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Abstract. Mellin analysis, a counterpart of the Fourier analysis, has been a field for growing
interest for researchers in the last four decades [8, 9, 1, 2, 6, 7, 3, 4]. In this paper, we aim to
study convergence of the Mellin - Fourier series of the recurrent functions through its matrix
means. Our theorem generalizes some of the results of Butzer and Jansche [9].

1 Introduction

A function f : R+ → C is called recurrent iff(e2πx) = f(x)∀x ∈ R+, andc−recurrent for
c ∈ R, if e2πcf(e2πx) = f(x)∀x ∈ R+. We denote the function spaces under consideration by
Yc, whereYc = {f ∈ L1

loc(R+) : f is c − recurrent;‖f‖Yc
:=
∫ eπ

e−π |f(u)|uc−1du < ∞}, c ∈ R.
Note thatc = 0 corresponds to recurrent functions. Mellin-Fourier series off ∈ Yc is defined as

f(x) ∼
1

2π

∞
∑

k=−∞

Mc(f ; k)x−c−ik, x ∈ R+,

whereMc(f ; k) is the finite Mellin transform off atk ∈ Z defined by

Mc(f ; k) =
∫ eπ

e−π

f(u)uc+ik−1du.

Let Sc
n(f ;x) denote the partial sums of Mellin-Fourier series off . Then

Sc
n(f ;x) =

x−c

2π

n
∑

k=−n

Mc(f ; k)x−ik. (1.1)

Using Mellin-Dirichlet kernelDc
n(x), which is given by

Dc
n(x) =

x−c

2π

n
∑

k=−n

x−ik, x ∈ R+,

we can writeSc
n(f ;x) as the finite Mellin convolution off andDc

n, i.e.,

Sc
n(f ;x) =

∫ eπ

e−π

Dc
n(u)f

(x

u

) du

u
. (1.2)

Usingx = eln x, the relation 2 cosθ = eiθ − e−iθ and properties of trigonometric cosine series,
we can expressDc

n(x) as

Dc
n(x) =















2n+ 1
2π

, x = 1;

x−c

2π

(

sin((n+1/2) ln x)
sin(lnx/2)

)

, x 6= 1,



270 Uaday Singh and Birendra Singh

and henceSc
n(f ;x) can also be written as

Sc
n(f ;x) =

∫ eπ

e−π

u−c

2π
sin((n+ 1/2) lnu)

sin(lnu/2)
f
(x

u

) du

u
(1.3)

=
1

2π

∫ eπ

e−π

sin((n+ 1/2) lnu)

sin(lnu/2)
τc1/u(f ;x)

du

u
, (1.4)

τc1/u being the Mellin translation operator defined by

τch(f ;x) = hcf(hx), h ∈ R+.

For more details of the finite Mellin transform, finite Mellin convolution and Mellin translation
operator one can refer to [9]. The arithmetic means of the Mellin - Fourier series off ∈ Yc,
denoted byσc

n(f ;x), are given by

σc
n(f ;x) =

1
n+ 1

n
∑

k=0

Sc
k(f ;x), n = 0,1,2, . . . , (1.5)

which are known as the Cesàro means of order one, which are also referred as(C,1) means.

In study of the Cesàro means, the Mellin-Fejér kernels play an important role. The Mellin-
Fejér kernelsF c

n(f ;x) are defined as the average of Mellin-Dirichlet kernels, i.e.,

F c
n(f ;x) =

1
n+ 1

n
∑

k=0

Dc
k(x), n = 0,1,2, . . . .

LetT = (an,k), n, k ∈ N0 be a lower triangular matrix andf ∈ Yc. The sequence to sequence
transform

T c
n(f ;x) =

n
∑

k=0

an,kS
c
k(f ;x), n = 0,1,2, . . . . (1.6)

defines the matrix means or simplyT -means of the Mellin-Fourier series off . The Mellin-
Fourier series off is said to beT -summable toS, if limn→∞ T c

n(f ;x) = S. TheT -summability
is said to be regular if

lim
n→∞

Sc
n(f ;x) = S ⇒ lim

n→∞
T c
n(f ;x) = S.

If we defineT = (an,k), n, k ∈ N0 as

an,k =







1
n+ 1

, k ≤ n;

0, k > n,

then1.6reduces to1.5. Thus the(C,1) summability is a particular case ofT -summability.

The Fourier analysis, in general, and the Fourier series, in particular, has received attention of
the researchers during last century as well as in the present century.Many variants of the Fourier
series have been developed for the different type of functions. Mellin -Fourier series is one of
these variants to handle the recurrent functions [8, 9, 1, 2, 6, 7, 3, 4]. The theory of recurrent
functions with a counterpart of the Fourier series in Mellin settings has beendiscussed in [9],
which has been further extended in [6] and [7]. Butzer and Jansche [9, p. 52] have proved that in
general the Mellin-Fourier series of a recurrent function does not converge to the function itself
whereas the arithmetic means (Cesaro means of order 1) of the series converge to the function.
More precisely, they have proved the following:

Theorem 1.1. If f ∈ Yc for c ∈ R, then

lim
n→∞

‖σc
n(f ;x)− f‖Yc

= 0, x ∈ R+.

For the proof one can see [9, pp. 52-53, Theorem 3.1]. We note that this theorem can be
extended to a more general summability means, which we will discuss in the next section.
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2 Main Result

In this paper, we extend the above theorem to matrix means of Mellin-Fourier series.

Theorem 2.1. LetT = (an,k); n, k ∈ N0 be a lower triangular regular matrix with non-negative
entries which satisfies

(i) an,k+1 ≤ an,k, 0 ≤ k ≤ n− 1; ∀n ∈ N0.

(ii)
∑n

k=0 an,k = 1, ∀n ∈ N0.

Then for anyf ∈ Yc

lim
n→∞

‖T c
n(f ;x)− f‖Yc

= 0, x ∈ R+.

We assume thatT c
n : Yc → Yc, ∀n ∈ N0. Indeed this is true and trivial to verify, because for

anyn ∈ N0, S
c
n(f ;x) ∈ Yc andT c

n(f ;x) is linear combination ofSc
n(f ;x)’s. SoT c

n(f ;x) ∈ Yc.

3 Lemmas

To prove the main result, we need following lemmas.

Lemma 3.1. Let a functiong : [−π, π] → R be defined by

g(t) =

{

sin(n+1/2)t
sin(t/2) , t 6= 0;

2n+ 1, t = 0.

Then
∫ π

−π

g(t)dt = 2π

For the proof one can see [5, p. 178].

Lemma 3.2. Let{an}∞n=0 be a non-increasing sequence of non-negative numbers. Then

n
∑

k=0

ak
sin(k + 1/2)t

sin(t/2)
≥ 0, t ∈ (0, π].

Proof. For t ∈ (0, π],
{

sin(n+1/2)t
sin(t/2)

}∞

n=0
is a sequence of real numbers whose partial sumssn are

given by

sn =
n
∑

k=0

sin(k + 1/2)t
sin(t/2)

=

(

sin((n+ 1)t/2)
sin(t/2)

)2

,

so thatsn ≥ 0, ∀n ∈ N0. Using Abel’s lemma for lower bound of
{

sin(n+1/2)t
sin(t/2)

}∞

n=0
we get

n
∑

k=0

ak
sin(k + 1/2)t

sin(t/2)
≥ a0 · 0 = 0.

Lemma 3.3. For 0 < δ ≤ π

lim
n→∞

∫ π

δ

sin(n+ 1/2)t
sin(t/2)

dt = 0.

Proof. To prove lemma we use generalized Riemann - Lebesgue lemma [5, pp. 170-171]. We
see that 1∈ L1(δ, π] for 0 < δ ≤ π and sin(t/2) ≥ sinδ/2 > 0, ∀δ ≤ t ≤ π. So 1/sin(t/2) ∈
L1(δ, π].
Also

1
c

∫ c

0
sint dt =

1
c
(cosc− 1),
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and

∣

∣

∣

∣

1
c
(cosc− 1)

∣

∣

∣

∣

≤
2
|c|

,

so that

lim
c→±∞

1
c

∫ c

0
sint dt = 0.

Using generalized Riemann - Lebesgue lemma

lim
n→∞

∫ π

δ

sin(n+ 1/2)t
sin(t/2)

dt = 0.

4 Proof of Theorem 2.1

Proof. We have

T c
n(f ;x)− f(x) =

n
∑

k=0

an,k

∫ eπ

e−π

u−c

2π
sin((k + 1/2) lnu)

sin(lnu/2)
f
(x

u

) du

u
− f(x)

=
n
∑

k=0

an,k

(

∫ eπ

e−π

u−c

2π
sin((k+ 1/2) lnu)

sin(lnu/2)
f
(x

u

) du

u
− f(x)

)

,

in view of
n
∑

k=0

an,k = 1.

Using Lemma3.1, we have

T c
n(f ;x)− f(x) =

n
∑

k=0

an,k

(

∫ eπ

e−π

u−c

2π
sin((k+ 1/2) lnu)

sin(lnu/2)
f
(x

u

) du

u

−

∫ eπ

e−π

1
2π

sin((k+ 1/2) lnu)

sin(lnu/2)
f(x)

du

u

)

=
1

2π

n
∑

k=0

an,k

∫ eπ

e−π

sin((k+ 1/2) lnu)

sin(lnu/2)

(

u−cf
(x

u

)

− f(x)
) du

u

=
1

2π

n
∑

k=0

an,k

∫ eπ

e−π

sin((k+ 1/2) lnu)

sin(lnu/2)

(

τc1/uf(x)− f(x)
) du

u
.
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Now

‖T c
n(f ;x)− f‖Yc

=

∫ eπ

e−π

|T c
n(f ;x)− f(x)|xc−1dx

=
1

2π

∫ eπ

e−π

∣

∣

∣

∣

∣

n
∑

k=0

an,k

∫ eπ

e−π

sin((k+ 1/2) lnu)

sin(lnu/2)

(

τc1/uf(x)− f(x)
) du

u

∣

∣

∣

∣

∣

xc−1dx

≤
1

2π

∫ eπ

e−π

∫ eπ

e−π

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k + 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

∣

∣

∣
τc1/uf(x)− f(x)

∣

∣

∣

du

u
xc−1dx.

Changing the order of integration

=
1

2π

∫ eπ

e−π

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

∫ eπ

e−π

∣

∣

∣
τc1/uf(x)− f(x)

∣

∣

∣
xc−1dx

du

u

=
1

2π

∫ eπ

e−π

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

∥

∥

∥
τc1/uf(x)− f(x)

∥

∥

∥

Yc

du

u
.

Let Eδ := {x ∈ [e−π, eπ] : |x− 1| < δ} ,0 ≤ δ < 1− e−π andCEδ = [e−π, eπ]− Eδ. Then

‖T c
n(f ;x)− f(x)‖Yc

=
1

2π

{
∫

Eδ

+

∫

CEδ

}

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

∥

∥

∥
τc1/uf(x)− f

∥

∥

∥

Yc

du

u
.

Since limh→1 ‖τ
c
hf − f‖Yc

= 0, so for a givenε > 0, ∃ δ (0 ≤ δ < 1 − e−π) such that
∥

∥

∥
τc1/uf − f

∥

∥

∥

Yc

< ε ∀u ∈ Eδ. Also
∥

∥

∥
τc1/uf − f

∥

∥

∥

Yc

≤ 2‖f‖Yc
. So

‖T c
n(f ;x)− f‖Yc

=
1

2π

∫

Eδ

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k + 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

· ε ·
du

u

+
‖f‖Yc

2π

∫

CEδ

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

du

u

≤
ε

2π

∫ eπ

e−π

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

du

u

+
‖f‖Yc

2π

∫

CEδ

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

du

u

=
ε

2π
× 2π +

‖f‖Yc

2π

∫

CEδ

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

du

u

= ε+
‖f‖Yc

2π

∫

CEδ

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

du

u
.
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Using Lemma3.2, Lemma3.3and conditions onan,k, we have

lim
n→∞

‖T c
n(f ;x)− f‖Yc

≤ ε+ lim
n→∞

‖f‖Yc

2π

∫

CEδ

∣

∣

∣

∣

∣

n
∑

k=0

an,k
sin((k+ 1/2) lnu)

sin(lnu/2)

∣

∣

∣

∣

∣

du

u

= ε+
‖f‖Yc

2π
× 0 = ε, for anyε > 0.

Hence

lim
n→∞

‖T c
n(f ;x)− f‖Yc

= 0.

This completes the proof.
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