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Abstract. Representations of posets in certain modules are used to discuss direct decomposi-
tions of almost completely decomposable groups. For almost completely decomposable groups
with p-primary regulator quotients direct decompositions are unique up to near—isomorphism.
Among the categories of rigid almost completely decomposable groups with p-primary homo-
cyclic regulator quotients we determine those that contain indecomposable groups of any finite
rank in which case a complete description is hopeless, and for the remaining cases we completely
determine the near—isomorphism classes of indecomposable groups.

1 Introduction

Representations of finite posets S over Z. = Z/eZ are intimately connected with almost com-
pletely decomposable groups, [Mader00, Ch.8]. An almost completely decomposable group is
a torsion-free abelian group of finite rank that contains a completely decomposable subgroup of
finite index. An almost completely decomposable group G contains a fully invariant completely
decomposable subgroup of finite index, the regulator R := R(G). The regulator quotient G /R
is a Z.-module where e = exp(G/R) denotes the exponent of G/R. The Z.-module R/eR
contains UY := eG/eR = G/R, and UE together with certain other distinguished submodules
form the representation U associated with G. The group G is indecomposable if and only if its
representation Ug is indecomposable, [Mader00, Corollary 10.1.7].

There is clear evidence that isomorphism is an unworkable equivalence relation for almost
completely decomposable groups while near—isomorphism works very well. E.g., [Arnold82]
showed that near—isomorphic (torsion-free abelian) groups of finite rank have the same decom-
position properties. Also near—isomorphic almost completely decomposable groups have iso-
morphic regulators and regulator quotients, [Mader00, Theorem 9.2.6]. Two almost completely
decomposable groups G and H with regulators isomorphic to R and isomorphic regulator quo-
tients of exponent e can be viewed in the representation setting R/eR differing only by the
submodules US and UX. It turns out that G and H are nearly isomorphic if and only if their
representations are isomorphic, [Mader00, Theorem 9.2.4].

A particularly nice subclass of almost completely decomposable groups is the class of almost
completely decomposable groups with p-primary regulator quotient. While almost completely
decomposable groups in general may have wildly different direct decompositions, for groups
with primary regulator quotients the direct decompositions with indecomposable summands are
unique up to near—isomorphism, [Faticoni-Schultz96]. This means that a classification of these
groups amounts to determining their near—isomorphism classes of indecomposable such groups.
Yet, even for these groups the associated representations mostly have unbounded representation
type, i.e., there exist indecomposable groups of arbitrarily large finite rank, and these groups are
not amenable to classification.

IfR=6& peTa(r) Bp is the decomposition of the completely decomposable group R with
homogeneous summands R, # 0 of type p, then T (R) is the critical typeset of R. An almost
completely decomposable group G is rigid if T.,(R(G)) is an antichain. We settle completely
the case of rigid almost completely decomposable groups with p-primary homocyclic regulator
quotient, i.e., the regulator quotient is the direct sum of cyclic groups all of the same order p° for
some e > 1. A type T is p-reduced if pA # A for any rank-1 group of type .

Let e be a positive integer and S,, = {7,...,7,} an anti-chain of p-reduced types and
of width w. By hc'(S,,,p¢) we denote the category of rigid homocyclic almost completely
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decomposable groups G with critical typeset T.(G) = S,, and regulator quotient G/ R(G) that
is homocyclic of exponent p®.

The main result of this paper is Theorem 1.1. It will be seen in the Section 3 how almost
completely decomposable groups can be described in terms of “representing matrices”.

Theorem 1.1.
1. For w > 4 and any e > 1, the category hc’(S,,, p¢) has unbounded representation type.
2. For w = 3 and e > 3, the category hc' (S, p°) has unbounded representation type.

3. The category hc’(S,,p®) contains up to near—isomorphism exactly one indecomposable
group with representing matrix {1 [ 1} :

4. The category hc’(S3, p) contains up to near-isomorphism exactly one indecomposable group

with representing matrix [1 ]| 1} , and one indecomposable group with representing matrix

ll | o] 1] _

o t ] 1

5. The category hc’ (S5, p?) contains up to near—isomorphism exactly the fourteen indecom-
posable groups with representing matrices listed in Theorem 6.3.

Proof. (1) and (2): Corollary 5.9.
(3): Trivial.
(4): Theorem 6.2.
(5): Theorem 6.7. O

Theorem 6.3 overlaps with [Mouser93] and confirms Mouser’s assertion that indecomposable
groups in hc’(S3, p?) have rank < 9. However, Mouser lists indecomposable representations that
do not satisfy the Regulator Criterion, and some indecomposable representations are missing.
We therefore produce independent proofs.

The theory of almost completely decomposable groups with two critical types S = (1, 1) is
well-known and due to [Arnold73], [Dugas90], [Lewis93]. Indecomposable groups in hc’ (S, p©)
have rank 2 and two indecomposable such groups are nearly isomorphic if and only if they have
the same critical typeset and isomorphic regulator quotients, [Mader00, Section 12.3].

2 Almost completely decomposable groups

Details on almost completely decomposable groups and representation of posets are found in
[Mader00] and [Arnold00]. All “groups” in this paper are torsion-free abelian groups of finite
rank.

A completely decomposable subgroup R of an almost completely decomposable group G is
a regulating subgroup of G if |G/R| is minimal. The regulator R(G) of G is the intersection
of all regulating subgroups of G, a fully invariant, completely decomposable subgroup of finite
index in G, [Burkhardt84], [Mader00, Corollary 4.4.5]. Let R := R(G) = P peTu(Rr) Lo be the
decomposition of the regulator R with homogeneous summands R, # 0 of type p. Then T (R)
is the critical typeset of R and of G, T¢;(G) := T (R). Let (S, p¢) denote the category of almost
completely decomposable groups G with T(G) C S and regulator quotient p°G' C R(G).

Given a prime p, two almost completely decomposable groups G and H are isomorphic at p
if there exist f : G — H, g : H — G, and an integer n prime to p with fg = n and gf = n. The
groups G and H are nearly isomorphic, G =, H, if they are isomorphic at p for every prime p,
[Lady75].

Lemma 2.1. [Arnold00, Lemma 5.4.1] Let S a finite poset of types and assume G, H € (S, p°).

1. G and H are nearly isomorphic if and only if G and H are isomorphic at p.

2. G is an indecomposable group if and only if G is isomorphic at p to an indecomposable
group.

Another substantial simplification occurs when the almost completely decomposable group
contains a unique regulating subgroup which then coincides with the regulator. We then speak
of a regulating regulator. This happens when the critical typeset is V-free or, equivalently,
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an inverted forest, [Mutzbauer93, 1.4], [Mader00, Proposition 4.5.4], and in particular in the
rigid case. In this case the regulator is easily characterized among the completely decomposable
subgroups of finite index.

Lemma 2.2. [Mader00, Theorem 4.4.6] Suppose that G is an almost completely decomposable
group with regulating regulator. A completely decomposable subgroup A of finite index in the
group G is the regulator of G if and only if V7 € T (G) : G(7) = A(7).

3 Representations and almost completely decomposable groups

Let G be a group with regulator 1? := R(G) = @ ,cr,, (r) Bp and p°G C R. Define
“:R—R/p°R:T=2+p°R, so R=R/p°R.

Set S := T (G). The representation Ug of G is given by

Ug = (R,R(U),peG 10 € S’Op) ,

where U := p¢( is the distinguished submodule mentioned earlier.

The construction of Ug makes sense for any completely decomposable subgroup of finite in-
dex in G. It is essential to use the regulator because the construction of Ug must be functorial on
a suitable category and therefore a canonical choice of the completely decomposable subgroup
of finite index is needed. Furthermore, as R(G) is fully invariant in G, we have the well-defined
induced map

~:EndG — EndR: f(%) := f(x)
and the crucial Lemma 3.4 rests on lifting certain maps in End R to End G.

The categories of interest in this paper are hc(S,,,p¢), a generalization of he'(S,,, p¢). We
precede the discussion of he(S,,, p©) by establishing properties of groups whose critical typeset
is contained in an inverted forest.

Lemma 3.1.

1. Let S be a inverted forest of types and G an almost completely decomposable group with
Te(G) € S. Then G has a regulating regulator and R(G) = 3~ ¢ G(0).

2. Let S be an inverted forest and let G and H be almost completely decomposable groups
with Te;(G), Tee(H) C S. Then

« To(G® H)) C S, G® H has aregulating regulator, R(G & H) = R(G) ® R(H), and
« V¢ € Hom(G, H) : $(R(G)) CR(H).

Proof. (1) Set R := R(G). By Lemma 2.2,

R= ZUGTcr(G) R(o) = ZUGTC,(G) G(o) C ZUGS G(o).

To obtain the claimed equality we need to show that Vo € S : G(o) C R.

Let o € S. Write R(0) = @, <, eT.,(c) 1p and suppose that z € G(0). As G(0) = R(0).,
there exists 0 # m € N such that maz € R(o). Hence mz = y,, +- - +y,, Where 0 # y,, € R...
It follows that Vi : 0 < tpz = tpmax = A(m,...,7) < 7;. Using that S is an inverted forest
it follows that the 7; form a chain and without loss of generality 0 < 7 < --- < 7. Hence
tpzr =tpmz =7 and G(o) = G(n) = R(n) C R.

(2) We have T (G @ H) = To:(G) UTo(H) C S, hence G, H and G @& H have regulating
regulators. But R(G) @ R(H) is a regulating subgroup of G ¢ H by the definition of regulating
subgroup in terms of Butler complements, [Mader00, Definition 4.1.5], and it follows that R(G®
H) =R(G) ® R(H). The second claim follows immediately from (1). i

We now formally introduce the category hc(S,,,p¢) where S,, is an antichain of width w
of p-reduced types. The objects of hc(S,,, p¢) are the almost completely decomposable groups
G with To(G) C S, and p°G C R(G), the morphisms of hc(S,,, p¢) are the ordinary group
homomorphisms.

Lemma 3.2.

1. Every G € hc(Sy, p®) has a regulating regulator and R(G) = >~ s G(0).
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2. he(Sy, p°) is closed under summands and (finite) direct sums.
3. If G, H € he(Sy,,p¢), then R(G @ H) = R(G) ® R(H).
4. If G, H € he(Sy, p°), then V¢ € Hom(G, H) : ¢(R(G)) C R(H).

Proof. (1) is a special case of Lemma 3.1(1). (3) and (4) are special cases of Lemma 3.1(2).

(2) R%%% = % ® % is homocyclic of exponent dividing p¢, thus G @ H € hc(S,,, p°).

Now suppose that G € he(S,,, p¢) and G = G| @ G,. Then T, (G;) C Tcr(G) C S,,. Hence

both G; have regulating regulators and R(G) = R(G1) ®R(G>). As before, R(G) = R(Gdl) ) %

hence G,/ R(G;) is homocyclic of exponent dividing p¢, showing that G; € hc(S,,, p®). ]

When the regulator is regulating, the case of interest here, the regulator can be easily recog-
nized in the representation of G.

Lemma 3.3. [Mader00, Corollary 8.1.12] Regulator Criterion. Let G be an almost completely
decomposable group with regulating regulator. A completely decomposable subgroup R of G
with finite index in G and eG C R is the regulator of G if and only if V7 € Te,(G) : eGNR(7) =
0.

By definition every group G € hc(S,,, p¢) has p-reduced critical types, i.e., if R := R(G) =
D, cr. () Bos then V7 € Te(G) : pR; # R-. It follows that R= D, era(r R is a free module

over Zy. and R(7) = @, , R, is free as well. Furthermore, p°G = peG/peR >~ G/Ris a free
Zpe-module.

Define hcRep(Sy,, Zye ) to be the category of representations U = (Uy, U,, U, : 0 € S°P)
such that for each o € S, there is a finitely generated free Z,.-module V,, with Uy = @, .5 Vo,
U, = ®a<pes V,, U; a summand of U, whenever o < 7in S, U, a free submodule of Uy, and
U,NU, =0foreach o € S. We set tkU = rk Uj.

Morphisms on U = (U, U,, U : 0 € SP)to W = (Wp,W,, W, : 0 € SP) are Zy.-
homomorphisms f : Uy — Wy with f(U,) C W, for each 0 € S U {x}. The category
hcRep(Sy,, Zye ) is additive and has biproducts. A representation U is indecomposable if and only
if 0 and 1 are the only idempotents of End(U ), the endomorphism ring of U in hcRep(S, Z,-).

Lemma 3.4. Let S be an inverted forest of types.

1. The assignment of near—isomorphism classes of objects of he(.S, p¢) to isomorphism classes
of objects of hcRep(S, Z,. ) given by

[G] — [Uc] where Ug = (R G),R(G)(0),p°C : 0 € SOP) :

where ~: R(G) — R(G)/p® R(G) = R(G) is the natural epimorphism, is a bijective corre-
spondence. Note that tk G = rk Ug.

2. For G, H € he(S, p¢) and ¢ € Hom(G, H), there is a natural induced map ¢ € Hom(Ug, Ug)
where ¢ : R(G) — R(H) : Vz € R(z) : ¢(T) = ¢(z).

3. Two groups G, H € hc(S, p¢) are nearly isomorphic if and only if U is isomorphic to Ug.

4. G € he(S, p®) is indecomposable if and only if Ug is indecomposable.

Proof. (1) [AMMSO09, Lemma 4(1)]. In particular, given a representation U € hcRep(S, Z,)
there exists G € hc(S,p®) such that Us = U. The construction of G is described in Re-
mark 3.5(1).

(2) It follows from Lemma 3.2(4) that ¢ is well-defined.

(3) [Mader00, Theorem 9.2.4] or [AMMSO09, Lemma 4].

(4) [AMMSO09, Lemma 4]. O

Remark 3.5.
1. Given a representation

U= (Uo=,ecsVpUs,Us : 7 € 5P) € heRep(S, Zye),

the construction of a group G € he(S, p°) such that Ug = U is as follows. First choose
a completely decomposable group R = @, ¢ R, such that R, = V,, choose a divisible
hull QR of R, let (7)~'[U,] = {x € R : T € U.} (the pre-image of U, in R) and let
G=p () 'U.] <QR. Then Ug & U.
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2. Let G € he(S, p°) and suppose that Ug = U; & U, for representations U; € hcRep(S, Zy,c ).
Then there exist G; € hc(S,p°) such that Ug, = U;. Then Ug,ec, = Ug, ® Ug, =
Uy ®U, = Ug. Hence G =, G| ® G, and it follows that G is the direct sum of two groups
of rank rk U; and rk U,.

Let G € he(S,p®) with representation Ug = (Up, U, US : 0 € SP), Uy = @, 4 Vo and
U, =P, pes Vp- A representing matrix expresses U% in terms of a suitable basis of the free
module Uy. Specifically, a Z,.-matrix M is a representing matrix of G if B = {B, : 0 € S}
is a Zye-basis of Uy with each B, = {z,; : 1 < j < n,} abasis of V,,, Cq = {hy,...,h,} a
basis of the free Z,.-module UY = G/R(G),

hi =3 pcs 2 1<j<n, MiojTaj, 1 <i<T,
with m; o; € Zpe foreach 1 < i < rand 1 < j < n,, M, = {mi,fm}’ and Mg =

{MU 1o € S] with n = > {n, : 0 € S} and M, to the left of M, if o < ¢’ in S, i.e.,
TXn
the basis elements in B are so ordered that the basis elements belonging to larger types are

listed to the right of the basis elements belonging to smaller types. We will call a basis of Uy of
this kind a proper basis. Representation matrices are defined only with respect to a proper basis
of Uy. The rank of G is equal to the number n of columns of M. Looking at Uy in terms of
coordinates, the elements of Uy are n-tuples and UL is the submodule of Uy generated by the

rows of Mg, in symbols US = Z Mg, where Z is the set of Z-tuples of the appropriate size,
here r-tuples, r being the number of rows of M.

The representing matrix can be simplified by applying automorphisms of the representation
that amount to basis changes. The possible changes (simplifications!) of the representing matrix
are effected by “allowed” row and column transformations. We will formulate later (Proposi-
tion 6.1) the allowed transformations in the case of rigid almost completely decomposable groups
with primary homocyclic regulator quotients. The goal is to simplify the representing matrix to
the degree that either no further simplifications are possible and the representation can be shown
to be indecomposable or the matrix is “decomposed” and shows that the representation is decom-
posed. These representations are the representations of groups that then are indecomposable or
decomposed as are their representations. If the group is decomposed, by Remark 3.5, the ranks
of the summands are equal to ranks the representation summands and these in turn are equal the
number of columns in their representing matrix.

A representing matrix is decomposed if it can be put in block diagonal form by

B

rearranging rows and columns. We will not formulate the technical details but the proof of
Theorem 6.7 contains numerous illustrations that are easily understood.

4 General Results

We first recall a form of the Regulator Criterion that is suited to the representation approach that
we use. [AMMSI11, Lemma 13] deals with the general case of a regulating regulator and primary
regulator quotient. We will state the result for the rigid homocyclic case that we need. It should
be noted that in this case the representing matrix is just the “coordinate matrix” of [AMMSI1,
Lemma 13] considered modulo the exponent of the regulator quotient.

Lemma 4.1. ((AMMS11, Lemma 13]) Matrix Regulator Criterion. Let G € hc(S,,, p¢) and let
M= {Ml | M) - - ”Mw} be a representing matrix of G’ having 7 rows. Then

‘v’ie{l,...7w}:{M1 eeo M;_y M;y; --- M, hasrank r modulo p.

We first establish a criterion that is very efficient and turns indecomposability proofs in most
cases into a routine exercise. The hypothesis that a representing matrix A/ has a right inverse M *
is in all our applications an evident matter. But it is a fact that M* exists if and only if G/ R(G)
is homocyclic.

Remark 4.2. A representing matrix M of a rigid homocyclic group has a right inverse. This
follows from the Matrix Regulator Criterion. On the other hand if a representing matrix M
of G has a right inverse M*, then it follows from M M* = I that no row of M is a p-fold
of some row vector which means that each row has maximal order p¢* = exp(G/R(G)). In
addition the rows of M are linearly independent by definition of the representing matrix, so
G/R(G) = p°G/p°R(G) = p°G is a free Z,.-module, i.e., a homocyclic group of exponent p°.
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A representation morphism f € End Ug is a module homomorphism f : R — R such that
V7 € Te(G) : f(R(T)) C R(7) and f(p°G) C p°G. We will use weaker concept called type
endomorphism of R. A type endomorphism is a module homomorphism g : R — R such that
V1 € Te(R) : f(R(7)) € R(7). So type endomorphism are just representation morphisms of
Ug.

Theorem 4.3. Let G be an almost completely decomposable group, R = R(G) its regulator, let
U¢ be the representation of G, and let M := M be a representing matrix of G. Assume that
M* is aright inverse of M. Let f be a type endomorphism of G. Then f € End U if and only
if it satisfies the matrix equation

Mf=MfM*M.

Proof. We have Ug = (Up,U,, U : p € Tt(G)*®) where US = ZM. Suppose that f €

EndUg and that M has ¢ rows. Then for every z € 7Z = 7" there is u € Z such that
sz — wM. Hence u = ngM*. Substituting this expression for u in ng = uM
and dropping the argument 7 results in the claimed matrix identity.

Conversely, assume that f is a type endomorphism of Uy and M f = M fM*M. Then take
w=axMfM*, sothat uM = z M f showing that f(US) C US and f € End U. o

Corollary 4.4. Let G be an almost completely decomposable group, R = R(G) its regulator, let
U¢ be the representation of G, and let M := M be a representing matrix of G. Assume that
M* is aright inverse of M. Let f> = f € End Ug. Then G is indecomposable if and only if the
matrix equation

Mf=MfM*M

is satisfied only by the trivial solutions f = 0 and f = 1.

Lemma 4.5 relates indecomposable groups in (.S, p*) to indecomposable groups in (.S, p¢) for
1 < k < e in the representation setting.

Lemma 4.5. Assume S is an inverted forest of p-reduced types and 1 < k < e.
1. If G € he(S, p*) is indecomposable, then there is an indecomposable group H € he(S, p©)
with tk(H) = 1k(G).
2. If he(S,p”*) has unbounded representation type, then he(SS, p¢) has unbounded representa-
tion type.
3. If he(S, p¢) has bounded representation type, then hc(S, p*) has bounded representation
type.
Proof. (1) We identify Z,« with Zye /p*Z,.. Given a free Z,.-module F, let F* be a free Ze-
module with F = F*/pFF*. If M = [m,,s + kapE} is a Z,x-matrix, then M* = {mm} is a
Zye-matrix with M* = M mod pF.

Let Ug = (Uy, Uy, US : 0 € S°) be the representation of the indecomposable group G €
he(S,p*) with Mg a representing matrix of G. Define U, = (U;,U;,U; : o € S°) with
U = ZM},. Then Uz N U} = 0, because U, NUS = 0, and so UL is in cdRep(S, Zye ).

Let f be an idempotent endomorphism of UZ, i.e., f2 = f : Uy — Ug is an idempotent
Zye-endomorphism with f(Uy) C Ur and f(US) C US. Then f induces an idempotent Z,.-
endomorphism g : Uy — Uy since Uy = U /p*U;. Furthermore, g(U,) C U, and g(U,) C U,
because

UCz(%JLJ§:JES)=< ¢ Us+p'Us) Ui+tp O:JES).

O AL

Hence, ¢ is an idempotent endomorphism of Ug. As Ug is indecomposable, g = 0 or g = 1.
If g =0, then f = pf’ is an idempotent nilpotent and f = 0. If g = 1, then f = 1 + pf’ is an
idempotent unit and f = 1. This shows that U¢, is indecomposable.

By Lemma 3.4, US =2 Uy for some indecomposable hc(S, p¢)-group H. Then rk(G) =
tk(Up) = 1k(U;) = rk(H).

(2) and (3) follow from (1). O

1 1
Example 4.6. The group G»; with Mg, = l H 0 H ] is indecomposable in hc(.S3, p?).

o v |1
Hence there is an indecomposable group H in hc(S3, p*) with My = Mg,,.
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Lemma 4.7 shows that the abundance of indecomposable groups increases if to the poset S
of critical types a further type o is added that is incomparable with any of the types in S. In
particular, if hcRep(S, p¢) has unbounded representation type, then so has hcRep(S U {c}, p°).

Lemma 4.7. Let G be a p-reduced almost completely decomposable group with regulating reg-
ulator R = R(G) and p-primary regulator quotient, let U be the representation of G, and let
M := Mg be a representing matrix of G. Assume that M* is a right inverse of M. Then, for

any non-zero column vector N with entries in Z,., the matrix M’ = [M HN }, is the represent-

ing matrix of an indecomposable H with T;(H) = T (G) U {c} where o is p-reduced and
incomparable with any type in T.(G).

Proof. We have Uz = (Up,U,,US : p € Te(G)°P) where US = ZM is the row space of
M. The matrix M’ = [M‘
belongs to the additional type o. (This is certainly easy in the rigid case using Lemma 4.1,
but it is also true in the general case using [AMMSI11, Lemma 13].) There exists an almost
completely decomposable H having the representing matrix M’ and the representation Uy =
(U V,U,,V,U, : p € Tee(G)) where U, = ZM’'. The entries of M’ are in Zy so U, is p-
primary as a group.

N } satisfies the Regulator Criterion because M does, where N

f

Suppose that f> = f' € EndUy. Then f’ = [O O] where f € EndUg and g is a scalar.
g

M*
Then M"™* = [ 0 1 is a right inverse of M’. Furthermore M'f" = [Mf Ng], M*M' =

M*M M*N
0 0
M f'=MfM*M andso Mf=MfM*M and Ng =M fM*N.
By hypothesis the first condition implies that f = 0 or f = 1. Suppose that f = 0. Then
Ng=0,s0¢g=0and f' = 0. Suppose that f = 1. Then Ng=N,g=1and ' = 1. O

,and M/ f'M"™*M' = {MfM*M MfM*N]. As f’ € End Uy it follows that

1 1
Example 4.8. The group G»; with Mg, = l ” 0 H ] is indecomposable hc (S, p?).

UN .
Hence there are there are indecomposable groups in hc(Sy, p?) with representing matrices

1H0Hl||1]7 lluouluo],
o | v v ot o f oot
It readily follows from Remark 4.2 that the new group H of Lemma 4.7 is homocyclic, and
if G was rigid, so is H. It is also clear that H has a regulating regulator if T.(G) is an inverted
forest, in particular if Te(G) is an antichain.
It is not clear whether the new groups H for different choices of N are nearly isomorphic or

not. This however is not needed to infer Corollary 4.9 from Corollary 4.7 as rank considerations
suffice.

Lo 1t
o 1t v ]

Corollary 4.9. If the category hc(S3, p*) has unbounded representation type and w > 3, then
he(S,,, p*) has unbounded representation type.

There is a general criterion in terms of representing matrices to decide whether two groups
with the same regulator and isomorphic regulator quotients are nearly isomorphic. It is a fact
that nearly isomorphic almost completely decomposable groups have isomorphic regulators and
regulator quotients, [Mader00, Lemma 9.1.10.4].

Theorem 4.10. Let G and H be almost completely decomposable groups with R := R(G) =
R(H) and G/R = H/R. Set exp(G/R) = e. Then the representations of the two groups are the
same except for the terms US = eG/eR and U¥ = eH/eR. Let Mg and My be representing
matrices of G and H, respectively, using the same basis. Suppose that My has a right inverse
M. Then G and H are nearly isomorphic if and only if there is a type automorphism « of R/eR
such that Moo = MGQM;IMH-

Proof. By [Mader00, Theorem 9.2.4] G =, H if and only if there is a type isomorphism (=
bijective type endomorphism) o of R/eR such that US« = UF. This is the case if and only if

Vz3u : zMga = uMy.
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Ifsou = EMGaM;I. Substituting and omitting the variable 7 we obtain Mga = MgaMj; Mp.
The converse is clear. O

We note a special case relevant to Lemma 4.7.

Corollary 4.11. Suppose that X is an almost completely decomposable group with regulating
regulator R and representing matrix M that has a right inverse M*. Let Ng and Ny be column

matrices and let G and H be groups with representing matrices Mg = [M ||NG} and My =

{M HN H} respectively. Then G =2, H if and only if there is & € AutUp and a unit a such that
MaM*Nyg = Nga.

Proof. The new groups G and H have regulator R’ = R & R, where R, is a rank one group of
type o. Let f be a type automorphism of Ug:. Then

*

0 inverti M
f= lg a] , a,ainvertible, and My, = l 0 is a right inverse of Mp.

Easy computations result in
Mef = [Ma Nga} . MafM: My = [Ma MaM*NH} .
Hence Mg f = Mq fMj My if and only if Nga = MaM*Ng. O
Corollary 4.11 can settle concrete cases.

Example 4.12. The three constructs in Example 4.8 belong to different near—isomorphism classes.
On the other hand

1||0H1Hl] [lHolllHlﬂ]-
and withu # 0 # v
l0||1\|1||1 o | ] w

belong to nearly isomorphic groups.

1 0 ag 0 O
0
Proof. Here M* = |0 1|,a= |0 a, O0|andMaM*= lal . Consider the general
az
0 0 0 0 a3
nq mq . .
case Ng = 1 and Ng = 1 . Then Nga = MaM* Ny if and only if
ny my

aimny ami
azny amyp '
Here a1, a, a are non-zero elements in Z,, hence units. It is easily seen that no two of the three

-1 -1
groups of Example 4.8 are nearly isomorphic; for example [al 1] = la 01 results in the
aj - a -

contradiction a, = 0. On the other hand

a1~1
a2~1

Proposition 4.13 notes consequences of the symmetry of antichains.

u 0 0
= laul has the solutiona =1, = |0 v 0] . O
“w 00 1

Proposition 4.13. Suppose that the representing matrix M = [M il - ”Mw} defines a group
G € he(Sy,, p¢) that is indecomposable.

Let 7 be a permutation of {1,2,...,w}. Then M’ = [Mﬂm” . HMﬂ(w)} defines a group
H € he(S,,, p©) that is indecomposable.
Proof. This is due to the symmetry in the critical types. In fact, the indecomposability criterion
Corollary 4.4 depends only on the poset structure of the critical typeset and the critical types

can be assigned to the column blocks of M in any desired way. Then the types can be listed as
desired without changing the group resulting in a permutation of the column blocks of M. O
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5 Unbounded representation type

We demonstrate the use of the Indecomposability Criterion in a particularly simple case. We will
make use of the fact that there exist n x n integral matrices A with the property that an n x n
matrix X must equal O or 1 modulo p if AX = XA mod p. This is the case if the minimal
polynomial of A is the power of an irreducible polynomial. Making an n-dimensional Zj,-vector
space V into a Z,[z]-module using A (via 2v = Av, v € V), the matrix A has the desired
property if the Z,[z]-module V' turns out to be indecomposable.

Theorem 5.1. The category hc(Sy, p) has unbounded representation type.

Proof. Let A be an n x n matrix with entries in Z,, such that AX = X A implies that X € {0, 1},
and let G be a group in hc(Sy, p) with representing matrix

A A
N A A

I, O
0 I,|. L. .
Clearly M* = 0 0 is a right inverse of M. By an easy computation
0 O
I'IL 0 I’!’L ITL
MM — o 1, I, A
0O 0 0 O
0O 0 0 O

Let f2 = f be a type idempotent in Ug. Then, for n x n idempotent matrices a, b, c, d,

a 0 ¢ d
0 b ¢ Ad

a 0 a a

0 b b bA

. MMM = l

e =
= N =)
© o oo
===
~
I
1

Now assume that f is a representation idempotent. Then M f = M fM* M implies that c = a =
d =band Ad = bA, hence Ab = bA and it follows that b € {0, 1} and that f € {0, 1}. ]

Theorem 5.2 is stated in [Arnold-Dugas98] with an equivalent matrix but without proof. The
proof is delicate and we include it in detail.

Theorem 5.2. The category hc(S3, p®) has unbounded representation type.

Proof. Let G € he(S;,p?)-group with representing matrix

I, 0 0 0 |J] 0 0 0 O | O I, pl, O
0 I, 0 0 | 0 0 0 pIL, | I, I, 0 pI,
M=|0 0 I, 0 | 0 0 I, O | 0 0 A pI,
0 0 0 pI, | O L, O 0 || 0 I, 0 0
o0 0 0 | b OO0 0 | I, 0 0 0

where A is a square matrix such that AX = XA mod p implies that X € {0, 1}.
tr

I, 0 0 0 0O 0 0OOOOO OO
0o 1, 0 00O O OOOOOO O
Clearly M*= 10 0 I, 0 0 O O O O O O O] isarightinverseof M.
o o o o0 0 1, 0O00O0O0OTO
o o o o011 O OOOOOO
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a

Let f2 = f be an idempotent type endomorphism of Ug. Then f = |0
0

a1 a2 413 a4 b1 bia biz bu ci1

g |02 a2 a3 an - b1 byp by bu - o1
a3l a3 a3 434 bs1 bz b3z b 3t

G41 Q4 (43 Q44 bat bax baz  bay c41

where the a;;, b;;, c;; are n X n matrices.

S o O

€22
€32
C42

o O O

€13
€23
€33
C43

Cl4
€24
C34
Ca4

Suppose now that f is a representation morphism. Then M f = M f M* M implies the matrix

equations

cay=0 a3=0 pPan=0 au=0 ay=7p*u au=7pxn

s byu=plan by =plasz bu=0 p’bp=0 b3=0 bs=0

cci3=0 cu4=0 cu=0

e pPbas = pPaxp by =az  pPasws =p’bn o =bp
* 1 T pe31 = ap

* CpFpen =ant+an

e ci + e+ pPear = am + pPha

s cin+ o+ pPon = axm + ax + pPha
« ¢ = pPag + by

e cip =bi2

* o3 +pesz = a3 A+ pay

o o4+ pesa = parz + pPan

o pPeas + 3 + c13 = pagy + anA

* C4 + co4 + pPeas = pans + prax

o Acsz + peaz = azz A + paszy

« Aczy + peas = pazz + paxn

_ .2
s 3 = pragA

e = by + pPasr + pas
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We interpret these equations modulo p, but retain stronger information as needed.

a4=0 a3=0 an=0 axy=0 pas=0 a3 xu=0 (5.3)
b34=0 b3=0 bpuyu=0 bp=0 bz3=0 bis=0 5.4
c3=0 c4=0 =0 (5.5
bas =axn byz=a3x auw=bn ci=bn cn=bn

1 = app so 1 = 0by (5.3) (5.6)

¢ = ajp + ap so cp = agp by (5.3)

c11 + 1 = app S0 ¢p = ap; by (5.6)

c12 + e = ax + a; 0 ¢ = ap by (5.7),(5.8)

¢21 = by1 50 by; = 0 by (5.6)

c1p = bp socpp =0by (5.4)

23 = ai3A 50 c23 = 0 by (5.3) (5.7)
24 4 peaa = paiz + pParz s0 pesg = pays by (5.5),(5.3)
so pc3g = 0 by (5.3)

p*ca3 + ¢3 + ¢13 = pant + ax A s0 peas = pPa; + paxn A
using (5.5) so p?az; = 0 by (5.3),(5.9), soax; =0
c1a + o4 + peas = paxs + pPaxn
S0 p*cas = pPax by (5.5),(5.3) 50 cas = an
A033 = a33A (58)

Acss + peas = pasz + p*az 0
Apcss + pPeas = p*ass s0 pPeas = pPasz by (5.8) 80 cas = ass

2
€23 = p-asAsopeyy =0
Combining the information above we now have that, modulo p,
Q= Qa1] = Q22 = Q33 = Q44 = b11 = b22 = b33 = b44 =C1] = C2 = C33 = C44

and the idempotent matrices a, b, ¢ are lower triangular with the one value « as diagonal blocks.
By (5.8) we have Ac = aA and by choice of the matrix A, either « = 0 mod p or @ = 1
mod p. By then « itself must be 0 or 1, therefore the lower triangular matrices a, b, c must be 0
or 1 and finally f € {0, 1}. |

Corollary 5.9. The category hc(S,,, p™) has unbounded representation type if
1. w>4,m>1,

2. w=3and m > 3.

Proof. (1) follows from Theorem 5.1 and Lemma 4.7.
(2) follows from Theorem 5.2 and Lemma 4.5. O

6 Indecomposable groups in he(S;, p©), e < 3

The following proposition, expressing a change of bases B¢ and Cg of a representing matrix
in terms of row and column operations, is analogous to [AMMS12] for (1, n)-groups and to
[AMMSI11, Lemmas 14 and 24] and [Mader(00, Proposition 12.4.1] with different notation.

Lemma 6.1. Let G € he(S,,, p¢) with representing matrix
M = (MM --- 2]
If M¢ can be transformed into a matrix M by a sequence of the six types of transformations

below, then M = My is the representing matrix of a group H € hc(S,,,p¢) that is nearly
isomorphic with G.
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Add a Z,--multiple of a row of M to any other row.

Multiply a row of Mg by a unit of Ze.

Interchange any two rows of M.

Add a Z,.-multiple of a column of M; to another column of M;.

Multiply a column of Mg by a unit of Zpe.

A e A e

Interchange any two columns of Mj.

Proof. LetUg = (Uo,U,, U, | 0 € S,) be the representation of G where Uy = . s, Vo. The
representing matrix is obtained by choosing a proper basis B = |, g, Bo of Uy where B, is a
basis of the free module V,, and choosing a basis C' of U, = G/R(G). In terms of coordinates
with respect to these bases U, is just the row space of the representing matrix M¢.

Elementary row transformations do not change the row space and hence the corresponding
group is still G. We have justified (1)—(3).

Elementary column transformations in the blocks M; correspond to basis changes in the V,
and hence to an automorphism ¢ of Uy with £(V,,) = V,,. There is a group H € hc(S,,, p¢) with
representation Uy = (Up, Uy, &(Us) | ¢ € Sy). Then H 2, G and the representing matrix of
H with respect to the new bases of the U, is just the transform of M. This justifies (4)—(6). O

The following proofs start with an arbitrary representing matrix of an indecomposable group
and then simplify the matrix using allowed transformation until direct summands appear that
must coincide with the group. Recall that hc'(S, p©) contains those groups G € he(S, p¢) with
exp(G/R(G)) = p°.

Theorem 6.2. Let {71, 72,73} be a given antichain of types. Then there are in hc'(S3,p) up
to near—isomorphism exactly two indecomposable groups with critical typeset {7y, 7,73} and

representing matrices
[11)1] ana [1 N
o | 1| 1

Proof. Let G be an indecomposable group in hc’(S3,p). Thentk(G) > 3. Let Mg = [Ml ||M2HM3}

be a representing matrix for G. Each of the submatrices M; must have at least one column.
The entries of Mg are either O or units. The matrix M cannot have 0-columns and any row
transformation on the whole matrix and any column transformation within blocks is allowed
corresponding to basis changes or switches to a nearly isomorphic group, Lemma 6.1.

If Mg has just one row it is easy to see that the representing matrix has to be {1 ]| 1} and
there is only one group of this kind up to near—isomorphism.

1, . . .
Thus let Mg have » > 2 rows. It may be assumed that M; = lol where I, is an identity

matrix of size a x a and 0 is a zero matrix of size (r —a) x a. As M; must have columns, a > 1.
The Regulator Criterion requires that M, contains units in the last » — a rows. These can be
used to annihilate upward and to the right. Let J5 denote the s x s-matrix with entries 1 on the

0 1
co-diagonal and and O entries otherwise, e.g. J = L O] . With this notation we get

oo x|y
MG‘[O | g 0 | 2

The submatrix X may be transformed to (reversed) Smith Normal Form and cannot contain a
0-column. Thus we get the form

L, 0 | o0 0 | x
Mg=10 I,y || 0 Jaooy || Y|, a>0>0.
0 0 || Jewa O || Z

X
The submatrix [Y | may be assumed to be in column echelon form and the first b rows must
Z
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have full rank. With some annihilations we have

L 0 | o0 0 || I, 0
Mg=10 I | 0 Jaw | O T
0 0 | s 0 | 2 z

If Z, # 0, we can and annihilate in Z; and get a rank-2 summand. On the other hand if Z, = 0,
then there is a rank-2 or rank-3 summand. Hence the last column must be absent and we must
have a = b resulting in

N
MGlo | e | 2

Without loss of generality Z; is in Smith Normal Form and Z; cannot have a O-row. Hence 7| =
{Ir_a 0} and if the O entry actually appears, then we have a forbidden rank-2 summand. So

Z) = {Ib} and to be indecomposable we must have a = 1, r = 2 and obtain the indecomposable
matrix

1 0 1
ol 111

Any permutation of the submatrices M; can be changed by allowed transformations to the form
M¢ showing there is only one such group up to near—isomorphism. O

Theorem 6.3. Groups in hc’(S3, p?) are indecomposable if they have one of the following repre-
senting matrices [Ml | M: || M3}.

1. Groups with cyclic regulator quotient:
a. Ma, = [11[1]. tk(Ga) = 3,
b. Mg, = B Hl”p},rk(Gﬁ) = 3, with two permutations [1 Hp”l} and {p”l”l},

2. Groups with 2-generated regulator quotient:

o _

a. MG21 = -0 ” 1 || 1 ,I‘k(Gzl) —3,
1o || o | 1 o Jo oo
b. Mg,, o BEE ,1k(G2) = 4, with two permutations L op | 1

and[o | 1 ”101’
Lo
_[10HOPH1

B . ) 1o | 1] o0op
=lo » 10 | 1],rk(Gm)—5,W1thtw0permutat10ns [0 ,

| v 1o
| v o | o
‘“‘“dL Hop||1€1’

1o op | 10

¢ MG“:_O po| 1o |1 p’rk<G24):6’

3. Groups with 3-generated regulator quotient:
1o | oo | 10

Mg, =0 1 | 0 1 || 0 1f,7k(G31)=6,
00 | 10| 1 p

4. Groups with 4-generated regulator quotient:

100 000 | 100
ot o oo0op o010 -
MG41_ 0 0 D H 01 0 || 1 0 p ,rk(G4l)_9.
000 ] 100701 p
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Proof. We only show that G4, is indecomposable. The other proofs are similar and simpler. We
also demonstrate in one case why some permutations as in Proposition 4.13 do not result in new
near—isomorphism classes of indecomposable groups.

tr
1 000 0 O0OO0OTDO
. 01 00O0O0O0OO0 O0f . . ) .
The matrix M* = is a right inverse of the representing
000 O0OT1TO0O0OTUO0OFDO
00 01 0 O0O0O0O0
matrix Mg, . A type endomorphism of Gy4; is f = diag(a, b, ¢) where
air a2 a3 bt b2 b3 ci1 ci2 Ci3
a= |ay ax axn|, b= |bu bn bu|, c=|ca cn 3
azi a3 as3 b1 b3 b33 31 €3 €33
Then M f = M fM*M if and only if
a;3=0 0= par cip = ayy crp=ap c3 =0
a; =0 pb3z = pax c1 = ag1 + pbx ¢ = axn + pb3; c3 =0
pazz = pbxn by =0 ci1 +pc3t = by +paz;  cip+peyp = by +pazy ¢z + pesz = pbay + pba
0= pby2 b3 =0 1 + pe3p = by ¢y + pexp = by ¢23 + pc3z = pbyy + pbiy

From these we immediately get with « := a;; and 3 := ay; that, modulo p,

1% 0 0 15} 0 O o 0 O
a= |ay B 0|, b=]10 «o 0|, c=le;y B O
az; azx a33 b1 b f 31 cn B

Using a combination of equalities we further get as3 = by, = f and 5 = ¢33 = by = «, hence

a = (. The equalities ¢y = ap; + pbsy and ¢1 + pe3; = byp were not needed. Now assume that

f?> = f. Then a*> = a, b> = band ¢* = ¢. Modulo p these are lower triangular matrices with a

on all diagonals. Soa =b=c € {0,1}, hence a =b = c € {0, 1} and finally f € {0, 1}.
According to Proposition 4.13 the group H with representing matrix

1 00 H 1 00 || 000
M= 010 H 010 || 0 0 p
1 0 p H 0 0 p || 01 0
01 p H 0 0 O || 1 00

is indecomposable. To show that H 2, G4; we will transform M. The steps mirror the con-
struction of the normal form (6.6): First obtain the Smith Normal Form of the first block, then
the reverse Smith Normal Form of the second block and finally simplify the third block using
column transformations and some row transformations that are still possible without destroying
the special form of the first two blocks.

To wit, we first subtract row 1 from row 3 and row 2 from row 4 to get

1 00 H 1 0 0 H 00 O
010 ” 0 1 0 || 00 »p
0 0 p H -1 0 p ” 01 O
0 0 p ” 0 -1 0 || 1 0 —p

1 oo | 1 0 0 |0 0 0]
010 | o 1 | 0 0 p
OOpH—lopHOIO
0oo0oo0o | 1 -1 —p | 1 -1 —p

Next we clear entries above 1 in block 2 and get

(1 0 0 H 0 1 P || -1 1 p ]
010 H 0 1 0 || 0O 0 »p
0 0 p ” 0 -1 0 || 1 0 -—p
000 | 1 -1 —p | 1 -1 —p
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We get after several column and row transformations

100 0 0 p |0 1 o0
0100 o0 oO0f 1T 0 O
OOpHO—lOHlO—p
000 1 0 0 1 -1 —p

Exchanging the first two rows and making adjustments we get

100 | o001 0 o0
010 0O0p]|] o0 1 0
00p | 01O/ 1 0 —p
000 | 100/ 1 -1 —p

100 0007 ] 100
010||00p||0107MG41
00 p | 010 10D
000 | 10O O0OT1p

On the other hand, the representing matrices

MG23:10||0p||17andM::10||1|;0p
lop | 10 |1 0 p || 1] 10O

cannot belong to nearly isomorphic groups because the ranks of the homogeneous components
of the regulator are different. O

We next establish a sort of “normal form” of the representing matrices that we have to deal
with. Let J, denote the a X a matrix with entries 1 on the co-diagonal and vanishing entries
elsewhere.

Lemma 6.4. Let G € hc'(S3, p?) be indecomposable. Then there is a H € hc'(S3, p?) nearly
isomorphic to G with representing matrix

M= [M] HM2||M3} =

I, 0 0 o 0o || o o o0 0 0 || I, 0 0 0
0 I, O 0 0o | o o o0 0 ploy, | 0O I, O 0
0 0 I, O o | o 0o 0 Ju O | O 0 I, O
0 0 0 Jaypy O | O 0 Juy O o ] o o 0 pX
0 0 0 0 ph | 0 J O 0 0 || X2 X3 0 pXy
o 0 o0 0 0 | J 0 0 0 0 | Xs X¢ pX; pXs

where one or more of the rows of M and columns of the M; may be absent.
Let

» 1 denote the number of rows of M,
« n; the number of columns of M, and
 d the number of columns of pX;.

Then we may further assume that n; > n, > n3 and if n; = n,, then rk, M; > rk,, M>, hence

ar>c¢, d<(b+c)+ap—a, b+c<arta, 1<b+e<

o3

In particular, a; < (b+ ¢) + azp. If ny = ny, then a; = ¢, and b < a;.

Proof. Let G be indecomposable in hc'(S3,p?). Then rk(G) > 3. The case tk(G) = 3 being
simple we assume that tk(G) > 4. Hence if a summand of rank < 4 shows up, it must be
omitted.
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By symmetry in the poset of types we may rearrange the M; and hence can assume that
ny > ny > n3. Furthermore, if n; = n;, then we may assume that the rank of M| modulo p is >
to the rank of M, modulo p.

Arbitrary row transformations on M and arbitrary column transformations within each M;
will produce representing matrices of groups nearly isomorphic to G and the Smith Normal Form
of M, has no zero column because G is indecomposable.

I, 0
My=|0 bpI
0 0

We can establish the column echelon form of M, from the bottom up, and using that, due to the
Regulator Criterion, there must be units in all rows of M, except possibly in the first « rows, we
obtain the form

*  x X
M,=10 J, O
J. 0 0

Row transformations upward in M, are allowed because the changes so produced in M, can be
undone by column transformations. Therefore we can assume that

I, 0 | 0o o0 X
[aam| =0 ph | 0 g 0
0 0 | J 0 0

Any row and column transformations can be used on X because whatever change occurs in I,
can be undone by column transformations. Thus we can achieve the reverse Smith Normal Form
of X and, as no zero columns can appear, we have

L, O 0 0 | 0 0 0 0
0 I, 0 0 | 0 0 0 pl,
[fan) =0 0 1, 0 | 0 0 g, 0 6.5)
0 0 0 pL | 0 J 0 0
0 0 0 0 | J 0 0 0

We now look at M3 assuming that [M 1 || Mz} are in the form (6.5). First of all we may assume

that M3 is in reduced column echelon form and the first a; 4+ a; rows must contain units to satisfy
the Regulator Criterion, Lemma 4.1. These units may be used to annihilate below and we get

I, 0 0 0 | 0 0 0 O | L, 0 0
0 I, 0 0 | 0 0 0 plo | O I, O
M={0 0 I, 0 || 0 0 J, O || o0 0o X,
0 0 0 pr || 0 Jb 0 0 H X2 X3 X4
0 0 0 0 | J 0 0 0 | Xs X6 X;

where the boldface zeros in M3 indicate that they can always be restored if filled in by column
transformations.

If X7 contains a unit, it can be used to annihilate up, down, right and left and we get a rank-3
summand. So X7 = pXé. Now if X4 contains a unit, it can be used to annihilate up, down
(because X7 = pX/ and p? = 0), left, right and get a rank-3 summand. So X; = pX 4. We now
have

I, 0 0 0 |] 0 0 O O | L, 0 0O
0 I, 0 O | 0 0 0 pJ | O I, O
M={0 0 I, 0 | 0 0 J, O || o o X/,
0 0 0 ph | O & O O | X2 X3 pX;
0o 0 0 O | J 0 0 0 | Xs X¢ pX4

Arbitrary row and column transformations may be used on X and we therefore may assume

.. . . 1, 0 .
that X is in Smith Normal Form which we can compress to X; = [ (’)3‘ X /] . With I,,,, we
A
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can annihilate in p X to get M

I, 0 0 o o | o o o0 0 0 | I, O 0 0
0 I, 0 0 0 || o 0o o0 0 plo, | O I, O 0
0 0 I, O 0 | 0 0 0 Ja O | 0 0 I 0
0 0 0 Iy O | 0 0 Jay O 0o || o o 0 pX|
0 0 0 0 pI, | 0 J 0 0 0 [ X X3 0 pxy
0 0 0 0 0 | Je O 0 0 0 | X5 Xe pXi) pXJ)

and we have established the claimed form after adjusting notation.
With this form of the representing matrix we see that

1. my :a|+a2+a31+a32+b:rkp(M1)+b,
2. np = ap + aszy +a32+b+c:rkp(M2)+a2,
3. n3 =a;+ax+az +d.

The assumption n; > ny > ns3 implies that a; > ¢ and a3y + b + ¢ > a; + d. Suppose that
ny = ny, i.e., a; = ¢. Then rk,(M;) > 1k,(M,) if and only if ny — b > n; — a, if and only
if ap > b. It should be noted here that the established form of [M 1 HMz] can be reestablished in
[M; || M,] by reversing the order of the rows.

Finally, the Regulator Criterion requires that the submatrix

[, o 0 O O I, O O 0
0 I, O 0O 0 0 I, O 0
0o 0 I, o o0 o0 o0 I, 0
[Ml M3] — 31 31
6o 0 0 L, 0 0 O 0 pX|
0 0 0 0 pI, X X3 0 pX/
0 0 0 0 0 X5 Xe¢ pXi pXJ]
. X2 X3 .
has rank » modulo p. This means that the rank modulo p of Y X must be b-+c which equals
5 6
its number of rows and this must be less than or equal to its number of columns a; + a;. O

In order to keep the matrices from growing too large, we often use the abbreviated "normal"
form

(I, || 0 | L, 0 0 0O
I, | pJay || O I, © 0
B ey || Ja | O O I, O
M= [ My | My | M3 } =20 10 0 6 wx (6.6)
p[b ” Jb H X2 X3 0 pX4
L0 | e | X5 X pX; pXg)

The boldface 0’s signal that these zeros can always be reestablished from above if they are “filled
in” by some column transformations in Ms3.

The case rk G = 3 being easy, we assume that tk G > 3, i.e., if M has a non-zero summand
with up to 3 columns, then we have a contradiction and can exclude whatever conditions produce
this outcome. In general, if G = G| @ G, then either (G| is indecomposable and G = G, or
Gl :0andG:G2.

Theorem 6.7. The list of fourteen near—isomorphism classes of indecomposable groups in hc’(S3, p?)
given in Theorem 6.3 is complete.

Proof. We will use certain language in this proof that we wish to clarify first.
» The term line means a row or a column. A 0-line is a line of zeros and a p-line is a line all
of whose entries are in pZ,.

« A cross at (i,7) in a matrix A occurs if all entries in row 7 and column j are zero except
possibly the entry at location (i, 5), the pivot of the cross.

* By “o € A leads to a cross” we mean that this entry = can be used to annihilate in its row
and its column to produce a cross.
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» We apply transformations to annihilate entries. While doing this, some entries that were
originally zero may change to nonzero entries; these entries are called fill-ins. The phrase
“we annihilate” tacitly includes that the fill-ins caused in the process can be removed
by subsequent transformations without destroying previously established desired forms,

mostly blocks pI fori > 0.

 The phrase “we form the Smith Normal Form of A” implies that the Smith Normal Form
can be established by allowed line-transformations. It is tacitly ascertained that destroyed
p*I-blocks can be reestablished.

Let M = {M . ||M2||M3} be the representing matrix of an indecomposable group G €

hc' (93, p?) of rank > 4. Then without loss of generality

I, 0 0 o o | o

0 I, 0 0 0 | o0

Mo |0 0 Iy 00 | 0
0 0 0 Io O 0

0 0 0 0 pI, | O

0 0 0 o 0 | J

(a) pX; is not present.

0

0

0

0
Jp
0

0 0 o |
0 0 pla, |
0 Jay, O

Jay, O 0
0 0 0
0 0 0

I, 0 0 0
0 I, O 0
0 0 I, 0
0 o 0 pX

X2 X3 0 pX4

Xs X¢ pX7 pXs

. X . .
The submatrix Fxl allows for row transformations upward and arbitrary column transfor-

pXg

mations. Thus it can be transformed to reduced column echelon form, implying that there is at
most one nonzero entry in a row, i.e., a row is either a O-row or it contains the pivot of a cross.
So the row block containing pX is not present, hence

I, © 0 0 | o©
0 I, 0 0 | ©
M=[0 0 I, O | o
0 0 0 p, | ©
o 0o o 0 | J
L X Xs
(b) Simplified Form of l:Xs XJ .

We can obtain the partial Smith Normal Form of X¢ =

The Smith Normal Form
[ICZ O} and we get

Ia‘] 1
Ia' 12
IaZl
I(LZZ
Ia3|
ply
0
0 |

PJay,
pJay,

X5 and also pX7; to get

0
PJay,
PJay,

Jay,

Jp

Je,
Je,

DJay ”
Play |
Jay |
To |

Je |

0 0 0 | L, 0o 0 0
0 0 ployy | 0O I, O 0
0 Jay, O | 0 0 I, O
Jy 0 0 [ X X3 0 pX4
0 0 0 | X5 Xo »X7 pXs
I 0 ] and get
0 pX
I, 0 0 0 0
0 I, O 0 0
0 0 Iay 0 0
0 0 0 Iy 0
X2 Xz Xa 0 pXy
Xs51 I 0 pX7n1 pXg
X2 0 pX pXp pXg
| I., O 0 0 0
0 I, O 0 0
0 0 Iay 0 0
0 0 0 Iy 0
X2 0 X32 0 pX4
0 I, 0 0 pXg
X2 0 pX pXyp pXg

0 0 0 0 0 ]
I, 0 0 0 0

0 I, 0 0 0

0 0 I, O 0

0 0 0 I, 0
Xn 0 X3 0 pXy

0 Ic] 0 0 ngl

0 0  pX pXnn pXs]

of X5, cannot contain a p-row, so without loss of generality Xs,
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With I, we can now annihilate X»; but also pX because the apparent fill-in above I,,,, is absent
as it contains a factor p? and p?> = 0. We now have

[Ia,, 0 || la, O 0 0 0 0 ]
Iy, 0 0 I, 0 0 0 0
Tay, PJay, 0 0 I, O 0 0
v = oz PJay 0 0 0 Ig O 0
Ty, Jas, 0 0 0 0 oy 0
ply Jp 0 Xn 0 X 0 pXy
0 Jey 0 0 I, 0 0  pXs
| 0 Jo | I, O 0 0 pXn pXs)
We form next the partial Smith Normal Form of X3, that is b (})f , and we get
p
[Tay, 0 Ia, O 0 0 0 0 0 7
Iay, 0 0 I, O 0 0 0 0
Loy, pJay, 0 0 Iy, 0 0 0 0
Iay, PJasy, 0 0 0 Iay, 0 0 0
v = o PJar, 0 0 0 0 I, O 0
Iay, Jas, 0 0 0 0 0 Iay, 0
ply, Jp, 0 Xy 0 Iy, 0 0 pXa
plbz Jb2 0 Xom 0 0 pY 0 pXan
0 Je, 0 0 I, 0 0 0  pXs
L 0 Je, I, 0 0 0 0  pX7pn pXel

We annihilate X»y; with I, and introduce the Smith Normal Form of Xy, that cannot contain
a p-row and get

Mo, 0 I, O 0 0 0 0 0 0 7
Tap, 0 0 I, O 0 0 0 0 0
Ioy, 0 0 0 Isy O 0 0 0 0
I, PJas, 0 0 0 I, 0 0 0 0
Tay, PJay, 0o o 0 0 I, O 0 0

M= I, PJarm 0 0 0 0 0 I, O 0
I, Jas, 0 0 ] 0 0 0 I, 0
ply, I, 0 0 0 0 I 0 0 pXg
plbz Jbz 0 Ibz 0 0 0 pY 0 pX42

0 Je, 0 0 0 I, 0 0 0 pXg
L o Jey I, 0 0 0 0 0  pX»n pXel

Next we see that pY can be annihilated, the fill-in above can be cleared from below using that
p? = 0 resulting in

Moy, 0 | fayy, O 0 0 0 0 0 0 7
Iopy 0 0 Iy, 0 0 0 0 0 0
Iayy, 0 0 0 I, O 0 0 0 0
Io,, pJay, 0 0 0 Iay 0 0 0 0
Ta, PJagy 0 0 0 0 Iay, 0 0 0

M = |Iay, PJar, 0 0 0 0 0 Iy 0 0
Ios, Jas, 0 0 0 0 0 0 Ioy, 0
ply, Jb, 0 0 0 0 I, 0 0 pXy
p[ by Jbz 0 1 by 0 0 0 0 0 pX42

0 Je, 0 0 0 I, 0 0 0 pXg
L 0 Je, | Ie, 0 0 0 0 0 pXp pXgol

We have low rank summands unless ajp; = 0 and az;; = 0, so without loss of generality

Tay, 0 I, O 0 0 0 0
Top, 0 0 I, O 0 0 0
Loy, pJay 0 0 Loy, 0 0 0
Loy, PJas, 0 0 0 Tay,, 0 0
M = | I, Jay 0o o 0 0 I, 0
pr] Jb] 0 0 0 Ib] 0 pX41
ply, Jb, 0 I, 0 0 0  pXn
0 Je, 0 0 I, 0 0  pXg
L o Jey I, 0 0 0 pX7pn pXgo
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(c) The remaining groups.
We can produced the Smith Normal Form of pXg, and get without loss of generality

Moy, 0 | Iay, O 0 0 0 0 0 0 7
oy 0 0 I, O 0 0 0 0 0
oy, 0 0 0 I, 0 0 0 0 0
Iy, PJay, 0 0 0 I, O 0 0 0
Tayy, PJay, 0 0 0 0 Tayy, 0 0 0
M = | I, Jas, 0 0 0 0 0 Lay, 0 0
ply, JIb, 0 0 0 0 Iy, 0 pXann  pXan2
ply, Jb, 0 0 Iy, 0 0 0 pXp1  pXux
0 Je, 0 0 0 I, 0 0 pXgi1  pXsi2
0 Jeyy I,, 0 0 0 0 pXmi  pley 0
L O Jeyy 0 I,, 0 0 0 pX722 0 0 J
With pI.,, we annihilate upward to get
Map 0 | Tayy, O 0 0 0 0 0 (U
Ty 0 0 I, O 0 0 0 0 0
Ty, 0 0 0 I, 0 0 0 0 0
Iy, PJa, 0 0 0 I O 0 0 0
Tapy, PJag, 0 0 0 0 Tay, 0 0 0
M= | I, Jaz, 0 0 0 0 0 I, 0 0
ply, Ty, 0O 0 0 0 I 0 0 pXun
ply, T, 0 0 I, 0 0 0 0 pXum
0 Je, 0 0 0o I, O 0 0 pXsn
0 Jeo, I, 0 0 0 0 0 ply O
L 0 Jen 0 I, O 0 0 pXmm 0 0
Now if ¢p; # 0, then we get
Mo~ |V lho v o e
U O N T A L O B
~ |:(1) ” } H (1) i ~ [(1) “ i ” (1) 2:| , apermutation of Mg,,.

We now assume without loss of generality that ¢;; = 0 and we have

Ioy, 0 Iays 0 0 0 0 0
Iy, 0 0 Iayy, 0 0 0 0
Io,, PJay 0 0 Loy, 0 0 0
Iay, PJay, 0 0 0 Tay,, 0 0
M = | I, Jas, 0 0 0 0 I 0
ply, Jp, 0 0 0 Iy, 0 pXa12
plp, Jb, 0 Iy, 0 0 0 pXam
0 Je, 0 0 I, 0 0  pXso
L O ‘]sz Iczz 0 0 0 pX722 0
There are now two possibilities:
I"‘llZ ” O ” Ia']lZ 0
My = | Iay, ” Jay, “ 0 Ia,,
0 | Jep | Ien pXem
Toy | 0 | Iapy O 0 0
Ia,, H PJay, | 0 Ia,, 0 0
M2 _ I{l221 H PJap] | 0 0 Ia221 0
ply, || Jb, | 0 0 Iy, pXanz
ply, | Jb, | I, 0 0  pXun
0 | Jey | 0 I, 0 pXsio
In M, we establish the Smith Normal Form of pX7,, and get
1‘11121 ” 0 Llllz 0 0 0
1‘7'1122 0 0 I”‘llZ O O
Ml — Ia3ll JaSl] 0 O IaS]l O
ICL3|2 ” J”'3I2 0 0 0 I‘l}lz
0 ” Jex ey, 0 plany 0
0 | Jems 0 Iepy 0 0
Rank-3 summands being excluded we are left the possibility
1 o ] oo | 1 o0
01 | 0o 1 || 0 1|=Mg,.
00 || 10 | 1 »p
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In M, we establish the Smith Normal Form of pXg;, to get

T, 0 Ioyy, O 0 0 0 0

Tay;, PJay 0 Lay, 0 0 0 0

Iay, PJay, 0 0 Iay), 0 0 0

M, = oy, PJay, 0 0 0 oy, 0 0
j21 JIb, 0 0 0 Iy, pXai1 pXan
plp, Jb, Iy, 0 0 0 pXumi pXaom

0 Jey || 0 I, 0 0 ple,, 0

| 0 Joo | O 0 I, 0 0 0

Dismissing the possible summand G; and annihilating p X421, we are left with

Ia]2l || 0 || IalZl O O 0 0
Loy, “ PJayy, ” 0 Iay), 0 0 0
M, = Toyy, ” PJay, ” 0 0 Tapy, 0 0
ple, || T, [ 0 0 Iy, 0 pXa122
ple, | Jb, | I, 0 0 pXumi pXam
0 ” Jeyy ” 0 I, 0 pley, 0
. ply, 0
Create the Smith Normal Form of p X427, 0 ol and get
I 0 Iayy, 0 0 0 0 0
Loy, 0 0 Iopy, 0 0 0 0
Tayy, PJay 0 0 Tayy, 0 0 0
M, = Tay,, PJay, 0 0 0 Tay, 0 0
ply, Jp, 0 0 0 Iy, 0 pX41221
plyy, JIby, Ip,, 0 0 0 pXumin  ply,y,
plyy, Ty 0 Iy, 0 0 pXunn 0
L o Jer, 0 0 I, 0 pl, 0
Now annihilate left with pI},, and clear the fill-in with pI.,, to get
—Iaml 0 Loy, 0 0 0 0 0
Tayss 0 0 Tayys 0 0 0 0
Ia,y, PJay, 0 0 Ta,y, 0 0 0
M, = Lay, PJar, 0 0 0 Tay,, 0 0
ply, Jb, 0 0 0 Iy, 0 pXa1221
p[b2] Jb2| IbZI 0 0 0 0 prz'
ply,, Jbyy 0 Iy,, 0 0 pXunn 0
L O Jeyy 0 0 I, 0 pley, 0
There are two summands now
[a12]2 || 0 ” I‘l1212 0 O
My = Tayy, ” PJayy, ” 0 Io,,, 0
Ploy, | o || Ton 0 pXumin
0 ” Jey ” 0 I, pley,
and
Iﬂlzll ” 0 H Ialzll 0 0 0
My, = Lay, H PJar, H 0 Lay,, 0 0
ply, || Ty, I 0 Iy, pXao1  pXaom
ply,, ” Jby, H I,, 0 ply,, 0
Case M = M;;. We introduce the Smith Normal Form of p X415 and get
-IalZIZI O Ia1212] O O O O O
IalZIZZ 0 0 Ia]ZlZZ 0 0 0 0
Ta,y, PJay 0 0 Tayy, 0 0 0
M = Loy, PJayy, 0 0 0 Lay,, 0 0
Plbyy,, oy Iy, 0 0 0 Pl 0
Pl b2222 Jbzzzz 0 I (%55} 0 0 0 0
0 Jen 0 0 Iey, 0 pley, 0
L o Jer, 0 0 0 I, 0
M can be one of three matrices.
1 00 |] o0 0 | 1 00
01 0o | oo0wp || 010 M 1o | o | 1
00 p | 01 0 || 1o pl T Jop | 1 |1
000 | 1o o0 | 01 p

S
x

p.

[« el eiNe]

222

S o O

(=l el ool

X.

ey

222

(==
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or

L op | 10 Lo || op | 1 Lo | op | 1f_
o to | vt Tt |t o | oo T o | 1 o0 = Mg,

Case M = My,. Here pX457) can be annihilated and we get

Ia]Z]I H 0 “ L1|211 0 0 0
I pJa 0 1, 0 0
M — azi 221 221
2 ple, || Ty, [ 0 Iy, 0 pXam
plhy, H Ibyy H Ipy, 0 ply,, 0

There are three possibilities:

[1 o | o || 1 O}M[l o | 10 | O}M[l 0 H (1) v ” 1}_MGW

o p | Ul Top o p | o |1 0 p ! :
1o | op || 1 of _ 1o | o p || 1|_
[0 polovo |1 ) TMe ey a0 | ] T Mes
We have now shown that any indecomposable group G € hc’(3,p?) is nearly isomorphic to one
of the groups listed in Theorem 6.3 O
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