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Abstract A study of generalized Ricci-recurrent (ε, δ)-trans-Sasakian manifold has been
made and it is shown that a generalized Ricci-recurrent cosymplectic manifold is always re-
current. Also, generalized Ricci-recurrent (ε, δ)-trans-Sasakian of dimension greater or equal to
5 are locally classified . Moreover, it is shown that ifM is one of (ε)-Sasakian and (δ)-Kenmotsu
manifold, then M is an Einstien manifold under certain conditions.

1 Introduction

In 1993, Bejancu and Duggal (cf.[2]) introduced the concept of (ε)-Sasakian manifolds which
later on showed by Xufeng and Xiaolic [11] that these manifolds are real hypersurfaces of in-
definite Kahlerian manifolds. (ε)-almost para contact manifolds were introduced by Tripathi
et al [10]; while the concept of (ε)-Kenmotsu manifolds was introduced by De and A. Sarkar
[3] who showed that the existence of new structure on indefinite metrics influences the cur-
varure. The curvature properties of (ε)-Sasakian manifolds were studied by Kumar et al [6]. In
2012, Nagaraja et al [8] generalized the notion of (ε)-Sasakian and (δ)-Kenmotsu manifolds by
introducing the concept of (ε, δ)-trans-Sasakian manifolds. On the other hand Jeong-Sik-Kim
et al [9] have studied the generalized Ricci-recurrent trans-Sasakian manifolds. Motivated by
the above discussions, we plan to study generalized Ricci-recurrent (ε, δ)-trans-Sasakian man-
ifolds. The paper is organised as follows. Section 2, contains necessary details about (ε, δ)-
trans-Sasakian manifolds. Section 3, is concerned with the study of generalized Ricci-recurrent
(ε, δ)-trans-Sasakian manifolds, where a relation among others, between the 1-forms A and B
is establisshed. It is proved that a generalized Ricci-recurrent cosymplectic manifold is always
Ricci-recurrent. Generalized Ricci-recurrent (ε, δ)-trans-Sasakian manifolds of dimension ≥ 5
are also classified. An expression for Ricci-recurrent of a generalized (ε, δ)-trans-Sasakian man-
ifold with cyclic Ricci tensor is obtained in the final section. Here it is proved that if M is one
of α-Sasakian or (ε)-Sasakian, β-Kenmotsu or (δ)-Kenmotsu manifolds which is generalized
Ricci tensor and non zero A(ξ) everywhere, then M is a an Einstein manifold. An example of
(ε, δ)-trans-Sasakian manifolds has also been discussed in detail.

A non-flat Riemannian manifold M is called a generalized Ricci-recurrent manifold ([4]) if
its Ricci tensor S satisfies the following condition.

(1.1) (∇XS)(Y,Z) = A(X)S(Y,Z) +B(X)g(Y,Z),

where ∇ is Levi-Civita connection of the Riemannian metric g and A , B are 1-forms on M .
In particular if 1-form B vanishes identically, then manifold M reduces to the Ricci-recurrent
manifold.

Let M̄ be an almost contact metric manifold with an almost contact metric structure (φ, ξ, η, g),
where φ is a (1,1) tensor field, ξ is a vector field, η is a 1-form and g is a compatiable Riemannian
metric such that

(2.1) φ2 = −I + η⊗ξ, φξ = 0, ηoφ = 0, η(ξ) = 1,

(2.2) g(φX, φY ) = g(X,Y )− εη(X)η(Y ),

(2.3) g(ξ, ξ) = ε

(2.4) g(X,φY ) = −g(φX, Y ), εg(X, ξ) = η(X)
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for all vector fieldsX , Y on TM̄ , where ε =g(ξ, ξ) = ±1. An (ε)- almost contact metric manifold
is called an (ε, δ)-trans Sasakian manifold if

(2.5) (∇̄Xφ)(Y ) = α(g(X,Y )ξ − εη(Y )X) + β(g(φX, Y )ξ − δη(Y )φX)

for some smooth functions α and β on M̄ and ε = ±1, δ = ±1. For β = 0, α = 1, an (ε, δ)-trans-
Sasakian manifolds reduces to (ε)-Sasakian and for α = 0, β = 1 it reduces to a (δ)-Kenmotsu
manifolds.

2 (ε, δ)-trans Sasakian manifolds

Let M̄ be an almost contact metric manifold with an almost contact metric structure (φ, ξ, η, g),
where φ is a (1,1) tensor field, ξ is a vector field, η is a 1-form and g is a compatiable Riemannian
metric such that

(2.1) φ2 = −I + η⊗ξ, φξ = 0, ηoφ = 0, η(ξ) = 1,

(2.2) g(φX, φY ) = g(X,Y )− εη(X)η(Y ),

(2.3) g(ξ, ξ) = ε

(2.4) g(X,φY ) = −g(φX, Y ), εg(X, ξ) = η(X)

for all vector fieldsX , Y on TM̄ , where ε =g(ξ, ξ) = ±1. An (ε)- almost contact metric manifold
is called an (ε, δ)-trans Sasakian manifold if

(2.5) (∇̄Xφ)(Y ) = α(g(X,Y )ξ − εη(Y )X) + β(g(φX, Y )ξ − δη(Y )φX)

for some smooth functions α and β on M̄ and ε = ±1, δ = ±1. For β = 0, α = 1, an (ε, δ)-trans-
Sasakian manifolds reduces to (ε)-Sasakian and for α = 0, β = 1 it reduces to a (δ)-Kenmotsu
manifolds.

3 3 Generalized Ricci-recurrent (ε, δ)-trans-Sasakian manifolds

Let M be a n-dimensional (ε, δ)-trans Sasakian manifold. From (2.5) it is easy to follows that

(3.1) ∇̄Xξ = −εαφX − βδφ2X.

From (2.6), it follows that

(3.2) (∇̄Xη)Y = δβ(εg(X,Y )− η(X)η(Y ))− αg(X,Y ).

In view of (2.5), (3.1) and (3.2) we are able to state the following lemma.

Lemma 3.1. ([8]) In a n dimensional (ε, δ)-trans Sasakian manifold we have

(3.3) R(X,Y )ξ = ε((Y α)φX − (Xα)φY ) + (β2 − α2)(η(X)Y − η(Y )X)

− δ((Xβφ2Y − (Y βφ2X) + 2δεαβ(η(Y ))(φX)− η(X)φY )

+2αβ(δ − ε)g(φX, Y )ξ,

(3.4) S(X, ξ) = (n− 1)
{
(εα2 − β2δ − ξβ)

}
η(X)− (n− 2)(Xβ)− (φX)α,

(3.5) Qξ = (n− 1)
{
(εα2 − β2δ − ξβ)

}
ξ − (n− 2)gradβ + φ(gradα),

whereR and S are curvature and Ricci curvature, whileQ is Ricci operator given by S(X,Y ) =
g(QX,Y ). In particular we have

(3.6) S(ξ, ξ) = (n− 1)
{
(εα2 − β2δ

}
− (2n− 3)(ξβ).

Now, we prove the following
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Theorem 3.2. (a) Let S be a semigroup, and let x ∈ S be a nongenerator of Let M be a n
dimensional generalized Ricci-recurrent (ε, δ)-trans Sasakian manifold. Then, the 1-froms A
and B are related by

(3.7) B(X) =
(n− 1)

ε

{
X(εα2 − β2δ)− (εα2 − β2δ)A(X)

}
+

(2n− 3)
ε

{(ξβ)A(X)−X(ξβ)}

+
2(n− 2)

ε

{
(αφX + βφ2X)βδ

}
+

2
ε
βφX − αφ2X)εα

}
.

In particular, we get

(3.8) B(ξ) =
(n− 1)

ε

{
ξ(εα2 − β2δ)− (εα2 − β2δ)A(ξ)

}
+

(2n− 3)
ε

{(ξβ)A(ξ)− ξ(ξβ)} .

Proof. Using equation(1.1) in the following equation

(3.9) (∇XS)(Y,Z) = XS(Y, Z)− S(∇XY, Z)− S(Y,∇XZ)

we get

A(X)S(Y,Z) +B(X)g(Y,Z) = XS(Y, Z)− S(∇XY,Z)− S(Y,∇XZ).

Putting Y = Z = ξ, in the above eqaution, we obtain

A(X)S(ξ, ξ) +B(X)ε = XS(ξ, ξ)− 2S(∇Xξ, ξ),

in view of (3.6), (2.4) and (3.1), we get (3.7). Then equation (3.8) is obvious from (3.7).
Let A∗ and B∗ be the associated vector fileds of A and B, that is εg(X,A∗) = A(X) and
εg(X,B∗) = B(X), where ε = ±1.

Corollary 3.3. In a n-dimensional generalized Ricci-recurent α-Sasakian (resp. (ε)-Sasakian)
manifold, we have

(3.8) B = −(n− 1)
ε

α2εA (resp. B = −(n− 1)εA)

Thus, the associated vector fields A∗ and B∗ are in opposite direction.

Proof. An (ε, δ)-trans Sasakian manifold of type (α, 0) is (α)-Sasakian ([5]) (resp. (ε)-Sasakian
([8, 11])). In case α = 1, then from the eqaution (3.7), the proof follows immediately.

Corollary 3.4. In a n-dimensional generalized Ricci-recurrent normal indifnite almost cosym-
plectic f -structure (or f -Kenmotsu) manifold, we have

(3.9) B(X) =
(n− 1)

ε

{
(f2δ)A(X)−X(f2δ)

}
+

(2n− 3)
ε

{(ξf)A(X)−X(ξf)}+ 2(n− 2)
ε

(φ2X)fδ

Proof. An (ε, δ)-trans Sasakian structure with α = 0 and β = f , is normal almost cosymplectic
f -structure([7]) (or f -Kenmotsu structure ). Thus putting α = 0 and β = f in (3.7), we get (3.9).

Corollary 3.5. For a n-dimensional generalized Ricci-recurrent (β)-Kenmotsu (resp. (δ)-Kenmotsu)
manifold, we have

(3.10) B =
(n− 1)

ε
β2δA

(
resp. B =

(n− 1)
ε

δA

)
Thus, the associated vector fields A∗ and B∗ are in same direction.
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Proof. (ε, δ)-trans Sasakian structure reduces to (β)-Kenmotsu ([5]) (resp. (δ)-Kenmotsu
([8, 3]) ) if α = 0 and β = constant. In particular 1-Kenmotsu structure is a Kenmotsu for
f = β = constant (resp. f = 1) from (3.9), we obtain (3.10).

An (ε, δ)-trans-Sasakian structures of type (0, 0) is cosymplectic ([1]). Thus, putting α = 0 = β
in (3.7), we get B = 0. Hence, we have the following

Theorem 3.6. (a) A generalized Ricci-recurrent indefinite cosymplectic manifold M is always
Ricci-recurrent.

Now, we give the following classification for generalized Ricci-recurrent (ε, δ)- trans-Sasakian
manifold of dimension≥ 5 locally.

Theorem 3.7. Let M be generalized Ricci-recurrent (ε, δ)-trans-Sasakian manifold of dimem-
sion n ≥ 5. Then

(1) either M is Ricci− recurrent,

(2) B + (n− 1)α2A = 0,

(3) B − (n−1)
ε β2A = 0,

where α and β are non-zero constants.

Proof. We know that locally an (ε, δ)- trans-Sasakian manifold of dimension≥ 5 is either cosym-
plectic or (α)-Sasakian (resp. (ε)-Sasakian) or β-Kenmotsu (resp. (δ)-Kenmotsu) manifolds.
Hence in view of corollaries (3.3), (3.5) and theorem (3.6) the proof of the theorem completes.

4 4. Generalized Ricci-recurrent (ε, δ)- trans-Sasakian manifold with Cyclic
Ricci tensor A Riemannian manifold is said to admit cyclic Ricci tensor if

(∇XS)(Y, Z) + (∇Y S)(Z,X) + (∇ZS)(X,Y ) = 0.

(4.1)
Now,weprovethefollowing.

Theorem 4.1. In a n-dimensional generalized Ricci-recurrent (ε, δ)- trans-Sasakian manifold
with Cyclic Ricci tensor, the Ricci tensor satisfies

A(ξ)S(X,Y )(4.2)

=
(n− 1)

ε

{
(εα2 − β2δ)A(ξ)− ξ(

{
(εα2 − β2δ)

}
)g(X,Y )

+
(2n− 3)

ε
{(ξβ)A(ξ)− ξ(ξβ)} g(X,Y )

+(n− 2) {A(X)(Y β) +A(Y )(Xβ)}

+(n− 1)(ξβ) {η(Y )A(X) + η(X)A(Y )}

+
(2n− 3)

ε
{(ξβ)η(Y )A(X)−X(ξβ)η(Y )}

− (n− 1)
ε

{
η(X)Y (εα2 − β2δ) + η(Y )X(εα2 − β2δ)

}
+

2(n− 2)
ε

{
η(X)(αφY + βφ2)δ + η(Y )(αφX + βφ2X)βδ

}
+

2(n− 2)
ε

{
η(X)(φ2Y − βφY )εα+ η(Y )(αφ2X − φX)εα

}
.
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Proof. (Supppse thatM is a generalized Ricci symmetric manifold admitting cyclic Ricci tensor.
Then in view of (1.1) and (4.1), we get

0 = A(X)S(Y,Z) +A(Y )S(X,Z) +A(Z)S(X,Y )

+B(X)g(Y,Z) +B(Y )g(X,Z) +B(Z)g(X,Y ).

Moreover, if M is (ε, δ)- trans-Sasakian manifold, then by putting Z = ξ, in the above equation,
we get

A(ξ)S(X,Y ) = −B(ξ)g(X,Y )−A(X)S(Y, ξ)

−A(Y )S(ξ,X)−B(X)η(Y )−B(Y )η(X),

which in view of (3.8) and (3.4) gives (4.2). 2

Corollary 4.2. For a n-dimensional generalized Ricci-recurrent manifold M with cyclic Ricci
tensor, we have the following statements
1. If M is an (α)-Sasakian manifold, then

A(ξ)S(X,Y ) =
(n− 1)

ε
εα2A(ξ)g(X,Y ).

2. If M is (ε)-Sasakian manifold, then

A(ξ)S(X,Y ) =
(n− 1)

ε
εA(ξ)g(X,Y ).

3. If M is a f -Kenmotsu manifold, then

A(ξ)S(X,Y ) =
(n− 1)

ε

{
ξ(f2δ − (f2δ)A(ξ)

}
g(X,Y )

+
(2n− 3)

ε
{(ξf)A(ξ)− ξ(ξf)} g(X,Y )

+ (n+ 2) {A(X)(Y f) +A(Y )(Xf)}

+
(2n− 3)

ε
{(ξf)η(Y )A(X)−X(ξf)η(Y )}

− (n− 1)
ε

{
η(X)Y (f2δ) + η(Y )X(f2δ)

}
− (2n− 3)

ε

{
η(X)(fφ2Y )fδ + η(Y )(fφ2X)fδ)

}
.

4. If M is β-Kenmotsu manifold, then

A(ξ)S(X,Y ) = −(n− 1)
ε

β2A(ξ)g(X,Y ).

5. If M is an (δ)-Kenmotsu manifold, then

A(ξ)S(X,Y ) = −(n− 1)
ε

δA(ξ)g(X,Y ).

6. If M is Cosymplectic manifolds, then

A(ξ)S(X,Y ) = 0.

A Riemannian manifold is an Einstein manifold if

S(X,Y ) = ρεg(X,Y ).

Therefore, in view of corollary (4.2), we are able to state the following.

Theorem 4.3. Let M be generalized Ricci-recurrent manifold with cyclic Ricci tensor and M is
one of (ε)-Sasakian, α-Sasakian, (δ)-Kenmotsu and β-Kenmotsu manifolds with non-zero A(ξ)
everywhere, then M is Einstein manifold.
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Example: Consider the three dimensional manifold M =
{
(x, y, z) ∈ R3 |z 6= 0} , where

(x, y, z) are the cartesian coordinates in R3 and let the vector fields are

e1 =
ex

z2
∂

∂x
, e2 =

ey

z2
∂

∂y
, e3 =

−(ε+ δ)

2
∂

∂z
,

where e1, e2, e3 are linearly independent at each point of M . Let g be the Riemannain metric
defined by
g(e1, e1) = g(e2, e2) = g(e3, e3) = ε, g(e1, e3) = g(e2, e3) = g(e1, e2) = 0,
where ε = ±1.
Let η be the 1-form defined by η(X) = εg(X, ξ) for any vector field X on M , let φ be the (1,1)
tensor field defined by φ(e1) = e2, φ(e2) = −e1, φ(e3) = 0.
Then by using the linearty of φ and g, we have φ2X = −X + η(X)ξ, with ξ = e3.

Further g(φX, φY ) = g(X,Y )− εη(X)η(Y ) for any vector fields X and Y on M . Hence for
e3 = ξ, the structure defines an (ε)-almost contact structure in R3. Let ∇ be the Levi-Civita
connection with respect to the metric g, then we have

2g(∇XY,Z) = Xg(Y,Z) + Y g(Z,X)− Zg(X,Y )− g(X, [Y, Z])(4.3)

− g(Y, [X,Z]) + g(Z, [X,Y ]),

which is know as Koszul’s formula.
We, also have
∇e1e3 = − (ε+δ)

z e1, ∇e2e3 = − (ε+δ)
z e2, ∇e1e2 = 0,

using the above relation, for any vector X on M , we have
∇Xξ = −εαφX − βδφ2X , where α = 1

z and β = − 1
z . Hence (φ, ξ, η, g) structure defines the

(ε, δ)-tran-Sasakian structure in R3.
Here ∇ be the Levi-Civita connection with respect to the metric g , then we have

(4.4) [e1, e2] = 0, [e1, e3] = − (ε+δ)
z e1, [e2, e3] = − (ε+δ)

z e2.
Using (4.3) and (4.4), we have

2g(∇e1e3, e1) = 2g
(
−(ε+ δ)

z
e1, e1

)
+ 2g(e2, e1)

= 2g
(
−(ε+ δ)

z
e1 + e2, e1

)
,

since g(e1, e2) = 0. Thus we have
(4.5) ∇e1e3 = − (ε+δ)

z e1 + e2.
Again using (4.3), we get

2g(∇e2e3, e2) = 2g
(
−(ε+ δ)

z
e2, e2

)
− 2g(e1, e2)

= 2g
(
−(ε+ δ)

z
e2 − e1, e2

)
,

since (e1, e2) = 0. Therefore we have
(4.6) ∇e2e3 = − (ε+δ)

z e2 − e1.
Again from (4.3), we have
(4.7) ∇e3e3 = 0, ∇e1e1 = − (ε+δ)

z e1, ∇e1e2 = 0

∇e2e1 = 0, ∇e2e2 = − (ε+δ)
z e2, ∇e2e3 = − (ε+δ)

z e2 − e1

∇e3e1 = 0, ∇e3e2 = 0, ∇e1e3 = − (ε+δ)
z e1 + e2.

The manifold M satisfies (2.5) with α = 1
z and β = − 1

z . Hence M is an (ε, δ)-trans-Sasakian
manifolds. Using (4.5), (4.6) and (4.7) the non-vanishing components of the curvature tensor are
computed as follows

(4.8) R(e1, e3)e3 =
(ε+δ)
z2 e1, R(e3, e1)e3 = − (ε+δ)

z2 e1,
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R(e2, e3)e3 =
(ε+δ)
z2 e1, R(e3, e2)e3 = − (ε+δ)

z2 e1,
The vectors e1, e2, e3 form a basis of M and therefore any vector X can be written as
X = b1e1 + b2e2 + b3e3, where bi ∈ R3, i = 1, 2, 3. Now, from (4.8), we have

(∇XR)(e1, e3)e3 = −2
(ε2 + δε)

z3 b3e1,

(∇XR)(e2, e3)e3 = −2
(ε2 + δε)

z3 b3e2,

where A(X) = −2 (ε2+δε)
z3 b3, is a non-vanishing 1-form.

From the above expresion of the curvature tensor we can also obtain

S(e1, e1) = g(R(e1, e3)e3, e1) = g

(
(ε+ δ)

z2 e1, e1

)
= g

(
(ε+ δ)

z2 e1, e1

)
S(e1, e1) =

(ε+ δ)

z2 ε

or

S(e1, e1) =
(ε2 + δε)

z2 .

Similarly, we get

S(e2, e2) = S(e3, e3) =
(ε2 + δε)

z2

also
(∇XS)(e1, e3)e3 = (∇XS)(e1, e2)e2 = 0,

since g(e1, e3) = g(e1, e2) = 0.
This implies that there exist a Ricci-recurrent (ε, δ)-trans-Sasakian manifold of dimension 3.
Since

S(ei, ei) =
(ε+ δ)

z2 ε,

or

S(e1, e1) + S(e2, e3) + S(e3, e3) = −3
(ε2 + δε)

z2 .

Therefore, we have

S(ei, ei) = −
(ε+ δ)

z2 g(ei, ei),

for i = 1, 2, 3 , and α = 1
z , β = − 1

z . Hence from theorem (4.3), M is an Einstein manifold.
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