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Abstract. The notion of an Almost Distributive Lattice (ADL) is a common abstraction
of several lattice theoretic and ring theoretic generalizations of Boolean algebras and Boolean
rings. In this paper, we introduce the concepts of ∧− irreducible (strongly ∧− irreducible) and
∨− irreducible (strongly ∨− irreducible) elements in an ADL and prove certain properties of
these. Unlike the case of distributive lattices, ∧− irreducibility and strongly ∧− irreducibility
are not equivalent. However, it is proved here that an element in ADL is ∨− irreducible if and
only if it is strongly ∨− irreducible.

1 Introduction

The axiomatization of Boole’s propositional two valued logic led to the concept of Boolean alge-
bra, which is a complemented distributive lattice. M. H. Stone [4] has proved that any Boolean
algebra can made into a Boolean ring (a ring with unity in which every element is an idempo-
tent) and vice-versa. The concept of an Almost Distributive Lattice (ADL) was introduced by
U. M. Swamy and G. C. Rao [5] as a common abstraction of several lattice theoretic and ring
the theoretic generalizations of Boolean algebra and Boolean rings. In this paper, we introduce
the notions of ∧ and ∨ irreducibilities and strongly ∧ and ∨ irreducibilities among elements of
an Almost Distributive Lattice (ADL) and prove certain properties of these. Unlike the case
of distributive lattices, ∧− irreducibility and strongly ∧− irreducibility are not equivalent for
the elements of an ADL. However, an element in an ADL is ∨− irreducible if and only if it is
strongly ∨− irreducible.

2 Preliminaries

In this section, we recall from [5] and [3] certain preliminary concepts and results concerning
ADL’s . We refer to [1] and [2] for the elementary notions and results regarding partially ordered
sets, lattices and distributive lattices. Let us begin with the following fundamental definition [5].

Definition 2.1. An algebra A = (A,∧,∨, 0) of type (2, 2, 0) is called an Almost Distributive
Lattice (abbreviated as ADL) if it satisfies the following independent identities.

(1). 0 ∧ a ≈ 0

(2). a ∨ 0 ≈ a

(3). a ∧ (b ∨ c) ≈ (a ∧ b) ∨ (a ∧ c)

(4). (a ∨ b) ∧ c ≈ (a ∧ c) ∨ (b ∧ c)

(5). a ∨ (b ∧ c) ≈ (a ∨ b) ∧ (a ∨ c)

(6). (a ∨ b) ∧ b ≈ b.

The identities given above are independent, in the sense that no one of them is a consequence
of others. The element 0 is called the zero element of the ADL.

Example 2.2. Any distributive lattice bounded below is an ADL where the zero element is the
smallest element .
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Example 2.3. Let (R,+, ., 0, 1) be a commutative regular ring with unity 1. For any a and b ∈ R,
define

a ∧ b = a0b and a ∨ b = a+ b− a0b,

where a0 is the unique idempotent in R such that aR = a0R. Then (R,∧,∨, 0) is an ADL, where
0 is the additive identity in R.

Example 2.4. Let X be any non empty set and 0 be an arbitrarily fixed element in X. For any a
and b ∈ X, defining

a ∧ b =

{
0, if a = 0
b, if a 6= 0

and a ∨ b =

{
b, if a = 0
a, if a 6= 0.

Then (X,∧,∨, 0) is an ADL and is called a discrete ADL.

Definition 2.5. Let A = (A,∧,∨, 0) be an ADL. For any a and b ∈ A, define

a ≤ b if and only if a = a ∧ b (⇔ a ∨ b = b).

Then ≤ is a partial order on A

An ADL A = (A,∧,∨, 0) is called an associative ADL if the operation ∨ is associative; that
is (a∨ b)∨ c = a∨ (b∨ c) for all a, b and c ∈ A. Throughout this paper, by an ADL we mean an
associative ADL only. We recall the following properties of ADL’s.

Theorem 2.6. The following hold for any elements a, b and c in an ADL A = (A,∧,∨, 0).

(1). a ∧ 0 = 0 = 0 ∧ a and a ∨ 0 = a = 0 ∨ a

(2). a ∧ a = a = a ∨ a

(3). a ∧ b ≤ b ≤ b ∨ a

(4). a ∧ b = a⇔ a ∨ b = b and a ∧ b = b⇔ a ∨ b = a

(5). (a ∧ b) ∧ c = a ∧ (b ∧ c)

(6). a ∨ (b ∨ a) = a ∨ b

(7). a ∧ b = b ∧ a⇔ a ∨ b = b ∨ a

(8). a ∧ b = b ∧ a⇔ glb{a, b} = a ∧ b⇔ lub{a, b} = a ∨ b

(9). If a ≤ b, then a ∧ b = a = b ∧ a and a ∨ b = b = b ∨ a

(10). (a ∧ b) ∧ c = (b ∧ a) ∧ c and (a ∨ b) ∧ c = (b ∨ a) ∧ c

Definition 2.7. Let I be a non empty subset of an ADL A. Then I is called

(1) an ideal of A if a ∨ b ∈ I for all a and b ∈ I and x ∧ a ∈ I for all x ∈ I and a ∈ A.

(2) a filter of A if a ∧ b ∈ I for all a and b ∈ I and a ∨ x ∈ I for all x ∈ I and a ∈ A.

As consequence, for any ideal I of A, a ∧ x ∈ I for all x ∈ I and a ∈ A and for any filter
F of A, x ∨ a ∈ F for all x ∈ F and a ∈ A. For any X ⊆ A, the smallest ideal (filter) of A
containing X is called the ideal (filter) generated by X in A and is denoted by < X] and [X >
respectively. It is known that

< X] =
{( n∨

i=1

xi

)
∧ a | n ≥ 0, xi ∈ X and a ∈ A

}

and [X > =
{
a ∨

( n∧
i=1

xi

)
| n ≥ 0, xi ∈ X and a ∈ A

}
.

When X = {x}, we write < x] for < {x}] and [x > for [{x} > . Note that < x] = {x∧a | a ∈ A}
and [x >= {a ∨ x | a ∈ A}.

Definition 2.8. Two elements a and b of an ADL A are said to be associates to each other if
a∧ b = b and b∧ a = a ( this is equivalent or saying that < a] =< b] or [a >= [b > or, a∨ b = a
and b ∨ a = b). This situation is denoted by a ∼ b.

∼ becomes a congruence relation on the algebra (A,∧,∨, 0). It is known that∼ is the smallest
congruence on an ADL A such that the quotient A�∼ is a lattice (and hence a distributive lattice).



156 B. Venkateswarlu, Ch. Santhi Sundar Raj and R. Vasu Babu

3 ∧− Irreducible elements

For any elements a and b in an ADL A, we have from 2.6 (7 and 8) that a∧ b = b∧ a⇔ a∨ b =
b ∨ a ⇔ glb{a, b} exists and equals to a ∧ b ⇔ lub{a, b} exists and equals to a ∨ b. Now, we
introduce the following.

Definition 3.1. Let A = (A,∧,∨, 0) be an ADL and p ∈ A. Then p is said to be ∧− irreducible
if, for any a and b ∈ A,

p = a ∧ b = b ∧ a⇒ either p = a or p = b.

Example 3.2.

(1). In a discrete ADL X (as given in 2.4 ), every element is ∧− irreducible; for, a ∧ b = b ∧ a
implies that either a = b or a = 0 or b = 0.

(2). Let A1 and A2 be two non trivial ADL’s and A = A1 × A2. Then A is an ADL under
the coordinate wise operations. Choose 0 6= a1 ∈ A1 and 0 6= b2 ∈ A2. Then (0, 0) =
(a1, 0) ∧ (0, b2) = (0, b2) ∧ (a1, 0). Therefore (0, 0) is not ∧− irreducible in A.

Definition 3.3. An element p in and ADL A is said to be strongly ∧− irreducible if, for any a
and b ∈ A,

a ∧ b = b ∧ a ≤ p ⇒ either a ≤ p or b ≤ p.

In a distributive lattice, a∧b ≤ p is equivalent to saying that p = (a∨p)∧(b∨p) and therefore
an element in a distributive lattice is ∧− irreducible if and only if it is strongly ∧− irreducible.
However, it is different in the case of ADL’s.

The following is an easy verification, for we always have a ∧ b ≤ b and b ∧ a ≤ a for all a
and b in an ADL A.

Theorem 3.4. In any ADL, every strongly ∧− irreducible element is ∧− irreducible. The con-
verse is not true.

Example 3.5. Let A1 and A2 be two discrete ADL’s, each with at least three elements and A =
A1 × A2, the product ADL. Choose 0 6= p1 ∈ A1 and 0 6= p2 ∈ A2 and let p = (p1, p2). Then it
can be easily verified that p is ∧− irreducible in A. However, p is not strongly ∧− irreducible;
for, choose ai ∈ Ai − {0, pi}. Then

(0, a2) ∧ (a1, 0) = (a1, 0) ∧ (0, a2) = (0, 0) ≤ p

and (0, a2) 
 p and (a1, 0) 
 p.

Theorem 3.6. Let p and q be associates to each other in an ADL A. Then p is ∧− irreducible if
and only if q is ∧− irreducible.

Proof. Since p ∼ q, we have p ∧ q = q, q ∧ p = p, p ∨ q = p and q ∨ p = q. Suppose that p is
∧− irreducible. Let a and b ∈ A such that q = a ∧ b = b ∧ a. Then

p = p ∨ q = p ∨ (a ∧ b) = p ∨ (b ∧ a) and therefore

p = (p ∨ a) ∧ (p ∨ b) = (p ∨ b) ∧ (p ∨ a).

Since p is ∧− irreducible, we get that either p = p ∨ a or p = p ∨ b. If p = p ∨ a, then
a = p∧ a = (q ∧ p)∧ a = (p∧ q)∧ a = q ∧ a = (b∧ a)∧ a = b∧ a = q. Similarly, if p = p∨ b,
then b = q. Therefore q is ∧− irreducible. The converse follows form the symmetricity of∼ .

The validity of the above theorem is not known for the strongly ∧− irreducible elements.

4 ∨− Irreducible elements

Unlike the case of lattices, we do not get an ADL again by interchanging the operations ∧ and
∨ in a given ADL, for the simple reason that ∧ distributes over ∨ both from left and right, while
∨ distributes over ∧ from left alone. In fact, it is known that an ADL becomes a (distributive)
lattice if and only if ∨ distributes over ∧ from right also. This necessitates the study of ∨−
irreducible elements respectively.
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Definition 4.1. Let A = (A,∧,∨, 0) be an ADL and p ∈ A. Then p is said to be ∨− irreducible
if, for any a and b ∈ A,

p = a ∨ b = b ∨ a =⇒ either p = a or p = b.

Example 4.2.

(1). The zero element 0 in any ADL is always ∨− irreducible, since a ≤ a ∨ b for all a and b.

(2). Every element in a discrete ADL is ∨− irreducible.

(3). Let A1 and A2 be two discrete ADL’s and A = A1 ×A2. Let 0 6= a1 ∈ A1 and 0 6= a2 ∈ A2
and a = (a1, a2). Then

a = (0, a2) ∨ (a1, 0) = (a1, 0) ∨ (0, a2)

and therefore a is not ∨− irreducible in A.

The following is a straight forward verification.

Theorem 4.3. Let A1 and A2 be two ADL’s and A = A1 × A2. An element (p1, p2) is ∨−
irreducible in A if and only if p1 = 0 and p2 is ∨− irreducible in A2, or p2 = 0 and p1 is ∨−
irreducible in A1.

Definition 4.4. An element p in an ADL A is said to be strongly ∨− irreducible if, for any a and
b ∈ A,

p ≤ a ∨ b = b ∨ a =⇒ either p ≤ a or p ≤ b.

We have proved in the previous section that a ∧− irreducible element in an ADL need not be
strongly ∧− irreducible. This is not the case with ∨− irreducibility.

Theorem 4.5. Let A be an ADL and p ∈ A. Then p is ∨− irreducible if and only if p is strongly
∨− irreducible.

Proof. Suppose that p is ∨− irreducible. Let a and b ∈ A such that p ≤ a ∨ b = b ∨ a. Then
p = p ∧ (a ∨ b) = p ∧ (b ∨ a) and therefore

p = (p ∧ a) ∨ (p ∧ b) = (p ∧ b) ∨ (p ∧ a).

Since p is ∨− irreducible, either p = p ∧ a or p = p ∧ b and therefore p ≤ a or p ≤ b. Thus p
is strongly ∨− irreducible. Let a and b ∈ A such that p = a ∨ b = b ∨ a. Then either p ≤ a or
p ≤ b.

p ≤ a =⇒ p = a ( since a ≤ a ∨ b = p)

p ≤ b =⇒ p = p ∧ b = (a ∨ b) ∧ b = b.

Thus p is ∨− irreducible.

Theorem 4.6. Let p and q be associates to each other in an ADL A. Then p is (strongly) ∨−
irreducible if and only if so is q.

Proof. Since p ∼ q, we have p∧ q = q, q ∧ p = p, p∨ q = p and q ∨ p = q. Suppose that p is ∨−
irreducible. Let a and b ∈ A such that q = a ∨ b = b ∨ a. Then

p = q ∧ p = (a ∨ b) ∧ p = (a ∧ p) ∨ (b ∧ p)

and p = q ∧ p = (b ∨ a) ∧ p = (b ∧ p) ∨ (a ∧ p).

Since p is ∨− irreducible, we get that either p = a ∧ p or p = b ∧ p. Now

p = a ∧ p =⇒ q = p ∧ q = a ∧ p ∧ q = a ∧ q = a ∧ (a ∨ b) = a

and p = b ∧ p =⇒ q = p ∧ q = b ∧ p ∧ q = b ∧ q = b ∧ (b ∨ a) = b.

Thus q is ∨− irreducible. The converse follows from the symmetricity of ∼ . Now, Theorem 4.6
completes the proof.
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