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Abstract The paper provides a further generalization of the sequences of numbers in gener-
alized arithmetic and geometric progressions [1].

1 Introduction
The usual arithmetic sequence of numbers takes the form:
a,a+d,a+2d,a+3d,...,a+ (n—1)d,a+nd,...

while the geometric sequence of numbers has the form

a,ar,ar’,ar’, .. ar™Var™, . ...

Formally speaking, an arithmetic sequence is a number sequence in which every term except
the first is obtained by adding a fixed number, called the common difference, to the preceeding
term and a geometric sequence is a number sequence in which every term except the first is ob-
tained by multiplying the previous term by a constant, called the common ratio. The sequence
1,3,5,7,9,11,... is an example of arithmetic sequence with common difference 2 and the se-
quence 2,4, 8,16,... is a geometric sequence with common ratio 2. Certain generalizations of
arithmetic and geometric sequence were presented in [1], [3], [4]. Particularly, in [3], Zhang and
Zhang introduced the concept of sequences of numbers in arithmetic progression with alternate
common differences and in [4], Zhang, et.al. provided a generalization of the sequence. It was
then extended by Majumdar [1] to sequences of numbers in geometric progression with alternate
common ratios and the periodic sequence with two common ratios. The author [1] also provided
a simpler and shorter forms and proofs of some cases of the results presented by Zhang and
Zhang in [3]. Recently, Rabago [2] further generalized these concepts by introducing additional
common differences and common ratios. Here we will provide another generalization of the
sequences of numbers defined in [1] and [3] by providing a definition to what we call sequences
of numbers with m alternate common differences (Section 2) and sequence of numbers with m
alternate common ratios (Section 3).

Throughout in the paper we denote the greatest integer contained in x as |z .

2 Sequence of numbers with m alternate common differences

We start-off this section with the definition of what we call sequence of numbers with m alternate
common differences.

Definition 2.1. A sequence of numbers {a, } is called a sequence of numbers with m alternate
common differences if for a fixed natural number m and for all j = 1,2,...,m,

am(k,—l)+j+l - anL(k:—l)Jrj = dja
for all £ € N. Here d; is the j-th common difference of {a,}.

With the above definition, a sequence of numbers with m alternate common differences takes
the following form:

a,a+dy,a+d+dp,...,a+dy+dy+-- - +dn,a+2d +dy+ -+ dp,
0+ 2d) +2ds 4+ 4y a+2d) +2ds + -+ 27y, 2.1
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The sequence
2,3,5,8,9,11,14,15,17,20,. ..

is an example of a sequence of numbers with 3 alternate common differences. The common
differences are d; = 1,d, = 2, and d3 = 3.

Theorem 2.2. Let {a,, } be a sequence of number that takes the form (2.1). Then, the formula for
the n*" term of the sequence {a,,} is given by

tn=ar+Y) VH(mm_I)_ZJ d. 2.2)
i=1

Proof. Obviously, (2.2) holds for n < m. We only need to show that (2.2) is true for n > m to
prove the validity of the fomula. Suppose (2.2) holds for some natural number k. Hence,

w=a+Y {HmmMJ d.
i=1

Letk =m(p—1)+jand p € N. Now, forevery j = 1,2,...,m € N, we have a1 = ax + d,.
Thus,

m k+ _1 s
ag+1 = al“‘z (mm)ZJdri-dj
i=1

S m(p—l)+j+(m—1)—ini+dj

X m
=1 =

._1_. m ._1_.
= al“‘z p“'J’rnlei‘f‘Z\‘p“l‘an%Jdi“rdj
i=j

=1 L
j—1 m

= ar+ Y _pdi+ > (p—1)di +d,
i=1 i—j
7 m

= aqa —O—Zpdi—l— Z (p—1)d;
i=1 i=j+1

Jdﬁ—z {p—1+m+n{”Jdi

i=j+1

J .
Z —1

= ot {p_kjm
i=1

_ a1+i{(m(p_l)+j)+]+(m_l)_ini

m

i=1

N i {(m(p—1)+J)+1+(m—1)—ini

m

_ al+i{(k+l)+(ml)iJ a.

m

O

Below is a table of formulas for the n‘" term a,, of the given sequence for specific values of
m.

m ‘ nt? term a,,

1 |a+(n-1)d

2 a1+_%Jd1+ n;l dy

3 | ar+ n;rl d1+{ngz+ ngl d3

4 | ar+ "12 di + ":1 do+ || ds+ ";1 dy

5 a1+ n—si-3 di + n—50—2 dy + n—si-l d3+{% dy + ngl ds
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Corollary 2.3. Let m and n be natural numbers. If m|(n — 1) then we have

n—1Y\
a a1+<m>;

Proof. Suppose m|(n — 1) then n — 1 = mk for some k € N. Then,

an—a1—|—i{k—|—mn;iJ di—a1+kidi—al+(n;]>zdi-
i—1

i=1

O
Corollary 2.4. If m|n, we have
n m
an—al—}—(m)zldi—dm.
Proof. Suppose m|n then n = mk for some k € N. So,
an:al—l—ZLk—i-l— Jdi:al—i—kZdi—dm:al—i— —)> " di — dn,.
- ()2
O
Lemma 2.5. For any natural numbers m and n, we have
| n+(m—1)—i| = |itn-2
|
=1 i=1
Proof. Note that
2] =k = k< <k+l
m m
Hence,
Xm:{nJr(m—l)—iJ _ {n+(m—2)J+“.+{nJ+{n—lJ
P m m m m
= k+k+...+k+(k-1)=mk—1=n—1.
O

Theorem 2.6. If d; = d; fori < m — 1, we have

an=a1+<n1{”_IDleﬂ”_lem. (2.3)
m m

Proof. Letd; = d;, fori <m — 1,1in (2.2). Hence,
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Theorem 2.7. Let {a,, } be a sequence of number that takes the form (2.1). Then, the formula for
the sum of the first n terms of the sequence {a,} is given by

m

N —1 . m | N—1
&—nm+zn_mJ<N—p-2{m +q>¢, (2.4)

where N =n+m — 1.

Proof. Consider a sequence {a,, } that takes the form (2.1). Then,

j=1 i=1 j=1
B “nd+(m—1)—i om | n+2m—(1+1)
= na1+;{mJ (n—i—m—z—z{ - d;
Letting N = n 4+ m — 1, conclusion follows. O

Theorem 2.8. The sum of the first n terms of the sequence {a, } that takes the form (2.1) with
d; = dy, fori <m — 1, is given by

R O

Sn:nal—l—n

Proof. Consider a sequence {a,, } that takes the form (2.1). Then,

o= Eioe b [ [5))

j=1 j=1
B n(n —1) -1 j—1
= na + fdl Z {mJ dl + Z {m dm
7j=1 7j=1
B n(n—1) "1
= na1+#d1+(dm—d1) ‘ \‘ - J
j=1
= na1+7n(n_1)d1+(dm*d1) n-l TL*T 7n+m_l .
2 m 2 m

3 Sequence of numbers with m alternate common ratios
We define the sequence of numbers with m alternate common ratios {a,, } as follows:

Definition 3.1. A sequence of numbers {a,} is called a sequence of numbers with m alternate
common ratios if for a fixed natural number m and forall j = 1,2,...,m,
Am(k—1)+j+1
_ s = 'r']-7
A (k—1)+j5

for all k£ € N. Here r; is the j-th common ratio of {a,, }.

With the above definition, we can see immediately that a sequence of numbers {a,, } with m
alternate common ratios has the following form:

a, ary, ari\ry, ..., ariry - Tm, ar%rz---rm, ar%r%n-rm, ar%r%-nrz 3.1

m?)

The sequence
1,2,6,24,48,144,576,1152, ...

is an example of a sequence of numbers {a, } with 3 alternate common ratios. The common
ratios are r; = 2,1, = 3, and r3 = 4.
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Theorem 3.2. Let {a,, } be a sequence of number that takes the form (3.1). Then, the formula for
the nt" term of the sequence {a,,} is given by

m

an = ar [, (3.2)
=1

where e; = LMJ

m

In particular, if m|(n — 1), we have

m ()
an =a (H 7‘2’) ; (3.3)

and if m|(n — 1),

w [ (%)
an=1<Hm> , (3.4)

Proof. The proof is by induction on n. Obviously, (3.2) holds for n < m. We will show that
(3.2) is true for n > m. Suppose (3.2) holds when for some natural number k. That is,

m

where e; = {m“’*l)ﬂﬂm*l)*ﬁ.

m

Letk =m(p—1)+jandp € N. Now, forevery j = 1,2,...,m € N, we have ay1 = aj-r;.
Thus,

m _ 1 . _ 1 o
ag+1 = alnrf""rja where e; = {m(p )ti+(m=1) ZJ
i1

m

j—1 m ] .
_ €; e; o ] — 11—
= ay||r - ]|ri-r;, wheree; = |p+——
. m
=1 1=3

7j—1 m
= a Hrﬂnrf*l T
i=1 i=j
m

J .

. . —i

= aIHrzfl- H r{*, where f; = {p—i—’ym
i=1

i=j+1

J,gi:{p_Hmﬂ—ZJ
m

= aIHrf“, wherehi:vkjJr )+ (m ) ZJ.

! m
i=1

If m|n (resp. m|(n — 1)) then (3.3) (resp. (3.4)) follows immediately. O

Theorem 3.3. Consider a sequence {a,} that takes the form (3.1) and suppose r; = ry, for
1 <m— 1. Then,
an = airy -7, 3.5

wheree =n—1— L%J and s = L%J

Proof. Letry =r;, fori <m —1,1in (3.2). Hence,

B — _|n+(m—-1)—i
a, = alnri, where e; = LmJ
i=1
m—1 .
o s B n+(m—1)—1 _|n—-1
= airy - Ty, where e = E \‘mJ and s = \‘mJ

i=1

But, by Lemma (2.5),e=n—1— L%J Thus, a, = arr{ - 7;,. O
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Theorem 3.4. Let {a,, } be a sequence of number that takes the form (3.1). Then, the formula for
the sum of the first n terms of the sequence {a,} is given by

m—1 . . i 7
1 — ren-t en N —1 N—-1-1
Sn_al(l—i-R(lT ))+W > Q - J_{m J)Z NIge
i— j=1 k=

where R =" Hj.:] rir =11 7 eno1 = L”&lj and N =n+m — 1.

Proof. Consider a sequence {a,} that takes the form (3.1) and let R = >, H;Zl Ty, T =
[I2 risp=en1 = [%1] then

ZGJ—GIZHT Whereej:{wy

Jj=11i=1

Expanding the expression, we obtain

p—1
R €n+t(m—3) En+(n 4) €n—2 €n+t(m—2) Cnt+(m—1) €n—1
aj—a1+a1 7°+ar Ty T Tt Fagry Ty sl
J=1 J=0

Simplifying and rewriting the expression in compact form, we obtain

jiaj: (14 (T2 )>+QITPZMZHrk

j=1 k=1

where M; = (| 24| — | 2=1=¢|) which is the desired result. o

m

Theorem 3.5. Let {a,,} be a sequence of number that takes the form (3.1) with r; = ry, for all
i < m — 1. Then, the formula for the sum of the first n terms of the sequence {a,} is given by

L—7\ (1= (7 ry,)P et \P [ 1=rTTP
Sn_dl(l—m)( 1—r"try, >+al( Tm) 1—m ’

where p = V’—_IJ .

m

Proof. Consider a sequence {a,} that takes the form (3.1) with r; = ry, for all i < m — 1 and
letp: Ln7;1J ?

jiaj = a'irfl (::n)th

p—1 mp p n
T i T i
m) j : T{ 1 +ay ( m) j : 7"'1] 1
. 1

Jj=mp+1

pn—mp
2 : j—1

1 —rm "o, e, 2 "o, p=l
D )+<1 ) e ()
1-nr 71 71 71

gt () g () S
= aq ZTI + T ZTI + ZT’I +...

_ L=\ (1= (" ) mot, \P[L=r
a a1(17’1>< =7, —HLI(T] Tm) L—r )7

which is desired. O
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4 Some Remarks

If we replace m by t in (2.2) and define ¢ as the period of the sequence {a,,} and by considering
d; = dj fori < m — 1 as the first common difference of the sequence and d,,, = d; as the second
difference then we obtain,

an:al—l—(nl{n;lJ)dT—F{n;le;. @.1)

Equation (4.1) is exactly the formula for the n'"* term of a periodic number sequence with two
common differences obtained by Zhang and Zhang in [4]. Furthermore, it can be observed from
(4.1) that a,, — a1 +(n—1)d; asm — oo. Similarly, if d; = d; foralli < m, a,, = a;+(n—1)d;.

In (2.5), on the other hand, would have S,, = na; + wdl if m — oo and a similar result
will be obtained if d; = d; for all i < m.

Also, note that in (3.2), a,, — alr?*l if we apply the same argument letting either m — oo
or r; = r; for all i < m. Furthermore, the limit of the sum given by

e (i)
— a as m — oQ.
177”1

n—1

n r ™
E :alr?*l R

- 1
Jj=1
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