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Abstract In this article we introduce some /-convergent difference sequence spaces of fuzzy
real numbers defined by Orlicz function and study their different properties like completeness,
solidity, symmetricity etc.

1 Introduction

The notion of I-convergence of real valued sequence was studied at the initial stage by Kostyrko,
Salat and Wilczyiski [5] which generalizes and unifies different notions of convergence of se-
quences. The notion was further studied by Salat, Tripathy and Ziman [10], Debnath and Deb-
nath [1] and many others.

The notion of fuzzy sets was introduced by Zadeh [15]. After that many authors have studied
and generalized this notion in many ways, due to the potential of the introduced notion. Also it
has wide range of applications in almost all the branches of studied in particular science, where
mathematics is used. It attracted many workers to introduce different types of fuzzy sequence
spaces.

Bounded and convergent sequences of fuzzy numbers were studied by Matloka [9]. Later on
sequences of fuzzy numbers have been studied by Kaleva and Seikkala [3], Tripathy and Sarma
([13], [14]) and many others.

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous, non-decreasing
and convex with M (0) = 0, M(z) > 0 for x > 0 and M (z) — oo as x — oo. If the convexity
of M is replaced by

M(z+y) < M(z) + M(y),

then this function is called the modulus function.
Kizmaz [5] defined the difference sequence spaces £(A), ¢(A), co(A) for crisp sets as follows:
Z(A) ={X = (Xy): AX) € Z} Where Z = {,cand ¢y and AXy, = X}, — Xp41.

2 Definitions and Background

Let X be a non-empty set, then a non-void class I C 2% (power set of X) is called an ideal if I
is additive (i.e. A,B €I = AU B € I) and hereditary (ie. Ac Jand BC A= Bel).

An ideal I C 2% is said to be non-trivial if I # 2%. A non-trivial ideal I is said to be
admissible if I contains every finite subset of N. A non-trivial ideal / is said to be maximal if
there does not exist any non-trivial ideal J # I containing / as a subset.

Let X be a non-empty set, then a non-void class F C 2X is said to be a filter in X if
p¢ F;AABe F=ANBe Fand A€ F|AC B = B € F. For any ideal I, there is a filter
W(I) corresponding to I, given by W(I) = {K C N : N\K € [}.

Let D denote the set of all closed and bounded intervals X = [ay, b;] on the real line R. For
X =la1,bi] € Dand Y = [az, by] € D, define d(X,Y") by

d(X,Y) = max(|a1 — bl‘, ‘az — b2|)
It is known that (D, d) is a complete metric space.

A fuzzy real number X is a fuzzy set on R i.e. a mapping X : R — L(= [0, 1]) associating
each real number 7 with its grade of membership X (¢).
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The a- level set [ X ] of a fuzzy real number X for 0 < a < 1, defined as
X*={te R:X(t) > a}.

A fuzzy real number X is called convex, if X (t) > X(s) A X(r) = min(X(s), X(r)), where
s<t<r.

If there exists ¢y € R such that X (¢y) = 1, then the fuzzy real number X is called normal.

A fuzzy real number X is said to be upper semi-continuous if for each e > 0, X ~1([0, a +¢)),
is open for all ¢ € L in the usual topology of R.

The set of all upper semi-continuous, normal, convex fuzzy number is denoted by L(R).

The absolute value | X (¢)| of X € L(R) is defined as

X (1) = {;“ai‘ﬁ)i%)v?f(—t)},ift >0

Let d: L(R) x L(R) — R be defined by
d(X,Y) = sup d(X*,Y?)
0<a<l

Then d defines a metric on L(R).

A sequence (X},) of fuzzy real numbers is said to be convergent to the fuzzy real number X,
if for every € > 0, there exists ng € N such that cZ(X ks Xo) < e forall k > k.

A fuzzy real valued sequence space E7 is said to be solid if (Y;) € E¥ whenever (X},) € EF
and |Yy| < |X|, forall k € N.

A sequence space ET" is said to be symmetric if (X (k)) € EF, whenever (X},) € EF, s
a permutation on N.

A sequence X = (Xj) of fuzzy numbers is said to be I- convergent if there exists a fuzzy
number X such that for all £ > 0, the set {n € N : d(X}, Xo) >} € I.

We write I — limX;, = Xp.

A sequence (X}) of fuzzy numbers is said to be I- bounded if there exists a real number 1
such that the set {k € N : d(Xy,0) > u} € I.
Throughout ¢!(¥), cé F) and Eéém denote the spaces of fuzzy real-valued /-convergent, /-null
and /- bounded sequences respectively.

We define the following classes of sequences:

(HF(M,A) = {(Xk) : {k‘M(W) Zeforsomer>0andL€R(I)} GI}

(cé)F(M,A) = {(Xk) : {k‘ M (W) > ¢ for some r > O} € I}

3 Main Results

Theorem 3.1. The spaces (m!)¥ (M, A) and (m})¥ (M, A) are complete metric spaces with re-
spect to the metric given by

f(X,Y)=d(X,Y1) +inf{r >0:supM (d(AXI;’AYk)> < 1}
k

Proof. Let (X™) be a Cauchy sequence in (m!)F (M, A), where (X") = (X7).
Let ¢ > 0 be given. For a fixed 29 > 0, choose r > 0 such that M (75*) > 1 and mg € N
such that .
F(X™M X™) < —, forall n,m > my.
rxo

By definition of f we have,

d(X7", ") <e

(X]™) is a Cauchy sequence of fuzzy real numbers and so lim X{" exist.

Again M (37(?(;{(’2??%1)) <1< M (%)
= d(AX]",AX]') < £, for all n, m > my.
Thus (AX]") is a Cauchy sequence of fuzzy real numbers and so limAX;" = AX, exist.
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Moreover using the existence of lim X" we can conclude that so lim X" exist.
m m

Using continuity of M, M (%) <1

Taking infimum of such r’s we get

F(X™X) < = <¢foralln > my.
rXO

Thus (X™) converges to X.
Since X™, X™ € (m!)¥ (M, A) so there exist fuzzy numbers Y,,, Y. such that

Az{kéN:M(W)<M(;)}ew(I)

= {k € N :d(AX;",Yy) < %} e y().

B ={keN:dAX], V) < %} e (I).

NowANBey(I)andletk € AN B.
Then d(Vi, Yim) < d(Yi, AXE) + d(AXE, AX?) + d(AX, Vi)
< e for all n,m > my.
Thus (Y) is a Cauchy sequence of fuzzy real numbers. So there exists a fuzzy real number Y
such that lim Y, =Y. To show that /-lim AX;, =Y.
This follows from above inequalities as

d(AXE,Y) < d(AXE, AX]") + d(AXE, Vi) +d(Y3,Y)
<.
Thus I-lim X, = Y. Hence (X},) € (m))¥'(M ,A). O

Property 3.2. The sequence spaces (c')' (M, A) , (c))¥ (M, A),(m")E (M ,A) and (m{)¥ (M, A)
are not symmetric.

Proof. For this result consider the following example.
Example 3.3. Let I = I; and M(xz) = x. Consider the sequence (X;) € (c})¥(M,A) C
(cI)F (M, A) as follows:

X, (t) = Lif—1<¢t<0
n 0, otherwise

Xp(t) = {Lif— (Zf;f(z%) + %) <t< Rl

0, otherwise

For each @ € (0, 1] we have [X;]|* = [—1,0] and for k& > 2,
k-1 k-1
1 1 1
X = |— — 4+ -], = —
=55 01) 27 ]

Then for all « € (0, 1] and k € N we have,
axi) = [= @0 R + k+ )7

Hence AX}, — 0 as k — oo. Thus (X},) € (c¢})F(M,A) C (cI)F (M, A)
Let the sequence (Y} ) be a rearrangement of (X},), such that

(Vi) = (X1, X2, X4, X3, X9, X5, X16, X¢, X25, X7....)

That is,
(Vi) = X(ﬂ)z, for all k odd.

= X () forall kevenandn(n—1)<% <n(n+1),n€N.
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Then for k£ = 1, we have
[AV1]* = [X1]* — [X2]* = [-0.5,1] for each « € (0, 1]
.For k > 1 odd and n € N satisfying n (n — 1) <§ < n(n+ 1) we have,

[e3%

[AY;]® = [X(M)zr - [X(m%)]

2

(51)-1 1 (5)°-1 1
= |— Zr:nJr% 2r —+ (ﬂ)Z y Z'r‘:;z+% ?‘i‘ + (n—}—%) forall o € (0, 1]
2

For k even and n € N satisfying n (n — 1) <% < n(n + 1) we have,

[e3

A% = [X(en)] - {X(%”Y}

2
Here it is observed that the values of (AY}) increases with

- KZE?;I(;J _ M) : (Zﬁkﬁ;—l(;) + (ka)zﬂ for all a € (0, 1] .

1,if 0.2759 < ¢ < 0.7200
0, otherwise

AYy(t) = {

for £ > 3 and k is even and decreases for k¥ > 3 and k odd. Therefore the sequence can not
converge to a point.

Hence (V) ¢ (CI)F (M, A) (D (c})¥ (M, A)). This completes the proof.
o

Theorem 3.4. The sequence spaces (c)¥' (M, A), (¢')F'(M, A), (m!)F(M ,A) and (m{)F (M, A)
are not solid.

Proof. We prove the result for (c!)¥' (M, A). For the other spaces the result can be proved simi-
larly.
Consider the sequence of fuzzy real numbers given by

t+1, 0<t<1
(Xp)(t) =< —t+1, 1<t<2
0, otherwise

Then [(X})]* = [a — 1,1 — a]. From this it is clear that (AX},) is convergent.
Consider the sequence (Y};) defined by

X, forall even k
Ye=9 = .
0, otherwise

Here (AY},) is not convergent. i

Property 3.5. The sequence spaces (c')¥' (M, A) , (c))¥ (M, A),(m")F (M ,A) and (m{)* (M, A)
are not convergence free.

Proof. For this result consider the following example.

Example 3.6.Let I = I; and M(xz) = x. Consider the sequence (Xj) € (c})¥(M,A) C
(CI)F (M, A) as follows:
Fork #i%,ie€ N

Xu(t) = 1 if0<t<k™!
A 0, otherwise

and for k = i?,i € N, X;(t) = 0.
Then for a € (0, 1] we have,
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o [0.0Lif k=
i _{[O,kl],ifk7éz’2

and
= (k+1)7",0], for k=22
[AXK]" = [0,k7"] for k = > — 1 withi # 1
[—(k+1)~', k=] otherwise

Hence AX; — 0 as k — oo. Thus (X) € (¢))F (M, A) C (') (M, A)
Let (Y}) be another sequence such that °
For k #i%,i € N,

Ya(t) = Lif0<t<k
MY 0, otherwise

And for k = i2,i € N, Yy (t) = 0.
Now for all & € (0, 1] we have,

o [l0,0,if & =2
Yel” = {[o, k], if k # i?

and
[—(k +1),0], for k = i2
[AY,]* = { [0, K], for k = ¢* — 1 withi # 1
[—(k 4 1), k] otherwise

This implies, () ¢ () (M,A) C ()" (M, A) Hence (c!)" (M, A), (c})F (M, A) are not
convergence free. Similarly the other spaces are also not convergence free.

Theorem 3.7. Z(M,, A) C Z(MyoM,, A) for Z =c!(F), ¢t P and (2"
Proof. Let Z = (¢))F and (X3,) € (¢!)F(M, A). Then

{k:M(d(AXk’L)> > ¢, for somer > O}EI.
T

Since M, is continuous, so for ¢ > 0 there exist 7 > 0 such that M;(e) = 7. The result follows
from

e (o0 (BE)) 5

Theorem 3.8. Z(M, A) C (¢L)F (M, A) for Z = (¢')F, ().

Proof. The proofs are obvious. O
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