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Abstract. Let p be an odd prime number and let L/K be an arbitrary finite Galois p—
extension of Z,—cyclotomic fields of CM-type. In this paper, assuming that the Iwasawa p~—
invariants of K and L are zero, we obtain the Galois module structure of € (p), the p—subgroup
of the minus part of the ray class group of L, and of , %, the elements of € (p) of order a
divisor of p, associated to the modulus 8 of L induced by a modulus 2 of K, which contains in
its support the non—p—prime divisors of K ramified in L* and split in K, and also contains in
its support a finite collection of non—p—prime divisors of K+ that do not ramify in L*; they may
splitin K or be inert in K. That is, we obtain explicitly the decomposition of €5 (p) (of , €5 ) as
a direct sum of indecomposable Z,[G]-modules (IF,[G]-modules) with respect to the modulus

B.

1 Introduction

The Riemann-Hurwitz formula, in the context of algebraic function fields of one variable, is
used to calculate the genus of a Riemann surface or a curve. In 1979, Y{ji Kida [6] proved an
analogous formula for number fields. Namely, for a finite Galois p—extension of Z,—cyclotomic
fields of CM—type (p an odd prime number), Kida’s formula computes the Iwasawa A ~—invariant
of a Z,—cyclotomic field of CM-type. Later, in 1980, Kenkichi Iwasawa [4], using Galois rep-
resentations, obtained a generalization of this formula valid for fields other than CM-fields. In
all this development, the structure as Galois module of the p—subgroup of the minus part of the
class group €, (p) of a field of CM—type L is important.

In general, to obtain the Galois module structure of the p—subgroup of the minus part of the
class group € (p), that is, to get the decomposition of € (p) as a direct sum of indecomposable
Z,[G]-modules, the following technique has been used successfully. Consider the p—Sylow
subgroup of the minus part of the ray class group €; (p) where 1 is the modulus in L induced
by a modulus 9 which contains in its support all the non—p—prime divisors of K ramified in
L* and split in K. Then, consider the exact sequence of Z,[G]-modules

0 —R— %) — %, (p) —0, (1.1)

where fR is the kernel of the natural map characterized in [10], by Villa and Madan.

In (1.1), €y (p) is associated with the modulus 9, which contains in its support all the non—
p— prime divisors of Kt ramified in L™ and split in K, and also its support contains a finite
collection of non—p—prime divisors of K+ unramified in L™ which may be split or inert in K
(see [9] p.343.) The natural question is, which is the structure of €5 (p) as Z, [G]-module, if B
is an arbitrary modulus in L?

The main objective of this article is to answer the question in the case that ®5 is a modulus of
L induced by a modulus 2 of K which contains in its support a finite number of non—p—prime
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divisors of K™ ramified in L™ and split in K and a finite collection of non—p—prime divisors of
K™ ramified in L™ that may be split or inert in K. That is, we obtain explicitly, for this type
of modulus B, the decomposition as a direct sum of indecomposable Z, [G]-modules of €5 (p).
This structure is the content of Theorem 4.1. We also derive the modular structure of ,% , the
p—part of €y (p), i.e., we obtain the decomposition of ,%;; as a direct sum of indecomposable
[F,,[G]-modules. The result is Corollary 4.3.

The organization of this paper is as follows. In Section 2, the necessary notation and basic
results on Z,—extensions are collected. In Section 3, we obtain an implicit characterization of
% (p) as Z,[G]-module. This is given in the Theorem 3.5. Finally, in Section 4 we obtain the
Galois module structure of €5 (p) and of , €.

2 Notation and some preliminaries on Z,—extensions

We establish in this section the necessary notation and the auxiliary results on Z,—extensions,
where Z,, denotes the ring of p-adic integers. In what follows p denotes an odd prime number.
If L is an algebraic number field, a monomorphism ¢ : L — C, where C denotes the field
of complex numbers, is called an embedding of L. An embedding ¢ of L is said to be real if
¢(L) C R, where R denotes the field of real numbers, and ¢ is called an imaginary embedding
of L if ¢(L) € R. If all the embeddings of L are real, L is called a totally real field. 1f all
the embeddings of L are imaginary, L is called a totally imaginary field. Denote by J complex
conjugation. If J(L) = L and o o J = J o ¢ for all embeddings o of L, L is called a J—field.

If L is a totally imaginary field and it is a quadratic extension of a totally real field, L is
called a CM—field. A CM-field L is also called a field of CM—type. We have that, in particular, a
CM-field L is a J—field.

We denote by Lt := L N R the maximal real subfield of a CM-field L. If L is a field of
CM-type, then L is invariant over complex conjugation J and the Galois group of the extension
L/L7 satisfies Gal(L/L") = (J), the group generated by complex conjugation.

A Z,—extension of a number field L is a Galois extension L, /L such that Z,, = Gal(L /L),
the additive group of p—adic integers.

Let (,» be a primitive p"—th root of unity in C. It is well known that Q((,»)/Q is a cyclic
extension of degree p"~!(p — 1). Let Q,,—; be the unique subfield of Q((,~) such that [Q,_; :
Q] =p» ' Wehave Q = Qy C Q; C --- C Q, C ---. We define Qo := U ,Q,,. Then
Z, = Gal(Qu /Q) = lgn Gal(Q,/Q) = liin Z/p"Z. Hence Qo /Q is a Z,—extension. The field

Qo is called the cyclotomic Z,—extension of Q.

It is well known that any number field L admits at least one Z,—extension, namely LQ../L
which is called Z,—cyclotomic extension of L or Z,—cyclotomic field (see [11] p. 128). We will
be using the term Z,—cyclotomic field. Also, L is called a Z,—field if L is the Z,—cyclotomic
extension of some number field K.

Let L be a number field. We shall denote by Py, := {(«)|a € L*)} the subgroup of principal
divisors of L, I}, the divisor group of L and €7, := I,/ Py, denotes the class group of L.

Given L/Lgy a Z,—extension of some number field Lo, let us consider the sequence L,, of
associated intermediate fields of the extension L/Ly. Let I be the divisor group, P;, the
subgroup of principal divisors and ¢7,,, the class group of L,,. If 0 < n < m, consider the natural
embeddings Iy, — Ir,,. We have that I, = ligl Ip,, 6L = ligl €1, and 61 (p) = liin €L, (p),

where %7, (p) denotes the p—torsion of 47, (see [3] p. 263). We have that %7, is a torsion
abelian group.

Let L/L be a Z,—extension and p?* the highest power of p dividing the class number of L,,.
Then there exist three integers v, A, 1 independent of n with A, > 0, and an integer ng, such
that ¢,, = up™ + Am + v for all m > nyg, (see [2], Theorem 11, p. 224). The integers v, A, i
are known as the Iwasawa invariants associated to the field L. In this case, we use the notation



Galois module structure of the p—subgroup of the minus part - - - 3

vy, >\L and ML

It is well known that, if L is a Z,—field of CM-type, then Ltisa Z,—-field. Therefore,
there exist Iwasawa invariants associated to L™, which will be denoted by v+, Ap+, ur+. Let
I/L_ =V —V+, )\Z = )\L — /\L+ and ,U,Z =L — Wt

We define W, := {¢ € C|¢"™ = 1} the group of n-th roots of unity, W = US>\ W,,, W(p) =
Un—oWp» and for a field L, Wi := W N L the group of roots of unity in L. Let

{ Lif W(p) C L
(SL =

0 otherwise.

Note that 6 = 0, since L/K is a p—extension.
There is a basic relationship between the Iwasawa invariants A\, and Ay given by the follow-
ing proposition.

Proposition 2.1. Let L/K be a finite Galois p—extension of Z,—cyclotomic fields with Galois
group G = Gal(L/K), such that p; = 0and pj = 0. Let P,", ..., P;" be the non—p—primes of
K" ie., P}|g # p, ramified in L and split in K. Let Cony- i (P;") = PP/ be the conorm
map of P*. Let Gy, ..., Gy be the decomposition groups of P, ..., P;. Then

_ |G
A 01 = 110 — o) +Z(|G| o)
Proof. See [6] p. 519. ]

Given a number field L, a formal product 901 := H ") where ngn(p) € NU {0} and
p€ePL

non(p) = 0 for all but a finite number of elements of Py, the collection of prime divisors of
L, is called a modulus of L. Moreover, non(p) = 0or 1 when p is a real prime divisor and
non (p) = 0if p is a complex prime divisor.

For any finite set {p1, @2, ..., i} of different prime divisors of L, we define the modulus
M = Hl L 987, pi > 0. Associated with the modulus M we have the following groups: Ij; :=
{D|D is divisor of L relatively prime to M}, Ths = {(a)|a € L*, («) relatively prime to M},
Pyi={(a)|la € L*, @« = 1mod M }, and €s := In/Par which is called the ray class group.

For a finite p—extension of Z,—fields of CM—type L/K, there exist finitely many primes of
K™ ramified in L.

Frow now on: L/K denotes a finite Galois p—extension of Z,—cyclotomic fields of CM-type
with Galois group G = Gal(L/K) and such that iy =0and pj =0.

Consider the diagram

Lt —— L

]

Kt —— K
Let {©], 05 ,....0; } be the set of the non—p—prime divisors of K, that is p. |¢ # p, ramified
in L* and split in K. Let {p;" e 01 4.} be any set of non—p—prime divisors of K split in
K and unramified in L. Finally, let {©/ . ,..., 0/ .., } be an arbitrary set of non—p—prime

divisors of K* inert in K and unramifed in L. Moreover, we assume that p>®|| (Ox+/p;)" |

for 1 < i < t+ u+ v, where Og~+ denotes the ring of integers of KT (see [4] p- 268). Let
t

U := DD’CC’Q where D := [[;_, of, C = [T}_, ¢/, and Q := [I;_, 9/, 4 We have

that U is a modulus of K*. Let D, := Hle pj, with s < ¢ and

2A:=D,D/CC’Q. 2.1)
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The modulus 2 divides the modulus U'.
Let Cong+ /i (97) = pip, i € {1,...,t +u}, Cong+ k() = pi = 9, i € {t +u+
1,...,t+u—+wv}and Cong,y(p;) = (HY . H)e = NE e {t+u+1,.. . t+u+u}
Note that e; = 1 forall ¢ € {t+1,...,t + u + v} and f(H](-z>|pi) = 1 for every i €

{1,...,t+u+ v} (see [4] p. 266).
We define 91 and ‘B as the moduli of L given by:

i=t+u Jj=t+u+tv
N:= ( 1T NZ-NZ-"> II ~| and (2.2)
i=1

j=t+u+l

1=s 1=t+u Jj=t+utv
B = (HN,-N5> < 11 quNz-") IT ~i).s<t (2.3)

i=1 i=t+1 j=ttu+l
That is, considering @ := Cong+ 1+ (Q), Dy := Cong:,r+(D) and Cy := Cong 1+ (C),
we have in L the modulus M := D;D{C,C{Q, induced by the modulus U. Furthermore, if

— _

D, := Cong+,+(Ds), then B := D, D, C,C{Qy is a modulus of L, i.e., B is induced by the
modulus 2. We have that B divides 91. More precisely, to obtain the modulus B, some ramified
non—p—prime divisors in the support of the modulus 91 are removed.

Remark 2.2. Let A be a Z,[G]-module, p # 2. Then A = AT @ A~, where At :={a € Ala’ =
+a}. (See [3] p. 308). Also, we define A(p) := {a € A| order of a is a power of p}.

In our case, the class group 47, of L is expressed as
€L = ¢, © ¢, and therefore €7, (p) = €, (p) ® €5 (p)-
In particular, for the ray class group induced by the modulus ‘B, we have
@ (p) = s (p) ® C5 (p)-

The main objective of this article is to find the explicit structure as Z,[G]-module of € (p),
the p—subgroup of the minus part of the ray class group of L associated to the modulus ‘B of
L. That is, we obtain explicitly the decomposition of €5 (p) as a direct sum of indecomposable
Z,[G]-modules, where B is a modulus in L given by (2.3).

If L/ K is a finite Galois p-extension of Z,—cyclotomic fields of CM—type with G = Gal(L/K),
it was established in [9] and [10] the exact sequence of Z,[G]-modules

& RIG/Gi] & RIG)"

0 =
T (R

— Gy (p) — € (p) — 0, (2.4)

where G; denotes a decomposition group of the prime divisor p; of K, G/G; denotes the set of

left cosets, R[G/G;] is the Z,[G]-module Z o0 ’ a, € R p with the natural action and
ceG/G;

Ref = E Tol,. .., E xat,g ;EU,...,E To ‘xER ,

01€G/G) 0:€G/Gy ceG oeG

a
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that is, Re; is isomorphic to R := % embedded diagonally in é] R[G/G;] ® R[G]".
i=
Let M be a Z,[G]-module and let 0 — M — Y — P — 0 be any exact sequence of
G-modules, with Y an injective Z,[G]-module. We write P = P() @ P(*) with P(!) an injective
Z,[G)-module and with P(*) having no Z,[G]-injective components. Let Q* (1) := P(©), which
is called the dual of the Heller’s loop—space operator of M. The Z,[G]-module Q¥ (M) is unique
up to isomorphism. Note that Q* is well defined since the Krull-Schmidt-Azumaya Theorem (see

[1], (6.12), p 128) holds for Z, [G]-modules.

Proposition 2.3. Let G be a finite p-group and let H be a subgroup of G. Then

. R[G] :
i) R[G/H] and RIG/H] are indecomposable Z,|G)-modules.

ii) Qf(R[G/H]) = ngi]q] as Zy|Gl-modules.

iii) If My and M, are Z.,|G)-modules, then Q*(M; @ M) = Q*(M;) & Q*(M>).
iv) If M is an injective Z,[G]-module, then Q* (M) = {0}.

Proof. See [5], Proposition 2.8, p. 108. O

Let G be a finite p—group and let M be a Z,[G|-module such that the Pontryagin’s dual
X(M) := Homgz, (M, R) of M is finitely generated, and such that M is a Z,—injective module.
Then, as groups, M = R* with sp < oo. If ,M denotes the elements of M of order a divisor
of p, then , M is a finitely generated F,[G]-module and it is called the p—part of M, where F,
denotes the finite field of p elements.

Theorem 2.4. Let M and G be as in the above notation. If ,M = F,[G]" @ U with F |G| not a
component of U and M = R[G|™ &V where R|G| is not a component of V, then n. = m.

Proof. See 8], Lemma 3, p. 81. O

3 An exact sequence for G (p)

The main objetive in this section is to establish an exact sequence of Z,[G]-modules character-
izing implicitly the structure of € (p). First, we obtain some results for a Z,—cyclotomic field
of CM-type and then for L/ K, a finite Galois p—extension of Z,—cyclotomic fields of CM—type.

Lemma 3.1. If L is a Z,—cyclotomic field of CM-type, 9t and B are moduli of L as in (2.2) and
(2.3), respectively, then the natural map ¢ : G, (p) — i (p) is an epimorphism.

Proof. Since ‘B divides M, i.e., M = BD for some divisor D, the natural inclusion maps
Iy C Iy and Py C Py induce the epimorphism ¢ : 5 — %s. Since %y and G are torsion
groups and L is a J—field, the result follows. m|

Proposition 3.2. If L is a Z,—cyclotomic field of CM—type, M and *B are moduli of L as in (2.2)
and (2.3) respectively, then we have the exact sequence of groups

0 — W ()"~ — 5 (p) — Cg(p) — 0,

where to := (u + v)|G| + (Zﬁzl |GQ ) and sy := (u+v)|G| + (Zf:l |GQ )
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Proof. From [9] p. 342, we obtain an exact sequence of groups
0 — W(p)o—or — Gy (p) — €, (p) — 0.
Using the same idea for 1 < s < t we have the exact sequence of groups
0 — W(p)* % — G5 (p) — €1 (p) — 0.
Since the modulus B divides the modulus 91, from Lemma 3.1 we have that
0 — ker(p) — €y (p) 2 € (p) — 0 3.1

is an exact sequence. Therefore we have the commutative diagram of Z,—-modules

0 ——= W(p)r —= Cxp) —= ¢ (p) —= 0

e

0 ——= W(p)"=" — Cy(p) —= € (p) —= 0

Using the Snake Lemma, we obtain the exact sequence
0 — ker(p) — ker(p) — 0.
That is, ker(p) = ker(p). It is easy to see that
ker(p) = W (p)to—=o. (3.2)

Finally, the result follows from (3.1) and (3.2). O

Corollary 3.3. If L is a Z,—cyclotomic field of CM—type and *B is modulus of L as in (2.3), then,
as groups

t

G (P) = R with A\ = |G|(A\g +t+u+v— k) — Z

i=s+1

G
G;

Proof. Since € (p) = R . as Z,-modules (see [4] p. 264), using similar arguments we obtain
% (p) = R as Z,~modules. From (2.4) and Kida’s formula we obtain

ﬁgg%(zj) ~ }%\(H(A;;-Ft+1k+v——§K) as groups.
On the other hand we have W (p) = R, and from Proposition 3.2 we obtain
)\%:|G‘()\;(+t+u+v—5[{)—(to—S()). O

Proposition 3.4. Let L/ K be any finite Galois p—extension of Z,—cyclotomic fields of CM—type
and suppose that i, = 0 and py = 0. If B is a modulus of L given by (2.3), the structure of
the Z,[G)-module € (p) is characterized by the following exact sequence of Z,[G|-modules

& RIG/G)) @ RIGI"""
Re?

Su+v

00—

— G5 () — €, (p) — 0. (3.3)
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Proof. The case s = t was obtained (for the p—part) in Proposition 9 p. 344 of [9] and Theorem
1 p. 257 of [10]. The same ideas apply to the case 1 < s < t. a

Theorem 3.5. Let L/ K be an arbitrary finite Galois p—extension of Z,—cyclotomic fields of CM—
type and suppose that ji; = 0 and j1; = 0. Then we have an exact sequence of Z,[G|-modules

0— ._éﬂ RIG/G;] — Gy (p) — G () — 0, (3.4)

where the moduli N and B of L are defined by (2.2) and (2.3), respectively.

Proof. G (p) is completely characterized from the Schanuel’s Lemma and (3.4). From (3.3),
we obtain the exact sequences of Z,[G]-modules

é R[G/G;) @ R[G]"*

*
tu+v

& R[G/G,] & R[G]"*
0— =

0— — Gy (p) — € (p) — 0,

Tt — €y (p) — € (p) — 0.

Su+v

Since the modulus B divides the modulus 91, from Lemma 3.1 we obtain the commutative
diagram of Z,[G]-modules

& RIG/Gi) @ RG]

0 Rer Cop) —> G (p)) —=0  (35)
T’@ o id
& R[G/Gy) @ RG)**
0 = Rer Cn(p) —= ¢, (p) —=0

tutv
Using the Snake Lemma, we obtain the exact sequence
0 — ker(p;) — ker(¢;) — 0.

That is, ker(¢1) = ker(¢p;). Furthermore, it is easy to see that
. t
ker(p1) = @ 1R[G/Gi]. (3.6)
=5+

Finally, the result follows from (3.5) and (3.6). O

Corollary 3.6. We keep the notation as above. For , €, the p-parte of €y (p), we have an exact
sequence of F,|G|-modules

0— @ F[G/Gi] — G — yEq — 0,
i=s+1

where the moduli Nt and B of L are defined by (2.2) and (2.3), respectively.
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Proof. Since & R[G/G,] is a sum of p-divisible Z,[G]-modules, it is a p-divisible module.
i=1

From (3.4), we have the commutative diagram

S

0— & R[G/Gi| — G5 (p) — Cx(p) —= 0

R

0 —— & RG/Gi] —= %5 (p) —= Cx(p) — 0

where p : A — A s given by p(a) := pa, for all a € A, with A any Z,[G]-module. Using the
Snake Lemma and that ,(R[G/G;]) = F,,[G/G;], the result follows. O

4 The Galois module structure of Gy (p) and , %

The main goal in this section is to obtain the structure, as Galois module, of the p—subgroup
of the minus part of the ray class group € (p) and of %, the elements in € (p) of order
dividing p. That is, we obtain explicitly the decomposition, as a direct sum of indecomposable
Z,|G]-modules and of indecomposable IF,,[G]-modules, of € (p) and , € , respectively, where
B is a modulus of L given by (2.3).

Theorem 4.1. Let L/K be an arbitrary finite Galois p—extension of Z,—cyclotomic fields of
CM-type with Galois group G = Gal(L/K) and suppose that p; = 0 and p1p; = 0. Then the
structure of 6o (p) as ZLy|Gl-module is given by

%MMZRWW”&HMM@CELRE%H)

where Xy denotes the minus Iwasawa A—invariant of K, t is the total number of ramified non—
p—prime divisors, s < t is the number of non—p—prime divisors of K+ ramified in L™ and split
in K, u is the number of non—p—prime divisors of K™ split in K and unramified in L™ contained
in the support of 2 given by (2.1), and v is the number of non—p—prime divisors of K™ inert in
K and unramified in L.

Proof. Using (3.4) and that € (p) is an injective Z,,[G]-module (see [10], Proposition 3, p. 257),
we obtain the exact sequence of Z,[G]-modules

0— & R[G/G;] — R[GPsHvtu=0r s @ (p) — 0. 4.1)
i=s+1

From the Krull-Schmidt-Azumaya Theorem, we obtain
©x (p) = R[G]* ® M, where M does not have R[G] as a component.

Now, we must find the value of o and decompose M as a direct sum of indecomposable Z, [G]—-
modules. Applying the dual of Heller’s loop operator in (4.1) and using Proposition 2.3, we
have
t t t R[G]
M= Qf R[G/G;] | = Q'R[G/G;]) = — .
(i?+l G/ ]) . (@ R[G/Gil) — RIG/G]
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On the other hand, to compute «, we use the technique used to obtain the injective component
of ¢} (p) given in [7]. We have the exact sequence of Z,[G]-modules

0— & R[G/G;] — R[G]® — Q#< ® R[G/GJ) — 0,

i=s+1 1=s+1

where c is the minimal natural number such that exists a Z, [G]-monomorphism

Since R[G]¢ and R[G]*x Tt+v+u=9x are injective Z,[G]-modules, using Schanuel’s Lemma, we
obtain

R[G]*® R|G]* & (iél %) =~ of (Zéﬂ R[G/GJ) @ RGP FtHvtu—ox,

From the Krull-Schmidt-Azumaya Theorem, we have
R[G]C ® R[G]a ~ R[G]A;{+t+v+u761{7
ie,a=A; +t+v+u—Jdg —c Now, to obtain ¢, we compute

t G t t
c:dimzp< @ R[G/Gi]) :dimzp< & R[G/GZ—]G> :dimZp< o R) =t—s.
1 1 i

i=s+ i=s5+ i=s+1

Finally, o = A +t+v+u—0g — (t —s) = Ag +s+v+u—dk. O

Remark 4.2. The exponent « of the injective summand in Theorem 4.1 can also be obtained as
follows.

From the exact sequence (4.1) and the Krull-Schmidt-Azumaya Theorem we have the exact
sequence of Z,[G]-modules

¢ _ Aptttvtu—dx a : ﬂ
0— & RIG/G]— R[G] — R[G]"® <i_?+1 rG/G) 0
that is

t
Gla=|Gl(A\g +t+v+u—0dk)— >
i=s+1

t

— Gt —s)+ )

i=s+1

G

G

% 7

=Gl g +t+v+u—9Ix+s—t)=|G|(A\g +s+v+u—0dk),
ie,a=A;+s+v+u—Idg.

Corollary 4.3. We keep the notation as above. Let L] K be any finite Galois p—extension of Z,—
cyclotomic fields of CM—type and suppose that u; = 0 and pz = 0. Then the structure of ,6y
as F,[G]-module is given by

- t F,[G
CZ 2T (G )\K—5K+s+u+v p )
PeB (€] @ (iejﬂ IFI,[G/GZ-]>
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Proof. If follows from Theorems 2.4 and 4.1 since

RG] > Fy[C]

SRIGD=Fyl6) and (bl ) > et o

Remark 4.4. Theorem 4.1 generalizes Proposition 3, p. 257 of [10]. Corollary 4.3 generalizes
Proposition 8 p. 336 of [9].

Remark 4.5. For the case of the Galois structure as Z,[G]-module (F,[G]-module) of € (p)
(%, ) there is a difference depending on whether 67, = 0 or 1. However, the Galois structure as
Zy|G]-module (F,[G]-module) of € (p) (, € ) is of the same type independently of 6.
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