the material, when ¢¢ = 0, the material is completely
damaged, when 0 < ¢* < 1 there is partial damage and the system has a reduced load carrying
capacity. Contact problems with damage have been investigated in [8, 22, 23, 25]. In this paper
the inclusion used for the evolution of the damage field is

(= RIAC + 00 ((F) 3 ¢ (0 — Ale(a’) — (£°) V¢!, e(uf), (), (1.4)
where K* denotes the set of admissible damage functions defined by

Kf={¢eH'(Q"); 0<£<1, ae. inQf}, (1.5)

x! is a positive coefficient, 3¢ ;. represents the subdifferential of the indicator function of the set

K* and ¢’ is a given constitutive function which describes the sources of the damage in the sys-
tem. Examples and mechanical interpretation of elasto-viscoplastic materials of the form (1.2)
in which the function F*¢ does not depend on the damage parameter (¢ were considered by many
authors, see for instance [5, 12] and the references therein. Contact problems for materials of the
form (1.1), (1.2) without damage parameter. Contact problems for elasto-viscoplastic materials
of the form (1.2) are studied in[1, 25]. In this paper we consider a mathematical frictionless
contact problem between two electro-elasto-viscoplastic bodies for rate-type materials of the
form (1.1). The contact is modelled with normal compliance where the adhesion of the contact
surfaces is taken into account and is modelled with a surface variable, the bonding field. We
model the material’s behavior with an electro-elasto-viscoplastic constitutive law with damage.
We derive a variational formulation of the problem and prove the existence of a unique weak
solution.

The paper is organized as follows. In Sect.2 we describe the mathematical models for the
frictionless adhesive contact problem between two materials behavior with an electro-elasto-
viscoplastic constitutive law with damage and the contact with normal compliance. In Sect.3 we
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list the assumption on the data and derive the variational formulation of the problem. In Sect.4 we
state our main existence and uniqueness result, Theorem 4.1. The proof of the theorem is based
on arguments of nonlinear evolution equations with monotone operators, a classical existence
and uniqueness result on parabolic inequalities and fixed-point arguments.

2 Problem Statement

We consider the following physical setting. Let us consider two electro-elastic- viscoplastics
bodies, occupying two bounded domains Q', Q? of the space R%(d = 2,3). For each domain
QF, the boundary I'* is assumed to be Lipschitz continuous, and is partitioned into three disjoint
measurable parts I'Y, I’ and I'§, on one hand, and on two measurable parts I'? and I, on the
other hand, such that measI'{ > 0, measI'y > 0. Let T > 0 and let [0, 7] be the time interval of
interest. The Q¢ body is submitted to ff‘) forces and volume electric charges of density gj. The
bodies are assumed to be clamped on T x (0, T'). The surface tractions f4 act on I’ x (0, T"). We
also assume that the electrical potential vanishes on I'Y x (0,7') and a surface electric charge of
density ¢4 is prescribed on I'f x (0, T'). The two bodies can enter in contact along the common part
Fé = F% = I's5. The bodies is in adhesive contact with an obstacle, over the contact surface I's.
With these assumptions, the classical formulation of the mechanical frictionless contact problem
with adhesion and damage between two electro-elastic-viscoplastics bodies is the following.

Problem P. For ¢ = 1,2, find a displacement field u’ : Qf x (0,7) — R?, a stress field
a’ 1 Q° x (0,T) — S% an electric potential field ¢’ : Qf x (0,7) — R, a damage field
¢*:Qf % (0,T) — R, abonding field 3: T3 x (0,7) — R and a electric displacement field
D' : Q! x (0,T) — R? such that

O,Z — Aée(,ué) —I—QZE(UK)—I—(SE)*V@Z—F

t inQf x (0,7), (2.1
/f«H@>A%w%D®WV¢®£W%»&®)M 00

0

D' = &e(u’) — B'Ve' inQf x (0,7), (2.2)
¢" = BACT + 0o (C) 3 6" (0 — Ale () — (£7)" V' (s),e(u"), (") 2.3)
in Q¢ x (0,7),
plit' =Dive + f§ in Qf x (0,7), (2.4)
divD’ —¢5=0 inQfx (0,7), (2.5)
u’=0 onT¥ x(0,7), (2.6)
o'vt = f5 onT% x (0,7), (2.7)
0, =0, =0,
{ o= ) BRG] 0T =y

onTj x (0,7), (2.9
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8= —(5(7V(R,,([u,,]))2+’yT\RT([UT])F) _f':a)+ onI3 x (0,7), (2.10)
@i—o on T x (0,T) 2.11)
ot B ’
©*=0 onT% x(0,T), (2.12)
D'v'=¢ onT{x(0,7), (2.13)
w’(0) = ug, @'(0) =wvj, ¢(0)=¢; in€, (2.14)
B(0) =5y onTij. (2.15)
First, equations (2.1) and (2.2) represent the electro-elastic-viscoplastic constitutive law with
damage of the material in which e(u*) denotes the linearized strain tensor, E(¢’) = -V is

the electric field, where goé is the electric potential, A? and G* are nonlinear operators describ-
ing the purely viscous and the elastic properties of the material, respectively. F* is a nonlinear
constitutive function describing the viscoplastic behaviour of the material. £° represents the
piezoelectric operator, (£°)* is its transpose, B¢ denotes the electric permittivity operator, and
D' = (D{,..., DY) is the electric displacement vector. The evolution of the damage field is
governed by the inclusion of parabolic type given by the relation (2.3). Equations (2.4) and
(2.5) are the equilibrium equations for the stress and electric-displacement fields, respectively, in
which "Div" and "div" denote the divergence operator for tensor and vector valued functions, re-
spectively. Next, the equations (2.6) and (2.7) represent the displacement and traction boundary
condition, respectively. Condition (2.8) represents the normal compliance conditions with adhe-
sion where v, is a given adhesion coefficient and [u,] = u, + u2 stands for the displacements
in normal direction. The contribution of the adhesive to the normal traction is represented by
the term v, 3% R, ([u,]), the adhesive traction is tensile and is proportional, with proportionality
coefficient ,, to the square of the intensity of adhesion and to the normal displacement, but as
long as it does not exceed the bond length L. The maximal tensile traction is 7, 32L. R, is the
truncation operator defined by

L ifs<-—L,
R,(s)=¢—-s if —L<s<0,
0 if s > 0.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer any additional
traction. The introduction of the operator R,,, together with the operator R, defined below, is
motivated by mathematical arguments but it is not restrictive for physical point of view, since no
restriction on the size of the parameter L is made in what follows. Condition (2.9) represents the
adhesive contact condition on the tangential plane, where [u,] = u! — u2 stands for the jump of

the displacements in tangential direction. R is the truncation operator given by

R.(v) = v if |lv| <L,
T Le if o > L

[v]

This condition shows that the shear on the contact surface depends on the bonding field and on
the tangential displacement, but as long as it does not exceed the bond length L. The frictional
tangential traction is assumed to be much smaller than the adhesive one and, therefore, omitted.

Next, the equation (2.10) represents the ordinary differential equation which describes the
evolution of the bonding field and it was already used in [3], see also [24, 25] for more details.
Here, besides v, , two new adhesion coefficients are involved, -, and ¢,. Notice that in this model
once debonding occurs bonding cannot be reestablished since, as it follows from (2.10), ﬁ <0.
Boundary condition (2.11) describes a homogeneous Neumann boundary condition where g%i is
the normal derivative of ¢*. (2.12) and (2.13) represent the electric boundary conditions. (2.14)
represents the initial displacement field, the initial velocity and the initial damage. Finally (2.15)

represents the initial condition in which 3y is the given initial bonding field.
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3 Variational Formulation and Preliminaries

In this section, we list the assumptions on the data and derive a variational formulation for the
contact problem. To this end, we need to introduce some notation and preliminary material. Here
and below, S? represent the space of second-order symmetric tensors on R?. We recall that the
inner products and the corresponding norms on S¢ and R? are given by

1

w' ol =ulof, |of| = ('), vul vt eRY
ol.rt = afj.Tfj, |T£’ = (‘1'5.7'15)%7 Vol r° e §°.

Here and below, the indices 7 and j run between 1 and d and the summation convention over
repeated indices is adopted. Now, to proceed with the variational formulation, we need the
following function spaces:

H' = {v" = (v]); vj € LH(Q)}, Hi = {v" = (v]); vf € H'(Q)},

HE = {78 = (}); 75 = Tﬁ e L2(QY), HE = {+f = (Tf;) e HY; divrt e H'}.

1 7

The spaces H*, H{, H* and H{ are real Hilbert spaces endowed with the canonical inner products
given by

(ue,vz)m:/ ulvlde,  (uf,v") e :/ ue.vedm—l—/ Vu' . Vo'ldr,
Q¢ ! Q¢ Q¢

(o, 75 5 :/ ot rldr, (0177'6)7-[{ :/ ol rlde + | dive’.Divride
ot Q¢ ot

and the associated norms ||. |z, ||| zr¢, [[-ll3¢, and |.[|5;¢ respectively. Here and below we use
the notation

—_—

Vu' = (u;), e(u') = (ei;(u),  eii(u) = S(ui; +uj,), Vo' € H,

Dive’ = (0/,,;), Vo'eHi.

For every element v* € H!, we also use the notation v* for the trace of v* on I'* and we
denote by v and v’ the normal and the tangential components of v’ on the boundary I'* given
by

vl =o't vl =0t =it

Let H[, be the dual of Hr« = H 2 ()% and let (.,.)_ 1 denote the duality pairing between
HY{, and Hr.. For every element ot € H! let v’ be the element of H [ given by

(v v") 1 e = (0% e(v")ye + (Divet,v') e Vo' € HY.

11
222

Denote by ¢/, and o the normal and the tangential traces of o* € H¥, respectively. If o is
continuously differentiable on Q¢ U T, then

of = (e, ol =o't -Vt

T 9

(ovt vh)_ l—(:/ o‘vtvlda
T¢

fore all v € HY, where da is the surface measure element.
To obtain the variational formulation of the problem (2.1)—(2.15), we introduce for the bond-
ing field the set

Z={0eL>(0,T;L*I3)); 0<0(t) <1 Vte[0,T], ae. onI3},
and for the displacement field we need the closed subspace of H{ defined by

Vi={v' e Hf; v' =0onT{}.
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Since measI'{ > 0, the following Korn’s inequality holds :
le(@) e = ex vl e Vo € V7, 3.1)

where the constant ¢ denotes a positive constant which may depends only on QF, I'{ (see [19]).
Over the space V* we consider the inner product given by

(u’,0")ye = (e(u),e(v))ye,  Vu' o' € V5, (3.2)

and let ||.||y¢ be the associated norm. It follows from Korn’s inequality (3.1) that the norms
Il ¢ and ||.|ly¢ are equivalent on V. Then (V*, ||.||y¢) is a real Hilbert space. Moreover, by

the Sobolev trace theorem and (3.2), there exists a constant ¢y > 0, depending only on Q, F‘;
and I'; such that

[0 2y < collv®llye Vo € VE (3.3)
We also introduce the spaces
Ef=L*Q", BEf = H'(Q), W= {¢* € Bf; v* =0onT%},
Wt = {D“ = (DY); D! € LX(QY), divD' € L2(QZ)}.
Since measI, > 0, the following Friedrichs-Poincaré inequality holds:
Vel raians = crlldllmqe  vo© € WY, (3.4)

where ¢ > 0 is a constant which depends only on Q°, I"’,.
Over the space W, we consider the inner product given by

(Y )we = ng Vot Vytde

and let |||y« be the associated norm. It follows from (3.4) that ||.|| ;1 (q¢) and ||. ||y« are equiv-

alent norms on W* and therefore (W, ||.||yy¢) is areal Hilbert space. On the space W', we use
the inner product

(D', %% = | D' ®'de+ [ div D’ div¥‘d,
QI{ QZ

where div D = (sz), and the associated norm ||.||ye.
In order to simplify the notations, we define the product spaces

V=V'xV? H=H'"xH? H =H xH}, H=H"xH,
Hi =Ml xH} Eg=FE} x B3, By = El x E2 W =W!'x W2 W =W x W2
The spaces V', Ey, W and W are real Hilbert spaces endowed with the canonical inner products

denoted by (.,.)v, (-,.)g,, (-,-)w, and (.,.)yy. The associate norms will be denoted by ||.||v,
Il.ll 2,5 ||-|lw and ||.|[yv, respectively.

Finally, for any real Hilbert space X, we use the classical notation for the spaces L?(0,T; X),
WkP(0,T; X), where 1 < p < 0o, k > 1. We denote by C(0,T; X) and C'(0,T; X) the space
of continuous and continuously differentiable functions from [0, 7] to X, respectively, with the
norms

x) = t
£l = max £

LT X = t (¢
I £llero,7:x) max, £l x + max. If()llxs

respectively. Moreover, we use the dot above to indicate the derivative with respect to the time
variable and, for areal number r, we use . to represent its positive part, that is . = max{0,r}.
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In the study of the Problem P, we consider the following assumptions:
we assume that the viscosity operator A’ : Qf x S — S? satisfies:

a) There exists C',,, C%, > 0 such that,
A A

|A (2, &) < CL €l +C4 VEES! ae xe Q.
(b) There exists m_4¢ > 0 such that
(Alx, &) — A%z, &) - (&) — &) > maclé) — & (3.5)
VELE €S ae e QFL
(c) The mapping = ~ A*(x, €) is Lebesgue measurable on Q°,
for any £ € S°.
(d) The mapping & +— A’(x, &) is continuous on S%, a.e. € QF.

The elasticity operator G* : Qf x S — S9 satisfies:

(a) There exists Lge > 0 such that
G (2. &1) — G' (2, &)| < Lge € — &
VE, & €S ae e Q.

(b) The mapping = ~ G*(x, £) is Lebesgue measurable on Q°,
for any & € S9.

(c) The mapping x + G*(x, 0) belongs to H*.

(3.6)

The viscoplasticity operator F* : Qf x S x S¢ x R — S9 satisfies:

(a) There exists Lz > 0 such that
| Fo (@, my, &1, dr) = F(@,m5, €5, da)| < Lye (I — ol + &) — &
+ |dy — dz‘), V1.,1,&1,& € Sd, Vdi,dy € R, ae.x € Q.

(b) The mapping x — F*(x,n, &, d) is Lebesgue measurable in QF,
forany n,& € S¢, d € R.

(c) The mapping = — F*(x,0,0,0) belongs to H*.

3.7)

The damage source function ¢*: Q¢ x S x S¢ x R — R satisfies:

(a) There exists Ly > 0 such that
|6 (@, 11, &1, 1) — & (2,15, &3, 02)| < Lge (Imy — mp| + € — &
+ o —aal), Vmym.€1,& €STand o, a0 € Rae. x € Q.

(b) The mapping x +— ¢*(x,n, £, a) is Lebesgue measurable on Q,
forany n,& € S? and o € R.

(c) The mapping = — ¢(x,0,0,0) belongs to L*(Q°).

(3.8)

The piezoelectric tensor £°: Q° x S* — R? satisfies:

{ (a) &z, 7) = (efjk(m)fjk), V1 = (1;;) € S ae. x € Q. 3.9)

(b) efji = eiy € L2(Q1), 1 <djik < d.
Recall also that the transposed operator (£¢)* is given by (£¢)* = (efj,;) where efj; = e},;; and
the following equality hold

Elow=0.(EY"v VoeS¢ VoeR
The electric permittivity operator B* = (bf;) : Q x R — R? verifies:

(a) BY(z,E) = (bf;(x)E;) VE = (E;) eR?, ae xzeQ’.

(b) b; = bl;, bf; € L(QF), 1<4,j<d.

(c) There exists mze > 0 such that B‘E.E > mp |E|?
VE = (E;) € R?, ae. x € Q.

(3.10)
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The normal compliance functions p, : '3 x R — R, satisfies:

(a) 3L, > Osuch that |p,(x,71) — pu(x,72)| < L,|r1 — 2
Vri,rm € R, ae. x el5.

(b) The mapping x +— p, (x,r) is measurable onIs, Vr € R.

(¢) pu(z,7) =0, forall »r <0, ae. x €Is.

3.11)

The tangential compliance functions p, : '35 x R — R, satisfies:

(a) 3L, > 0 such that |p,(z,d)) — pr (2, dp)| < L.|d; — da]
Vdi,d, € R, ae. x €Tl3.
(b) 3M, > 0 such that |p,(z,d)| < M, VdeR, ae. x €T3. (3.12)
(c) The mapping « — p,(x, d) is measurable onI'3, Vd € R.
(d) The mapping = — p,(x,0) € L*(T3).

We suppose that the mass density satisfies
pt € L=®(Q%) and 3py > 0 such that p’(x) > py ae. z € QF, £=1,2. (3.13)

The following regularity is assumed on the density of volume forces, traction, volume electric
charges and surface electric charges:

f§ € L*(0,T; L*(QYY), £ € L*(0,T; L*(T5)),

g5 € C(0,T; L*(QF)), ¢4 € C(0,T;L*T})), G149
¢s(t) =0 on T3 Vt € [0,T). (3.15)
The adhesion coefficients 7, v, and ¢, satisfy the conditions
Yo, vr € L®(T3), €4 € L*(T3), Y, Yr €a > 0, ae. on T3, (3.16)
The microcrack diffusion coefficient verifies
k>0, (3.17)
and, finally, the initial data satisfy
uy e V4 whieHY, (feK' (=12, G1s)
Bo € L*(3), 0<fBy<1,ae. onls.
where K is the set of admissible damage functions defined in (1.5).
Leta : By x E; — R, be the bilinear form
2
a(C, &) = ZZ K’ /QZ vl velda. (3.19)
=1

We will use a modified inner product on H, given by

2
(u,v))g = Z(pzul,ve)m, Yu,v € H,
=1

that is, it is weighted with p*, and we let ||.] z be the associated norm, i.e.,

1
lvllz = (v, )z, YveH.
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It follows from assumption (3.13) that ||.|| z and ||.|| iz are equivalent norms on H, and the inclu-
sion mapping of (V,|.||v) into (H,||.|lz) is continuous and dense. We denote by V"’ the dual
of V. Identifying H with its own dual, we can write the Gelfand triple

VCcCHCcCV.
Using the notation (.,.)yx v to represent the duality pairing between V' and V' we have
(u,v)vxv = (u,v)g, Yue HVYveV.

Finally, we denote by ||.||y the norm on V. Using the Riesz representation theorem, we define
the linear mappings f : [0,7] — V' and ¢ : [0, 7] — W as follows:

2 . 2
(f(1),v) vy = Z/ £5(t) - v da + Z/ £5(t)-vlda Yw eV, (3.20)
=179 —1 703

2 2
t), = L) ¢ da — Yt)¢tda V¢ eW. 3.21
(a(0). Ow ;/ﬁeqo()c . ;/rﬁqmc @ Ve (3.21)
Next, we denote by j,q : L°(I3) X V x V — R the adhesion functional defined by
juaBow0) = [ (=B RA 0] + o8 Rewrfor]) do (322)
I3

In addition to the functional (3.22), we need the normal compliance functional

Jrelu,v) = /F po([s]) o] da. (3.23)

Keeping in mind (3.11) and (3.12), we observe that the integrals (3.22) and (3.23) are well
defined and we note that conditions (3.14) imply

fe L?(0,T;V"), qeC(0,T;W). (3.24)

By a standard procedure based on Green’s formula, we derive the following variational formula-
tion of the mechanical (2.1)—(2.15).

Problem PV. Find a displacement field w : [0,7] — V, a stress field o : [0,7] — H, an
electric potential field ¢ : [0,7] — W, a damage field ¢ : [0,7] — Fi, a bonding field
B:10,T] — L>°(I';) and a electric displacement field D : [0,7] — W such that

o' = Ale(u’) + G'e(u’) +(£5) V' +

t inQfx (0,7) (3.25
|7 (070 — Alel@ () = () Ve (5). ew(5). ()

D' =& (u’) — BV’ in QF % (0,7), (3.26)

(i, v)vrxv + ;(U‘Z, (")) + Jaa(B(1), w(t), v) + dve(u(t), v) (3.27)

= (f(f,),’v)lev YveV,ae. te (O,T)7

(W ek, > (1), = (1)) +ald(®), € = ¢(1) >
=1
> (o (a0 - (@) ~ (€97 V(9. (O). )€ - )

=1 L2(Q*)

(3.28)

V¢ e K, ae. te(0,T),
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2 2
D (BVG(), Vo ) e —> (E(u (), Ve ) e = (q(t), d)w, (3.29)
=1 =1
Ve W, ae. te(0,T),

B(t) = —(B) (3 (B ([ (OD)* + 77 IR (fur () ) —20) _ae (0.7),  (330)

+

U(O) = Uo, U(O) = Yo, C(O) = CO; ﬂ(O) = ﬂ()v (331)

where K = K'! x K?2.

We notice that the variational Problem PV is formulated in terms of a displacement field, a stress
field, an electrical potential field, a bonding field and a electric displacement field. The existence
of the unique solution of Problem PV is stated and proved in the next section.

Remark 3.1. We note that, in Problem P and in Problem PV, we do not need to impose explicitly
the restriction 0 < 8 < 1. Indeed, equation (3.30) guarantees that 3(z, ¢) < By(z) and, therefore,
assumption (3.18) shows that 8(x,t) < 1fort > 0, a.e. € I's. On the other hand, if 8(x, ty) =
0 at time tg, then it follows from (3.30) that 3(z,) = O for all t > t; and therefore, 5(z,t) = 0
forall t > ty, a.e. z € I's. We conclude that 0 < B(xz,t) < 1forallt € [0,T], ae. z € ['5.

4 Existence and Uniqueness Result

Now, we propose our existence and uniqueness result

Theorem 4.1. Assume that (3.5)—(3.18) hold. Then there exists a unique solution {u,o,,¢, 3, D}
to Problem PV, Moreover, the solution satisfies

we HY(0,T;V)NCY0,T; H), it € L*(0,T; V"), .1
o € L*(0,T;H), (Dive!,Dive?) € L*(0,T; V'), (4.2)
0 e C(0,T;W), (4.3)

¢e H'(0,T; Ep) NL*(0,T; Ey), (4.4)

B e Wh>(0,T; L*([3)) N Z, 4.5)

D cC(0,T;W). (4.6)

The functions u,p, {, o, D and  which satisfy (3.25)-(3.31) are called a weak solution of
the contact Problem P. We conclude that, under the assumptions (3.5)— (3.18), the mechanical
problem (2.1)—(2.15) has a unique weak solution satisfying (4.1)—(4.6). We turn now to the proof
of Theorem 4.1 which will be carried out in several steps and is based on arguments of nonlinear
equations with monotone operators, a classical existence and uniqueness result on parabolic
inequalities and fixed point arguments. We assume in what follows that assumptions of Theorem
4.1 hold, and we consider that C'is a generic positive constant which depends on Qf, F‘f , Ff , I3,
Py, pry AL B GE FEEL ., v, ¢F, kY, and T. but does not depend on ¢ nor of the rest of input
data, and whose value may change from place to place. Let an € L?*(0,T; V') be given. In the
first step we consider the following variational problem.

Problem PV}:. Find a displacement field w,, : [0, 7] — V such that

2
(uﬂ(t)a v)V’xV + ;(Aéif(ué(t))v E(UZ))HZ + (77(15)7 U)V’XV (4'7)

= (f(t),’l])lev Yv € V,a.e. te (0, T),
uf(0) = uf, 4°(0)=vf inQ’. (4.8)

To solve Problem PV}, we apply an abstract existence and uniqueness result which we recall
now, for the convenience of the reader. Let V' and H denote real Hilbert spaces such that V' is
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dense in H and the inclusion map is continuous, H is identified with its dual and with a subspace
of the dual V' of V,i.e., V.C H C V', and we say that the inclusions above define a Gelfand
triple. The notations |||y, ||.|[v and (.,.)yxv represent the norms on V and on V' and the
duality pairing between V' them, respectively. The following abstract result may be found in
[25, p.48].

Theorem 4.2. Let V', H be as above, and let A : V' — V' be a hemicontinuous and monotone
operator which satisfies

(Av,v)yrwy > wlv|} + X Yo eV, 4.9)
[Av|ly: < C(||v]lv +1) Vv €V, (4.10)

for some constants w > 0, C > 0 and \ € R. Then, given uy € H and f € L*(0,T; V"), there
exists a unique function u which satisfies

ue L0, T;V)nC(0,T;H), @e L*0,T; V'),
u(t) + Au(t) = f(t) ae. t € (0,7),
u(0) = uo
We have the following result for the problem.

Lemma 4.3. There exists a unique solution to Problem PV and it has its regularity expressed
in (4.1).

Proof. We define the operator A: V — V' by

2
(Au,v)y xy = Z(Aes(uz), e(v))ye Vu,veV. (4.11)
=1

Using (4.11), (3.2) and (3.5) it follows that

2
|Au — Av|3, < [|A%(uf) — Ale(v)[Fe Vu,v eV,
/=1

and keeping in mind the Krasnoselski Theorem (see [13, p.60]), we deduce that A : V' — V' is
a continuous operator. Now, by (4.11), (3.2) and (3.5), we find

(Au — Av,u —v)yryy > mllu —v|3, Yu,veV, (4.12)
where the positive constant m = min{m 41, m 4> }. Choosing v = 0 in (4.12) we obtain
(Au, u)yr sy = mllully — [|Ao]5 [lulv
1 1
> smlully = 5 -4l VueV,

which implies that A satisfies condition (4.9) with w = 2 and A = —5--||Ao||%,,. Moreover, by

2m
(4.11) and (3.5) we find
|Aullv: < CHullv +C* Yuc V.

where ! = max{C,,,C!,} and C* = max{C?%,,C%,}. This inequality and (3.2) imply that
A satisfies condition (4.10). Finally, we recall that by (3.14) and (3.20) we have f — n €
L*(0,T; V") and vy € H.
It follows now from Theorem 4.2 that there exists a unique function v,, which satisfies
v, € L*(0,T; V)N C(0,T; H), v, € L*(0,T; V'), (4.13)
0, (t) + Av, () + n(t) = £(t), a.e.t€[0,T] (4.14)
v,(0) = vo. (4.15)
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Let u,, : [0,7] — V be the function defined by

t
w(t) = /0 vy (s)ds +ug Vit € [0,T]. 4.16)

It follows from (4.11) and (4.13)—(4.16) that u,, is a unique solution of the variational problem
PV} and it satisfies the regularity expressed in (4.1). O

In the second step, let n € L*(0,T; V'), we use the displacement field u,, obtained in Lemma
4.3 and we consider the following variational problem.

Problem PV?. Find the electric potential field ¢,, : [0, 7] — W such that

[ S5}

2
S (B (1), V) e — S (Ee(ul(1)), V) e = (a(t), S)w 4.17)
/=1

=1
Vo e W, a.e.t € (0,T).

We have the following result.
Lemma 4.4. Problem PV} has a unique solution @, which satisfies the regularity (4.3).

Proof. We define a bilinear form: b(.,.) : W x W — R such that

2
= BV V¢ g Vo0 e W. (4.18)
=1

We use (3.4), (3.10) and (4.18) to show that the bilinear form b(_, .) is continuous, symmetric and
coercive on W, moreover using (3.21) and the Riesz Representation Theorem we may define an
element g, : [0,7] — W such that

2
(a(1), D)w = (a(t), D)w + Y _(Ee(uy(1)), V') e Vo€ Wit € (0,T).

We apply the Lax-Milgram Theorem to deduce that there exists a unique element ¢, (t) € W
such that

b(en(t),¢) = (an(t), Q)w Vo € W. (4.19)

We conclude that ¢, (t) is a solution of Problem PV¥. Let t1,¢, € [0,T7, it follows from (4.17)
that

len(t) = en(@2)llw < C(llug(t1) = ug(t2)llv +lla(tr) — a(t2)llw),
and the previous inequality, the regularity of u,, and ¢ imply that ¢, € C'(0,T;W). O

In the third step we use the displacement field u,, obtained in Lemma4.3 and we consider the
following initial-value problem.

Problem PV/. Find the adhesion field S, : [0, 7] — L*(I';) such that
32(0) = (B0 (0 Bty D) + 30 1B (agr (D) —20) . et € (0.7), (820)
Bn(0) = Bo- 4.21)
We have the following result.

Lemma 4.5. There exists a unique solution (3, € W'>°(0,T; L*(T'3)) N Z to Problem PV,



210 Tedjani Hadj Ammar

Proof. For the simplicity we suppress the dependence of various functions on I'3, and note that
the equalities and inequalities below are valid a.e. on I's. Consider the mapping F), : [0,7] x
L*(T3) — L*(I3) defined by

Fy(t.8) = = (B0 (R luns (0D + 97 [ R ([unr (ODF ] — 20

+

for all t € [0,7] and 3 € L*(T3). It follows from the properties of the truncation operator
R, and R, that F; is Lipschitz continuous with respect to the second variable, uniformly in
time. Moreover, for all 3 € L*(I'3), the mapping t — F),(t, 3) belongs to L>(0,T; L*(T3)).
Thus using the Cauchy-Lipschitz theorem (see, [25, p.48]), we deduce that there exists a unique
function 8, € W'>°(0,T; L*('3)) solution to the Problem PV. Also, the arguments used in
Remark 3.1 show that 0 < 3, (t) < 1 for all ¢t € [0, T}, a.e. on I';. Therefore, from the definition
of the set Z, we find that /3, (t) € Z, which concludes the proof of the lemma. i

In the fourth step, we let & € L*(0.T; E,) be given and consider the following variational
problem for the damage field.

Problem PV$. Find a damage field (g = (¢}, ¢2) : [0,T] — E such that

2

Gol(t) € K, Z(C'g(t)vfz - Cg(t»Lz(m) +a(Co(t),§ —Co(t)) >
= (4.22)

2
>o(0°), ¢ - gf(t))Lz(Qe), VEe K, ae. te (0,7).

=1

The following abstract result for parabolic variational inequalities (see, e.g., [25, p.47])

Theorem 4.6. Let X C Y =Y’ C X' be a Gelfand triple. Let F be a nonempty, closed, and
convex set of X. Assume that a(.,.) : X x X — R is a continuous and symmetric bilinear form
such that for some constants o > 0 and cy,

a(v,v) + collv][ = allollk Vv e X.

Then, for every ug € F and f € L*(0,T;Y), there exists a unique function uw € H'(0,T;Y) N
L*(0,T; X) such that u(0) = ug, u(t) € F Vt € [0,T], and

(W(t),v —u(t)) x'xx +a(u(t),v —u(t)) > (f(t),v —u(t))y Yve Fae.te (0,T).
We prove next the unique solvability of Problem PVg.
Lemma 4.7. There exists a unique solution Cy of Problem PVg and it satisfies
Co € HY(0,T; Eo) N L*(0,T; Ey).

Proof. The inclusion mapping of (E\, ||.||g,) into (Eo,|.||r,) is continuous and its range is
dense. We denote by E| the dual space of E| and, identifying the dual of E, with itself, we
can write the Gelfand triple

E CEOZE(I)CEi.

We use the notation (., .) B xE, to represent the duality pairing between E’ and E|. We have
(Cv&)E{XE; = (Cv&)Eo VC S E07£ S E17

and we note that K is a closed convex set in F. Then, using (3.17), (3.19) and the fact that
¢o € K in (3.18), it is easy to see that Lemma 4.7 is a straight consequence of Theorem 4.6. O

Now we use the displacement field u,, obtained in Lemma 4.3, ¢,, obtained in Lemma 4.4
and (p obtained in Lemma 4.7 to construct the following Cauchy problem for the stress field.
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Problem PV?,. Find a stress field 0,0 = (o] T O ) [0,T] — H such that

oly(t) = G /ﬂ wl(s).Ci(s)ds, £=12,  (423)

forall ¢ € [0, 7.
In the study of Problem PV7, we have the following result.

Lemma 4.8. There exists a unique solution of Problem PV}, and it satisfies oy € L*(0,T;H).

Moreover, if o, w; and ¢; represent the solutions of problems PVy , . PV, and PVgi respec-
tively, for (n;,0;) € L*(0,T; V' x Ey), i = 1,2, then there exists ¢ > 0 such that

o1 (8) — oa(0) 3 < (||u1<t> Ol + [ fus) —us(s) s

/ I1¢1 (s ()% ds) vt € [0,7]. (4.24)

Proof. Let Ayg = (Aly,Asy) : L*(0, T3 H) — L*(0,T;H) be the operator given by

t

Nalt) = G'e(uy() + [ F(o' (i) s, £=12  @25)
forallo = (o',0?%) € L?(0,T;H) and t € [0,7T]. For o1, o2 € L*(0,T;H) we use (4.25) and
(3.7) to obtain

t
1Ano 01 () — Ano 2(t)][ < max(Lsr, Lyz) / lo1(s) — ora(s) 2 ds
0

forall ¢ € [0,T7]. It follows from this inequality that for p large enough, a power A7, of the op-

erator A, is a contraction on the Banach space LZ(O, T, H) and, therefore, there exists a unique
element o,y € L2(0, T; M) such that A, 90,9 = ,9. Moreover, o, is the unique solution of
Problem PV7,

Consider now (n,,61), (1,,62),€ L*(0,T;V' x Ey) and, for i = 1,2, denote u,, = u;,
0,0, = o; and (p, = (;. We have

ai(t) = Ge(uji()) +/Ot Fi(oi(s) e(ui(s)), ¢/ () ds, £=1,2 vt €[0,T],

and, using the properties (3.6) and (3.7) of F*, and G’ we find

Jo(6) = ra(0)lfe < e (o (6) — wa(0)F + / lori(s) = ra(s) e ds

/||u1 ~uals Hvd8+/||C1 G(s)5, ds) Ve 0.7].

Using now a Gronwall argument in the previous inequality we deduce (4.24), which concludes
the proof. O

Finally as a consequence of these results and using the properties of the operator G¢, the
operator ¢, the operator F*, the functional j,4, the function j,. and the function ¢* for ¢t € [0, T},
we consider the element

A, 0)(t) = (Al (n,0)(t), A*(n,0)(t)) € V' x By, (4.26)
defined by the equations

(A (.0)(1). v)vrcy =D (G e(uy (1)), £(v1)),,
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A2, 0)(t) = (6! (7h(0), (1), (D), B (@he(0) (2 (), G(1)).  428)

Here, for every (n,0) € L*(0,T; V' x Ejp), Wy, ©n, By Co, and o, represent the displacement
field, the stress field, the the potential electric field and bonding field obtained in Lemmas 4.3,
4.4,4.5,4.7 and 4.8 respectively. We have the following result.

Lemma 4.9. The operator A has a unique fixed point (n*,0*) € L*(0,T; V' x Ej).

Proof. We show that, for a positive integer n, the mapping A™ is a contraction on L?(0,T; V' x
Ej). To this end, we suppose that (n;, ;) and (1, 6,) are two functions in L*(0,T; V' x Ey) and
denote u,, = w;, iy, = V;, Op9, = T4, Py, = @i, Go, = G and B, = B; fori = 1,2. We use
(3.6), (3.7), (3.9), (3.11) and (3.12), the definition of R,, R, and Remark 3.1, we have

AT (1, 60)(8) = A (2, 60) ()3 < D 11G (i (£)) — Goe(us (1)) |15,
=1

+3 [ 170t () = F (rh6), s (6). ) [
(=1

2

+ D IE) Vel () — (€ Vb ()5,

=1

+C1py (w1 (8)]) = po(fu2e (DD 172
+O8L () Ry ([ur, (1)) = B3 (6) Ro ([ (O] 1721
+C||p7. (61 (t))RT([ulT(t)]) — Pr (/82 (t))RT([uZT (t)])H%,Z(F;)

Therefore,

IA (0, 60)(8) — AL (s 60) (1) s < c(nul(t) —w@l
n / lun(s) = uals) [ ds + / lorn(s) — ra(s) [ st

/ 1ci(s) — Cals))I%, ds + lr (6) — 2(t)||%/v+||51(t)—52(t)ZLZ(r3)>~

We use estimate (4.24) to obtain
IA (1, 0)(8) — A (2, 00) ()]s < c(nul(t) O
/||u1 (s ||Vds+/ 11(s) — Cals)) 3, ds
Hlor(®) — el + 18:(8) - ﬂ2<t>||iz<m>.

Recall that above ufw and uf]T denote the normal and the tangential component of the function
uf; respectively. By similar arguments, from (4.24), (4.28) and (3.8) it follows that

1A (1. 81)(8) — A2, 00) (1), < c(nu](t) —w®)

Hior () = e2(OlFy + [ T (5) = wa(s)) I s+ 1 () = Gl +

/ I61(5) ~ a(s)) s s ).
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Also, since
t
uf(t):/ vl(s)ds+uly te[0,T], (=1,2,
0
we have .
Jur(6) = wx)ly < [ fo1(s) ~ wa(s)llv ds
0
which implies

llut (t) — w2 (B)|3, +/0 i (s) —ua(s))II5 ds < C/o lvi(s) = va(s))[I% ds. (4.29)

Therefore

IAG0)(0) = Al OO, < € (r 1) — wale)
[ o 6) — walo IR s+ 160~ GO, + [ 16106) — oDl ds

Hlor(t) = () By + 1610 — ﬁz<t>||iz<r3>). @30)

Moreover, from (4.7) we obtain

2
(01 — V2,01 —V2) vy + Z(Aéf(vf) — Ale(v}),,e(v] — v5))pye

—1
+(m —m,v1 —v2)vixy =0.

We integrate this equality with respect to time, use the initial conditions v;(0) = v,(0) = vy
and condition (3.5) to find

t
min(rm_y ) [ or(s) ~ va(s))} ds <
0
t
~ [ n(s) = (). 01() = w25y s,
0
for all ¢ € [0, T]. Then, using the inequality 2ab < %2 + mb® we obtain

/ v1(s) — va(s))|3, ds < C’/ llm (s s)|l3 ds Yt € [0,T). (4.31)

On the other hand, from the Cauchy problem (4.20)—(4.21) we can write

810 = 0= (B1(5) o (Rullas (D) + 71 1B (s (DI = ) s

+

and then
t
||ﬁ1(t)—ﬂ2(t)|\L2(r3)§C/()Hﬁl(s (urw ()] Ba(5) B ([0 () Pl o, 0

t
+C /0 181 () 1Ry ([urr () = Ba(s) | Re ([wzr () [ o s
Using the definition of R, and R, and writing 8; = 81 — 82 + (., we get
181®) = B2 oy <

/||51 ~ B )\|mds+/|lul = wa(3)]] 2 o5
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Next, we apply Gronwall’s inequality to deduce

t
181() = Ba(t) | 2y < C/O w1 (s) — wa(s)l| 2 (ry)ads.

and from the relation (3.3) we obtain

t
1810) = Ba(®) ey < € [ fu(s) = a(o) . 432)
We use now (4.17), (3.4), (3.9) and (3.10) to find

1 (t) — @2(8)[3y < Cllur(t) — ua(t)|% (4.33)

We substitute (4.29), (4.32) and (4.33) in (4.30) to obtain
1A G, 01) () = Aln2, 01) (D) s, (4.34)
< 0 [ Io1(s) —oa(oIR ds + 1600~ GO + [ 166) — o), ds ).
On the other hand, from (4.22) we deduce that

(G =60 - Q) +alll — G, G — Q) <
(01 — 92,<1 — CZ)EO’ ae.t e (O,T)

Integrating the previous inequality with respect to time, using the initial conditions ¢;(0) =
(2(0) = (o and inequality a(¢i — (2, (1 — ¢2) > 0, to find

160 = Gl < [ (01 = 02(5).G(6) = (o), .

which implies that

160~ GO, < [ 1006 = (o) s+ [ 1005 - Gl s

This inequality, combined with Gronwall’s inequality, leads to

t
160 = Gl <€ [ 101) ~ 6a(o)lfs ds ¥t € 0.7) (4.35)
0
We substitute (4.31) and (4.35) in (4.34) to obtain
A (71, 61)(8) = Alm2, 00) (D3«

<0 [ 1 0006) = 020)(6) By

Reiterating this inequality n times we obtain

CI'LTTI

A" (1, 601) — An(ﬁzy91)”%2(0,T;V'xE0) < ([, 61) — (772791)||2LZ(0,T;V'xE0)'

Thus, for n sufficiently large, A™ is a contraction on the Banach space L*(0,7; V' x E), and so
A has a unique fixed point. O

Now, we have all the ingredients to prove Theorem 4.1.
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Proof. Existence. Let (n*,0*) € L*(0,T;V' x Ey) be the fixed point of A defined by (4.26)—
(4.28) and denote by

Ui = Ups, Pu =Py G = (o=, Be = Fe. (4.36)

Letby o, = (o!,02):[0,T] = # and D, = (D!, D?) : [0,T] — H the functions defined by
ol = Ale(il) + () Vel +op.p., (=12, (4.37)

D! =&l (ul) - BV, (=1,2. (4.38)

We prove that the {u., o, ¢«, Cs, By, Dy} satisfies (3.25)—(3.31) and the regularites (4.1)—(4.6).
Indeed, we write (4.7) for n = n* and use (4.36) to find

(it (8), 0)vrw + Y _(Ae(a(t), e(v))pe + (1), 0) vy

=1
= (f(¢),v)yv'xy Vv €€V, ,ae te€]0,T]. (4.39)

We use equalities A!(n*, 0*) = * and A%(n*, 6*) = 6* it follows that
2 2
(7 (8), )vrxv = Y (Ge(ui(h)), e(v)), + D ((E) Vel e(v9),
i =

+2(/ “(hs) = el () = (€ Vel (s),e(ul(s)). ¢L(s) ) ds, e())
+ad(Be(t), u(t),0) + jue(ua(t),v), Yo V. (4.40)

0.(t) = ¢ (aL(t) — Ale(al(t) — () Vel (), e(ul(t)), (1), £=1,2. (4.41)
‘We now substitute (4.40) in (4.39) to obtain

2 2
(it (), W)y + S (A2 (1)), 20 + 3 (Ge(wl (1), (1))
=1

(=1

2
+Z V(P*, E))Hz
=1

2 t
+Z(Aﬂ@%rw%%&%x%wﬂammmd@mam%

H[
=1
Fiaa(Be(t), us(t),v) + Jue(us(t),v) = (£(t),v)v'xv, YV €V, (4.42)
and we substitute (4.41) in (4.22) to have
2
G() e K, Y (CH), € = ¢t raar) + alC(E),6 — (1) >
=1

3 (6 (ot(0) — Ale(ul (1) — ()" (1), e(ul (1), (1) € — (1)

— 2(0)’
Vée K, ae. t €[0,T]. (4.43)
We write now (4.17) for n = n* and use (4.36) to see that
2 2
> (BVL(), Ve ) e — Y (E%e(ul(1), Vo ) ue = (a(t), d)w, (4.44)
=1 =1

Vo e W, ae.te€0,T].
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Additionally, we use u, in (4.20) and (4.36) to find

Bu(t) = = (B (B ([ues OD) + 7 [Be(ar (ODF) = 20) . aet € [0.7]. 445)

The relations (4.36), (4.37), (4.38), (4.42), (4.43), (4.44) and (4.45) allow us to conclude now
that {u., o, ©«, C, By, D, } satisfies (3.25)—(3.30). Next, (3.31) and the regularity (4.1), (4.3),
(4.4) and (4.5) follow from Lemmas 4.3, 4.4, 4.7 and 4.5. Since u, and ¢, satisfy (4.1) and
(4.5), it follows from lemma 4.8 and (4.37) that

0. € L*(0,T;H). (4.46)

We choose v = (v!, v?) with v* = w’ € D(Q)? and v*~¢ = 0 in (4.42) and by (4.36) and (3.20):
plii! =Dive! + £, ae. t €[0,T], £=1,2.
Also, by (3.13), (3.14), (4.1) and (4.46) we have:
(Dive!l,Dive?) € L*(0,T; V')
Letty,t, € [0,7], by (3.4), (3.9), (3.10) and (4.38), we deduce that
1D+ (t1) = Du(t2)ll < C (lln(tr) — u(t2)llw + [lus (1) — wa(t2)llv) -

The regularity of u, and ¢, given by (4.1) and (4.3) implies

D, €C(0,T;H). (4.47)

We choose ¢ = (¢!, #?) with ¢¢ € D(QF)? and ¢*~* = 0 in (4.44) and using (3.21), (4.38) we
find

divD'(t) = ¢§(t) Vte[0,T], £=1,2,
and, by (3.14), (4.47), we obtain
D, €C0,T;W).

Finally we conclude that the weak solution {w,, o, ¢«, («, B«, D4} of the piezoelectric contact
problem PV has the regularity (4.1)—(4.6), which concludes the existence part of Theorem 4.1.

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of the fixed point
of the operator A defined by (4.27)-(4.28) and the unique solvability of the Problems PV}, PV¥,

PVZ, PV§ and PV7,. o
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