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Abstract The notions of conharmonically pseudosymmetric, conharmonically ¢-symmetric,
¢-conharmonically flat and partially Ricci-pseudosymmetric LP-Sasakian manifolds have been
introduced and the properties of these structures have been discussed.

1 Introduction

In 1989, Matsumoto [7] introduced the notion of LP-Sasakian manifolds.Then the same notion
has been introduced by I. Mihai and R. Rosca independently and obtained interesting results.
These manifolds have also been studied by Agqeel et al.[1], Bagewadi et al. [2], De et al. [3],
Mihai et al. [9], Murathan et al. [10], Shaikh et al. [13, 14, 15] and others.

The object of the present paper is to study LP-Sasakian manifolds satisfyinag certain condi-
tions on the conharmonc curvature tensor. Section 2 is devoted to preliminaries. In section 3
we study conharmonically pseudosymmetric LP-Sasakian manifolds and proved that every LP-
Sasakian manifold is conharmonically pseudosymmetric of the form R-C = Q(g, C). In section
4, we study conharmonically ¢-symmetric LP-Sasakian manifolds. Section 5 is devoted to the
study of ¢-conharmonically flat LP-Sasakian manifolds. Here it is prove that, ¢-conharmonically
flat LP-Sasakian manifold is an n-Einstein manifold. In section 6, we investigate partially Ricci-
pseudosymmetric LP-Sasakian manifolds and proved that such a manifold is an Einstein mani-
fold.

2 Preliminaries

An n-dimensional differentiable manifold M is said to be an LP-Sasakian manifold [7] if it
admits a (1,1) tensor field ¢, a unit timelike contravariant vector field &, a 1-form 5 and a
Lorentzian metric g which satisfy

n€) =-1, g(X,§) =n(X), ¢X=X+n(X), 2.1)
9(¢X,0Y) = g(X,Y) +n(X)n(Y), Vx&=9¢X, (2.2)
(Vxo)(Y) =g(X,Y)E+n(Y)X +2n(X)n(Y)E, (2.3)

where V denotes the operator of covariant differentiation with respect to the Lorentzian metric
g.It can be easily seen that in an LP-Sasakian manifold, the following relations hold:

¢=0, n(¢X) =0, rankp =n— 1. 2.4)
Again, if we put
Q(X,Y) = g(X,¢Y)
for any vector fields X, Y, then the tensor field Q(X,Y) is a symmetric (0,2) tensor field [7].
Also, since the vector field 7 is closed in an LP-Sasakian manifold, we have ([7, 8])

(VXU)(Y) = Q(X7 Y)a Q(ng) =0 (2.5)
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for any vector fields X and Y.
Let M be an n-dimensional LP-Sasakian manifold with structure (¢, &, 7, g). Then the fol-
lowing relations hold ([7]) :

9(R(X,Y)Z,§) = n(R(X,Y)Z)=g(Y,Z)n(X) — g(X. Z)n(Y), (2.6)
R(EX)Y = g(X,Y){-n(Y)X, 2.7
R(X,Y)¢ = n(Y)X —n(X)Y, (2.8)

S(X,6) = (n—n(X), (2.9
S(¢X,0Y) = S(X,Y)+ (n— Dn(X)n(Y), (2.10)

for any vector fields X,Y, Z, where R is the Riemannian curvature tensor and S is the Ricci
tensor of the manifold.

An LP-Sasakian manifold M is said to be an n-Einstein if its Ricci tensor S of type (0,2) is
of the form

S(X’ Y) :O‘g(Xv Y) +577(X)77(Y) (2.11)

for any vector fields X, Y where «, 8 are smooth functions on M. In particular, if 5 = 0, then
the manifold is said to be an Einstein manifold.

A rank four tensor ' that remains invariant under conharmonic transformation for an 2n + 1-
dimensional Riemannian manifold M?"*!, is given by [6]

C(X,Y.Z,W) = R(X,Y,Z,W) (2.12)

1 [9(Y,2)S(X, W) — g(X,Z)S(Y, W)

+S(Y,Z)Q(X7W) - S(X7Z)9(Y>W)]'

where R denotes the Riemannian curvature tensor of type (0,4) and C' denotes the conharmonic
curvature tensor of type (0, 4) defined by

R(X,Y,Z, W) = g(R(X,Y)Z,W),

C(X,Y,Z, W) =g(C(X,Y)Z,W)

where R is the Riemannian curvature tensor of type (1,3) and S denotes the Ricci tensor of type
(0,2). Conharmonic curvature tensor have been studied by Siddiqui et al. [16], Praksaha et al.
[12], Ghosh et al. [5], Taleshian et al. [20] and many others.

We recall the following theorem due to Taleshian et al [20].

Theorem 2.1. A conharmonically flat LP-Sasakian manifold is locally isometric with the unit
sphere S™(1), where S is a Lorentzian manifold of sectional curvature one.

The above result will be useful in next section.

3 Conharmonically pseudosymmetric LP-Sasakian manifold

A Riemannain manifold M is called locally symmetric if its curvature tensor R is parallel, that
is, VR = 0, where V denotes the Levi-Civita connection. As a proper generalization of locally
symmetric manifolds the notion of semisymmetric manifolds was defined by

(R(X.Y)-R)(U,V)W =0, X,Y,U,V,W € x(M) 3.1)

and studied by many authors [11, 21]. Here x(M) being the Lie algebra of all differentiable
vector fields on M. A complete intrinsic classification of these spaces was given by Z.I. Szabo
[17]. For a (0, k)-tensor field T on M, k > 1, and a symmetric (0, 2)-tensor field A on M, we
define the (0, k + 2)-tensor fields R - T and Q(A,T') by

(R-T)(X1,.... Xx:; X,Y)
= —T(R(X,Y)X1, X2, .., Xp) — . = T(X1, ., Xpom1, R(X, Y) Xp)
QA T)(Xy,... Xk X,Y)
—TUX A Y)X1, Xy ooy X)) — oo = T(X s oo, Xo1, (X AA Y)X0)
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where X A4 Y is the endomorphism given by
(XAaY)Z =AY, 2)X — A(X, 2)Y. (3.2)
A Riemannian manifold M is said to be pseudosymmetric (in the sense of R. Deszcz [4]) if
R-R=LgQ(g,R)

holds on Ur = {x € M|R — ;7—G # 0 at =z}, where G is the (0,4)-tensor defined by

G(X1, X2, X3, X4) = g((X4 A X2)X3,X4) and Ly is some smooth function on Ug. A Rieman-
nian manifold M is said to be conharmonically pseudosymmetric if

R-C=LeQ9.0) (3.3)

holds on the set Us = {z € M : C # 0} at x, where L is some function on Ug and C is
the conharmonic curvature tensor. Let an n-dimensional (n > 2) LP-Sasakian manifold M be a
conharmonically pseudosymmetric. Then from (3.3), we have

(R(X,€) - O)YUVIW = La[((X Ag §) - O) (U, V)W]. (34)
Now the left-hand side of (3.4) is

R(X,&)C(U, V)W — C(R(X, &)U, V)W (3.5)
~C(U,R(X, V)W — C(U,V)R(X,&)W.

In view of (2.7) the above expression becomes

[9(&, C(UVIW)X — g(X,C(U,V)W)E (3.6)
—n(U)C(X, V)W + g(X,U)C(&, V)W —n(V)C(U, X)W
+9(X,V)C(U, )W —n(W)C(U, V)X + g(X,W)C(U,V)¢]

Next the right hand side of (3.4) is
La[(X Ay )CUVIW = C((X Ay U, V)W
—C(U, (X Ay OVIW = C(U, V)(X N OW].
By virtue of (3.2) the above expression reduces to
Lelg(6, C(UVIW)X — g(X,C(U,V)W)E 3.7)
—n(U)C(X, V)W + g(X,U)C(E,VIW —n(V)C(U, X)W
+9(X,V)C(U, W —n(W)C(U,V)X + g(X,W)C(U,V)¢].
Using the expressions (3.6) and (3.7) in (3.4), we obtain
(1= Le)[9(&, CUVIW)X — g(X,C(U, V)W)E
—n(U)C(X, V)W + g(X,U)&(E, V)W —n(V)C(U, X)W
+g(X,V)C(U, )W = n(W)C(U, V)X + g(X,W)e(U,V)¢] =0,
which implies either L; = 1 or
[9(6, C(UV)W)X — g(X,C(U,V)W)E (3.8)
—n(U)C(X, V)W + g(X,U)C(, V)W —n(V)C(U, X)W
+9(X,V)C(U,OW —n(W)C(U, V)X + g(X,W)C(U, V)] = 0.

Taking innerproduct of (3.8) with £ and using (2.1) we get

[n(C(U,VIYW)n(X) + C(U, V,W, X) (3.9)
—n(U)n(C(X, V)W) + g(X,U)n(C(£, V)W)

—n(V)n(C(U, X)W) + (X, V)n(CU, )W)
—n(W)n(C(U,V)X) + g(X,W)n(C(U,V)¢)] = 0
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In view of (2.12) we have

n(C(X,8)2) =n(C(X,Y)¢) =n(C(£,Y)Z) = 0. (3.10)
Using (3.10) in (3.9), we get
0=n(CUVIW)n(X)+CU,V,W,X) - n(U)(C(X, V)W) (3.11)

=n(V)n(C(U, X)W) = n(W)n(C(U,V)X).
Finally, by simplifying we get

C(U, VW, X) =0,

which implies that M is conharmonically flat.
Thus in view of Theorem 2.1, manifold is locally isometric to the unit sphere S™(1).Therefore
we can state the following :

Theorem 3.1. Let M be an n-dimensional (n > 2) LP-Sasakian manifold. If M is conhar-
monically pseudosymmetric then M is either conharmonically flat, in which case M is locally
isometric to the unit sphere S™(1) or L& = 1 holds on M.

If L& = 0 on Ug, then a conharmonically pseudosymmetric manifold is conharmonically
semisymmetric. Thus we can state the following corollary.

Corollary 3.2. Let M be an n-dimensional (n > 2) LP-Sasakian manifold. If M is conharmon-
ically semisymmetric, then M is locally isometric to the unit sphere S™(1).

But L need not be zero, in general and hence there exists conharmonically pseudosym-
metric manifolds which are not conharmonic semisymmetric. Thus the class of conharmonic
pseudosymmetric manifolds is a natural extension of the class of conharmonic semisymmetric
manifolds. Thus, if Ls # 0 then it is easy to see that R - C' = Q(g, ), which implies that the
pseudosymmetric function Ls = 1. Therefore, we able to state the following result:

Theorem 3.3. Every LP-Sasakian manifold is conharmonically pseudosymmetric of the form

4 Conharmonically ¢-symmetric LP-Sasakian manifold

Definition 4.1. An LP-Sasakian manifold M is said to be conharmonically ¢-symmetric if the
conharmonic curvature tensor C' satisfies

S (VxC)(U, V)W) =0. @1
for all vector fields U, V, Wand X € x(M).

Let an n-dimensional (n > 2) LP-Sasakian manifold M be conharmonically ¢-symmetric.
Then by virtue of (4.1) and (2.1), we have

(VxO)U, V)W +n((VxC)(U,V)W)E =0. (4.2)
From (4.2) it follows that
b
(n—2)
—g(VY)(VxS)(U,W) + g(V,W)g((VxQ)U,Y)
—gUW)g(VxQ)V.Y)] +n((VxR)(U,V)W)n(Y)
1
(n-2)
+g(V,W)n((VxQ)U)n(Y) — g(UW)n((VxQ)V)n(Y)] = 0.
Putting U =Y = e;, where {e;},i = 1,2, ....,n, is an orthonormal basis of the tangent space at
each point of the manifold, and taking summation over ¢, we get

1

n((VxR)(e;, V)W)n(e;) — m[g((VXQ)ei, ei) +n((VxQ)ei)n(e:)]g(V, W) +

g(VxR)(U,V)W,Y) — (U, Y)(VxS)(V, W) (4.3)

[(VxS)(V,W)n(U)n(Y) = (VxSU,W)n(Y)n(V)

1
_2)

[g(VxQ)V, W) + (Vx9) (& W)n(V) +n((Vx@Q)V)n(W)] = 0. (4.4)

£)



On the Conharmonic Curvature Tensor of LP-Sasakian Manifolds 181

Putting W = £, we obtain

n(Vx B)(ei, V)E(e) @5)
g A CONY) + (T xQ)enler) — (Tx8)(€6.6)] = 0.
Now,
n((VxQ)ei)n(e:) 9((VxQ)ei, §)g(es, €) (4.6)
— G(VxQ)E)
_ o
W(VxB)(es, Y)E)n(er) = 0. @)
and
(Vx8)(€.6) =0 @3)
By the use of (4.6) - (4.8) from (4.5) we obtain
dr(W) = 0.

This implies 7 is constant. Hence we state the following theorem :

Theorem 4.2. Let M be an n-dimensional LP-Sasakian manifold. If M is conharmonically ¢-
symmetric then the scalar curvature r is constant.

5 ¢-Conharmonically flat LP-Sasakian manifold
Definition 5.1. A LP-Sasakian manifold is said to be ¢-conharmonically flat if it satisfies
#*C(eU, ¢V )W =0 (5.1)
for any vector fields U, Vand W € x(M)
The notion of ¢-conformally flat for K'-contact manifolds was first introduced by G. Zhen
[22]. In a recent paper [13] Shaikh et al studied ¢-conformally flat LP-Sasakian manifolds.

Let an n-dimensional (n > 2) LP-Sasakian manifold be ¢-conharmonically flat. Then (5.1)
holds. By virtue of (2.1) and (2.4), (5.1) yields for any X € x (M)

9(C(oU, V)W, pX) = 0.

By using the definition of conharmonic curvature tensor, the above relation implies

9(R(U, ¢V )oW, ¢ X) = 5[5(@/’ oW)g(¢U, o X) — S(U, oW )g(V, 9.X) (5.2)
+9(oV, oW)S(QU, 6X) — g(¢U, pW)S(¢V, ¢ X)].

Let {ey, ..., e,—1, &} be alocal orthonormal basis of vector fields in M. Using that {¢e, ..., pe,—1,£}

is also a local orthonormal basis, if we put U = X = e; in (5.2) and summing up with respect to
1, we have

n—1 1 n—1
> 9(R(¢ei, 6V)W, ge;) > [S(6V, oW)g(des, de:) (5.3)
i=1 i=1

n—2 4
_S(¢€i7 ¢W)9(¢Va ¢€i)
+9(oV, oW)S(ges, ge;)
—g(pei, W) S(SV, de;)].
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It can be easily verify that

n—1
> g(R(ei, oV)oW, ge;) = S(@V,oW) + g(oV, 6W), (5.4)
i=1
n—1
> S(geiger) = r+(n—1), (5.5)
i=1
n—I1
> g(gei, W)S(¢V, des) = S(gV,0W), (5.6)
i=1
n—I1
> g(per, de) = (n+1). (5.7)
i=1
So by virtue of (5.4)-(5.7) the equation (5.3) can be written as
1
S8V, W) +g(oV.oW) = —[(n+1)S(V.6W) — S(8V,6W)

+(r+ (n = 1))S(¢V, oW) — S(¢V, oW)].
This implies that
S(eV.oW) = —(r+1)g(eV,oW). (5.8)
Using (2.2) and (2.10) in (5.8), we obtain
SV,W) = —(r+1)g(V,W) = (r +n)n(V)n(W). (5.9)

Contracting (5.9) we have
r =0. (5.10)

Thus (5.9) turns into
SV, W) = —g(V.W) = nn(V)n(W),
that is, M is an 7-Einstein manifold. This leads us to state the following :

Theorem 5.2. A ¢-conharmonically flat LP-Sasakian manifold M (n > 2) is an n-Einstein man-
ifold.

6 Partially Ricci-pseudo symmetric LP-Sasakian manifold

Definition 6.1. An L P-Sasakian manifold M is said to be partially Ricci-pseudosymmetric if
and only if the relation
R-5=f(p)Q(y,S) (6.1)

holds on the set A = {x € M : Q(g,S) # 0 at z}, where f € C>°(A) forp € A, R- S and
Q(g,9) are respectively defined by

(R(X,Y)-S)(U,V) = —S(R(X,Y)U,V)-S(U R(X,Y)V), (6.2)
and
Qlg,8) = (XA Y)-S)(UV) (6.3)
forall X,Y,Uand V € x(M).

Let an n-dimensional (n > 2) LP-Saskian manifold be partially Ricci-pseudosymmetric.
Then we have the relation (6.1), which can be written by virtue of (6.3)

(R(X,Y)-S)(U,V) = f(p)[(X AgY) - S)(U, V)],
forall X,Y,U,V € x(M). From the above relation, it follows that

S(R(X,Y)U,V) + S(U,R(X,Y)V) (6.4)
= f@S(X A YU, V) + S(U, (X Ag Y)V)].
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Taking the restriction Y = V = £ in (6.4), we have

S(R(X,§U.€) + S(U, R(X, £)¢)
= f(p)[S((X Ng §U,E) + S(U, (X Ng f)f)]
Applying (2.7), (2.9) and (3.2) we obtain

(n— Dn(R(X,U) = S(U, X) = S(U, §)n(X) (6.5)
= f)MU)S(X,§—g(X,U)S(&€) — S(U, X) —n(X)S(U,€)].
Using (2.1) and (2.9) in (6.5), we get

(n = D{n(X)n(U) +9(X,U)} = S(U, X) = (n = )n(X)n(V)
= f(P)[(n = D)n(X)n(U) + ¢(X,U) = n(X)n(U) = S(U, X)]

This can be written as
[S(X,U) — (n—1)g(X,U)] = f(p)[S(X,U) — (n - 1)g(X,U)]
Thus, we have
[f(p) = 1][S(X,U) = (n — 1)g(X,U)] = 0.

This can be hold only if either :

(@ f(p) = lor
However (b) means that M is an Einstein manifold. Hence we have the following:

Theorem 6.2. A partially Ricci-pseudosymmetric LP-Sasakian manifold is an Einstein manifold

with f(p) # 1.
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