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Abstract. In this paper the notions of a k-bi-ideal , prime k-bi-ideal, strongly prime k-bi-
ideal , irreducible k-bi-ideal and strongly irreducible k-bi-ideal of a I'-semiring are introduced.
Also the concept of a k-bi-idempotent I'-semiring is defined. Several characterizations of a k-
bi-idempotent I'-semiring are furnished by using prime, semiprime, strongly prime , irreducible
and strongly irreducible k-bi-ideals in a I'-semiring.

§1.Introduction:

The notion of a I'-ring was introduced by Nobusawa in [11]. The class of TI'-rings contains
not only rings but also ternary rings. As a generalization of a ring , semiring was introduced by
Vandiver [17]. The notion of a I'-semiring was introduced by Rao in [12] as a generalization of
aring, I'-ring and a semiring.

Ideals play an important role in any abstract algebraic structure. Characterizations of prime
ideals in semirings were discussed by Iseki in [5 ,6]. Henriksen in [4] defined more restricted
class of ideals in a semiring known as k-ideals. Also several characterizations of k-ideals of a
semiring were discussed by Sen and Adhikari in [ 13,14]. k-ideal in a I'- semiring was defined
by Rao in [12] and in [2] Dutta and Sardar gave some of its properties. Author discussed some
properties of k-ideals and full k-ideals of a I'-semiring in [8]. Prime and semiprime ideals in a
I'-semirings were discussed by Dutta and Sardar in [2].

The notion of a bi-ideal was first introduced for semigroups by Good and Hughes [3].The
concept of a bi-ideal for a ring was given by Lajos and Szasz in [9] and they studied bi-ideal
for a semigroup in [10]. Shabir, Ali and Batool in [15] gave some properties of bi-ideals in a
semiring. Prime bi-ideals in a semigroup was discussed by Shabir and Kanwal in [16].

It is natural to extend the concept of a k-ideal to a k-bi-ideal of a I'-semiring. Hence in this
paper we define a k-bi-ideal as an extension of a k-ideal of a I'-semiring . Also we define a
prime k-bi-ideal, semiprime k-bi-ideal , strongly prime k-bi-ideal , irreducible and strongly irre-
ducible k-bi-ideal of a I'-semiring. We study some characterizations of irreducible and strongly
irreducible k-bi-ideals. Further we introduce the concept of a k-bi-idempotent I'-semiring . Sev-
eral characterizations of a k-bi-idempotent I'-semiring are furnished by using prime, semiprime,
strongly prime , irreducible and strongly irreducible k-bi-ideals in a I'-semiring.

§2. Preliminaries:
First we recall some definitions of the basic concepts of I'-semirings that we need in sequel.
For this we follow Dutta and Sardar [2].

Definition 2.1:- Let S and T be two additive commutative semigroups. S is called a T'-semiring
if there exists a mapping S x I' x S — S denoted by aab; for all a,b € S and a € T satisfying
the following conditions:

(i) aa (b+ ¢) = (a ab) + (a ac)

(i) (b+ ¢)aa = (b aa) + (c aa)

(iii) a(a + B)c = (a ac) + (a Be)
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(iv) aa (bBc) = (aad) Be ;s forall a,b,c € S and forall o, € T .

Definition 2.2 :- An element 0 in a I'-semiring S is said to be an absorbing zero if Oaa =0 =
ac0,a+0=0+a=a;forallae Sanda €T.

Definition 2.3:- A non empty subset T of a I'-semiring S is said to be a sub- I'-semiring of S if
(T,+) is a subsemigroup of (S,+) and aab € T; forall a,b € T and a €T.

Definition 2.4:- A nonempty subset T of a I'-semiring S is called a left (respectively right) ideal
of S if T is a subsemigroup of (S,+) and xaa € T (respectively aax € T), foralla € T, z € S
anda €T

Definition 2.5 :- If T is both left and right ideal of a I'-semiring S, then T is known as an ideal
of S.

Definition 2.6:- A right ideal I of a I'-semiring S is said to be a right k-ideal if a € I and
xz € Ssuchthata+zx €1, thenx € I

Similarly we define a left k-ideal of T'-semiring S. If an ideal I is both right and left k-ideal, then
I is known as a k-ideal of S.

Example 1:- Let Ny denotes the set of all positive integers with zero. S = Ny is a semiring
and with I = S, S forms a I'-semiring. A subset I = 3Ny\{3} of S is an ideal of S but not a
k-ideal. Since 6, 9 =3+ 6 c Ibut3 ¢ I.

Example 2:- If S = N is the set of all positive integers then ( .S, max., min.) is a semiring
and with "= S5, S forms a I'-semiring. I, = {1, 2,3,--------- ,n} is a k-ideal for any n € I.

Definition 2.7 :- For a non empty subset I of a I'-semiring S define
I={a€Sla+xel,forsomex € I}.Iiscalled a k-closure of I.
Some basic properties of k-closure are given in the following lemma .

Lemma 2.8:- For non empty subsets A and B of a I'-semiring S we have,

(1)If AC Bthen AC B.

(2) A is the smallest ( left k-ideal, right k-ideal) k-ideal containing (left k-ideal, right k-ideal)
k-ideal A of S.

(3) A= Aifand only if Ais a (left k-ideal, right k-ideal ) k-ideal of S.

(4) A = A,where A is a (left k-ideal, right k-ideal ) k-ideal of S.

(5)AI'B = AT'B, where A and B are (left k-ideals, right k-ideals ) k-ideals of S.

Now we give a definition of a bi-ideal.

Definition 2.9 [7]:- A nonempty subset B of S is said to be a bi-ideal of S if B is a sub-I'-
semiring of S and BI'ST'B C B.

Example 3:- Let N be the set of natural numbers and let '= 2/N. Then N and I" both are
additive commutative semigroup. An image of a mapping N x I'x N — N is denoted by
aab and defined as aab = product of a , a, b; for all a,b € N and o € I'. Then N forms a
I'-semiring. B = 4N is a bi-ideal of V.

Example 4:-Consider a I'-semiring S = M, x2(Ny),where Ny denotes the set of natural numbers
with zero and I' = S. Define AaB= usual matrix product of A,« and B; for all A, ,B € S.
Then

pP= ?) 8 | a,b € Ny ¢ is a bi-ideal of a I'-semiring S.

Lemma 2.8 also holds for a k-bi-ideal similar to left k-ideal, right k-ideal and and k- ideal.

Some results from [5] are stated which are useful for further discussion.
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Result 2.10:- For each nonempty subset X of a I'-semiring S following statements hold.
(1) ST X is a left ideal of S.
(i) XT'S is a right ideal of S.
(iii) STXT'S is an ideal of S.
Result 2.11:- In a T-semiring S, for a € S following statements hold.
(1) ST a is a left ideal of S.
(i) aI"S is a right ideal of S.
(iii) STal'S is an ideal of S.
Now onwards S denotes a I'-semiring with absorbing zero unless otherwise stated.

§3. k- Bi-ideal:
We begin with definition of a k-bi-ideal in a I'-semiring S.

Definition 3.1:- A nonempty subset B of S is said to be a k-bi-ideal of S if B is a sub-I'-
semiring of S, BI'STB C Bandif a € Bandx € S suchthata+x € B,thenx € B.

First we give some concepts in a I'-semiring that we need in a sequel.
Definition 3.2:- A k-bi-ideal B of S is called a prime k-bi-ideal if B\I'B, C B implies B; C B
or By C B, for any k-bi-ideals By, B, of S.

Definition 3.3:- A k-bi-ideal B of S is called a strongly prime k-bi-ideal if (B1I'B,)N(B,I'By) C
B implies B1 C B or B, C B, for any k-bi-ideals By, B, of S.

Definition 3.4 :- A k-bi-ideal B of S is called a semiprime k-bi-ideal if for any k-bi-ideal
By of S, Bi*>=BI B, C B implies B, C B.

Obviously every strongly prime k-bi-ideal in S is a prime k-bi-ideal and every prime k-bi-ideal
in S is a semiprime k-bi-ideal.

Definition 3.5:- A k-bi-ideal B of S is called an irreducible k-bi-ideal if By N B, = B im-
plies By = B or By = B, for any k-bi-ideals Biand B, of S.

Definition 3.6 :- A k-bi-ideal B of S is called a strongly irreducible k-bi-ideal if for any k-bi-
ideals Byand B, of S, By N B, C B implies B C Bor B, C B.
Obviously every strongly irreducible k-bi-ideal is an irreducible k-bi-ideal.

Theorem 3.7:- The intersection of any family of prime k-bi-ideals(or semiprime k-bi-ideals) of
S is a semiprime k-bi-ideal.

Proof:- Let { P;|i € A} be the family of prime k-bi-ideals of S. For any k-bi-ideal B of S, B> C
(), P; implies B2 C P; for all © € A. As P; are semiprime k-bi-ideals, B C P; for all i € A.
Hence BC (), F;.

Theorem 3.8 :- Every strongly irreducible, semiprime k-bi-ideal of S is a strongly prime k-
bi-ideal .
Proof:- Let B be a strongly irreducible and semiprime k-bi-ideal of S. For any k-bi-ideals B

and B, of S, let (BiI'B,) N (B,I'By) C B. By N B, is a k-bi-ideal of S. Since (B, N B2)2 =
(B; N By) T (B1 N By) € BT B,. Similarly we get (B, N B,)* C B,I'By. Therefore (B, N B,)* C
(BiI'By) N (B.I'By) C B. As B is a semiprime k-bi-ideal, By N B, C B. But B is a strongly

irreducible k-bi-ideal. Therefore By C B or B, C B. Thus B is a strongly prime k-bi-ideal of
S.

Theorem 3.9 :- If B is a k-bi-ideal of S and a € S such that a ¢ B, then there exists an
irreducible k-bi-ideal T of S suchthat B C I anda ¢ I.

Proof :- Let B be the family of all k-bi-ideals of S which contain B but do not contain an element
a. Then B is a nonempty as B € B. This family of all k-bi-ideals of S forms a partially ordered
set under the inclusion of sets. Hence by Zorn’s lemma there exists a maximal k-bi-ideal say
in B. Therefore B C I and @ ¢ I. Now to show that I is an irreducible k-bi-ideal of S. Let C
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and D be any two k-bi-ideals of .S such that C' N D = I. Suppose that C' and D both contain
I properly. But I is a maximal k-bi-ideal in B.Hence we get a € C and a € D. Therefore
a € CND = I which is absurd . Thus either C' = I or D = I. Therefore [ is an irreducible
k-bi-ideal of S. W

Theorem 3.10:- Any proper k-bi-ideal B of S is the intersection of all irreducible k-bi-ideals of
S containing B.

Proof :- Let B be ak-bi-ideal of S and { B;|i € A} be the collection of irreducible k-bi-ideals of .S
containing B, where A denotes any indexing set. Then B C (1., B;. Suppose that a ¢ B. Then
by Theorem 3.9, there exists an irreducible k-bi-ideal A of S containing B but not a.Therefore
a & (Niea Bi- Thus ;.5 B; € B. Hence (;,c, B: = B. &

Theorem 3.11 :- Following statements are equivalent in S.

(1) The set of k-bi-ideals of S is totally ordered set under inclusion of sets.

(2) Each k-bi-ideal of S is strongly irreducible.

(3) Each k-bi-ideal of S is irreducible.

Proof :- (1)=(2)

Suppose that the set of k-bi-ideals of S is a totally ordered set under inclusion of sets. Let B be
any k-bi-ideal of S. To show that B is a strongly irreducible k-bi-ideal of S. Let By and B, be
any two k-bi-ideals of .S such that B; N B, C B. But by the hypothesis , we have either B; C B,
or By C Bj. Therefore B; N B, = By or Bi N B, = B,. Hence By C Bor B, C B. Thus Bis a
strongly irreducible k-bi-ideal of S.

(2) =(3) Suppose that each k-bi-ideal of S is strongly irreducible. Let B be any k-bi-ideal of
S such that B = B; N B, for any k-bi-ideals B; and B, of S. But by hypothesis B; C B or
B, C B. As BC Byand B C B, , we get B = B or B, = B. Hence B is an irreducible
k-bi-ideal of S.

(3) =(1) Suppose that each k-bi-ideal of S is an irreducible k-bi-ideal. Let Bjand B, be any
two k-bi-ideals of S. Then B; N B, is also k-bi-ideal of S. Hence B; N B, = B; N B, will imply
By N B, = B or Bj N B, = B, by assumption. Therefore either B; C B; or B, C B,.This
shows that the set of k-bi-ideals of S is totally ordered set under inclusion of sets. ll

Theorem 3.12 :- A prime k-bi-ideal B of S is a prime one sided k-ideal of S.

Proof :- Let B be a prime k-bi-ideal of S. Suppose B is not a one sided k-ideal of S. Therefore
BI'S ¢ Band STB ¢ B. As B is a prime k-bi-ideal, (BI'S)I'(STB) ¢ B. (BI'S)I' (STB) =
BT (STS)TB C BT'STB C B, which is a contradiction. Therefore BL'S C B or STB C
B.Thus B is a prime one sided k-ideal of S. B

Theorem 3.13 :- A k-bi-ideal B of S is prime if and only if for a right k-ideal R and a left
k-ideal L of S, RU'L C B implies R C Bor L C B.

Proof :- Suppose that a k-bi-ideal of S is a prime k-bi-ideal of S. Let R be a right k-ideal and
L be aleft k-ideal of S such that RT'L C B. R and L are itself k-bi-ideals of S . Hence R C B or
L C B. Conversely, we have to show that a k-bi-ideal B of S is a prime k-bi-ideal of S. Let A

and C be any two k-bi-ideals of S such that AC C B. Forany a € Aand c € C, (a), C A

and (c), € C, where(a)

respectively. Therefore (a),I'(c), € AI'C C B. Hence by the assumption (a), C Bor (c), C B.
Therefore a € B or ¢ € B.Thus A C B or C' C B. Hence B is a prime k-bi-ideal of S. B

, and (c), denotes the right k-ideal and left k-ideal generated by a and ¢

§$4 Fully k-Bi-Idempotent I'-Semiring :

Now we generalize the concept of a fully idempotent semiring introduced by Ahsan in [1] to
a fully k-bi-idempotent I'-semiring . Then we give some characterizations of it.
Definition 4.1:- A I'- semiring .S is said to be k-bi-idempotent if every k-bi-ideal of S is k-
idempotent. That is S is said to be k-bi-idempotent if B is a k-bi-ideal of S , then B2 = BI'B =
B.

Theorem 4.2:- In S following statements are equivalent.

(1) S'is k-bi-idempotent

(2) BiN By = (BiI'By) N (BLI'By) , for any k-bi-ideals Biand B; of S.
(3) Each k-bi-ideal of S is semiprime.
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(4) Each proper k-bi-ideal of S is the intersection of irreducible semiprime k-bi-ideals of S
which contain it. o
Proof :- (1) = (2) Suppose that B2 = B ,for any k-bi-ideal B of S. Let Bjand B, be any two k-

bi-ideals of S. B; N B, is also a k-bi-ideal of .S. Hence by the assumption (B N 32)2 = B,NBs.

Now we have B; N B, = (B, N B2)2 = (BiNB,)I'(B;NB,) C BiI'B,. Similarly we get
B; N By C ByI'By. Therefore By N B, C (B]FBQ) N (BQFB]). As BiI'B, and B,I'B; are
k-bi-ideals of S, we have (B I'By) N (B,I'B)) is a k-bi-ideal of S. Hence (B, I'By) N (B.I'By)

=<(B]FBQ) N (BzFB])) F(B]FBQ) n (BQFB]). (B]FBQ) N (BQFB]) - (B]FBZ)F(BZFB]) -

B\I'ST'B;C B,. Similarly we can show that (B I'B;) N (B.I'B;) C B,. Thus (BiI'B;) N

(BzFB]) C B1N By. Hence By N B, = (B]FBQ) N (BzFB]).

(2) = (3) Let B be any k-bi-ideal of S. Suppose that B> = B,I'B; C B, for any k-bi-ideal B
of S. By the hypothesis we have, B = By N B; = (B;I'By) N (B I'B;) = BiI'B; C B. Hence
every k-bi-ideal of S is semiprime.

(3) = (4) Let B be a proper k-bi-ideal of S. Hence by Theorem 3.10, B is the intersection of
all proper irreducible k-bi-ideals of S which contains B. By assumption every k-bi-ideal of S
is semiprime. Hence each proper k-bi-ideal of S is the intersection of irreducible semiprime
k-bi-ideals of S which contain it.

(4) = (1) Let B be a k-bi-ideal of S. If B?> = S, then clearly result holds. Suppose that B> # S.
Then B? is a proper k-bi-ideal of S. Hence by assumption B2 is the intersection of irreducible
semiprime k-bi-ideals of S which contain it.

B? = N{B,|B; is irreducible semiprime k — bi — ideal }. As each B; is a semiprime k-bi-
ideal, B C B; , for all i. Therefore B C NB; = B2. B2 C B always. Thus B2 = B.

Thus we proved (1) = (2) = (3) = (4) = (1) . Hence all the statements are equivalent. l

Theorem 4.3:-If S is k-bi-idempotent , then for any k-bi-ideal B of S, B is strongly irreducible
if and only if B is strongly prime.

Proof :- Let S be a k-bi-idempotent I'-semiring. Suppose that B is a strongly irreducible k-bi-
ideal of S. To show that B is a strongly prime k-bi-ideal of S. Let Bjand B, be any two k-bi-
ideals of S such that (B]FBz)m(Berl) C B. By Theorem 4.2, (B]FBQ)Q(BQFB]) = BiNB;.
Hence By N B, C B. But B is a strongly irreducible k-bi-ideal of S. Therefore B; C B or
B, C B. Thus B is a strongly prime k-bi-ideal of .S.

Conversely, suppose that B is a strongly prime k-bi-ideal of a k-bi-idempotent I"-semiring S.
Let Bjand B, be any two k-bi-ideals of S such that B} N B, C B. By Theorem 4.2,
(BiI'B,) N (B, I'By) = By N B, C B. As B is a strongly prime k-bi-ideal, By C B or B, C B.
Thus B is a strongly irreducible k-bi-ideal

of S.

Theorem 4.4:- Every k-bi-ideal of S is a strongly prime k-bi-ideal if and only if S is k-bi-
idempotent and the set of k-bi-ideals of S is a totally ordered set under the inclusion of sets.
Proof :- Suppose that every k-bi-ideal of S is a strongly prime k-bi-ideal. Then every k-bi-
ideal of S is a semiprime k-bi-ideal. Hence S is k-bi-idempotent by Theorem 4.2. Now to
show the set of k-bi-ideals of S is a totally ordered set under inclusion of sets. Let Bjand B,
be any two k-bi-ideals of S from the set of k-bi-ideals of S. B; N B, is also a k-bi-ideal of
S . Hence by the assumption, By N B, is a strongly prime k-bi-ideal of S. By Theorem 4.2 ,
(B]FBQ) N (Berl) =B NB, C BiNDB,. Then By C By N B, or B, C By N B,. Therefore
By N By, = By or By N By = B,. Thus either By C B,or B, C Bj. This shows that the set of
k-bi-ideals of S is totally ordered set under inclusion of sets.

Conversely, suppose that S is k-bi-idempotent and the set of k-bi-ideals of S is a totally ordered
set under inclusion of sets. Let B be any k-bi-ideal of S. Bjand B, be any two k-bi-ideals of S
such that (Berz) N (BzFB]) C B. By Theorem 4.2, we have (B]FBz) N (Berl) = BN Bs.
Therefore B; N B, C B.But by assumption either By C B; or B, C By. Hence B N By = B
or BiN By = B,. Thus B; C B or B, C B. Therefore B is a strongly prime k-bi-ideal of S. B

Theorem 4.5:- If the set of k-bi-ideals of S is a totally ordered set under inclusion of sets, then
every k-bi-ideal of S is strongly prime if and only if it is prime.
Proof :- Let the set of k-bi-ideals of S be a totally ordered set under inclusion of sets. As every



494 R.D. Jagatap

strongly prime k-bi-ideal of S is prime , the proof of only if part is obvious. Conversely, suppose
that every k-bi-ideal of .S is prime. Then every k-bi-ideal of .S is semiprime. Hence by Theorem
4.2, S is k-bi-idempotent. Then by Theorem 4.4 , every k-bi-ideal of S is strongly prime. l

Theorem 4.6 :- If the set of bi-ideals of S is a totally ordered set under inclusion of sets, then S
is k-bi-idempotent if and only if each k-bi-ideal of S is prime.

Proof :- Let the set of all k-bi-ideals of S is a totally ordered set under inclusion of sets. Suppose
S is k-bi-idempotent. Let B be any k-bi-ideal of S. For any k-bi-ideals B; and B; of S,
B1I'B, C B. By the assumption we have either B; C B, or B, C B;. Assume B; C B,. Then
BiI'B; C BiI'B, C B. By Theorem 4.2 , B is a semiprime k-bi-ideal of S. Therefore B; C B.
Hence B is a prime k-bi-ideal of S.

Conversely, suppose that every k-bi-ideal of S is prime. Hence every k-bi-ideal of S is semiprime.
Therefore S is k-bi-idempotent by Theorem 4.2. l

Theorem 4.7:- If S is k-bi-idempotent and B is a strongly irreducible k-bi-ideal of S, then B
is a prime k-bi-ideal.

Proof :- Let B be a strongly irreducible k-bi-ideal of a k-bi-idempotent I'-semiring S. Let Bjand
B, be any two k-bi-ideals of S such that B;I'B, C B. B;N B, is also a k-bi-ideal of .S. Therefore

by Theorem 4.2, (B, N B,)* = (Bi N B,). BiN B, = (B, N By)> = (BiNBy) T (BN By) C
B1I'B, C B. As B is strongly irreducible k-bi-ideal of S, then B; C B or B, C B. Hence B is
a prime k-bi-ideal of S. B
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