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Abstract Let f be a function from the vertex setV (G) to {0,1,2}. For each edgeuv

assign the label
⌈

f(u)+f(v)
2

⌉

. f is called a mean cordial labeling if|vf (i)− vf (j)| ≤ 1 and

|ef (i)− ef (j)| ≤ 1, i, j ∈ {0,1,2}, wherevf (x) andef (x) respectively are denote the num-
ber of vertices and edges labeled withx (x = 0,1,2). A graph with a mean cordial labeling
is called a mean cordial graph. In this paper we investigate mean cordial labeling behavior of
double triangular snake, alternate triangular snake, double alternate triangular snake.

1 Introduction

All graphs in this paper are finite, undirected and simple. The vertex set and edge set of a graphG
are denoted byV (G) andE (G) respectively. Letp, q denotes the number of vertices and edges
in G. Ponraj et al. defined the mean cordial labeling of a graph in [3]. Meancordial labeling
behavior of path, cycle, star, complete graph, wheel, comb,mG, Pm ∪ Pn, P 2

n, triangular snake
etc have been investigated in [3, 6]. Also, Albert william et al. [1] have studied about the mean
cordial labeling behaviour of certain graphs like subdivision of a bistarS(Bm,n), particular type
of caterpillar, Banana tree and path banana tree. Here we investigate the mean cordial labeling
behavior of double triangular snake, alternate triangular snake, doublealternate triangular snake.
The symbol⌈x⌉ stands for smallest integer greater than or equal tox. Terms and definitions not
defined here are used in the sense of Harary [4].

2 Preliminary Results

In this section we write some basic definitions and results which are needed for the next section.

Definition 2.1.Letf be a function fromV (G) to{0,1,2}. For each edgeuv ofG assign the label
⌈

f(u)+f(v)
2

⌉

. f is called a mean cordial labeling if|vf (i)− vf (j)| ≤ 1 and|ef (i)− ef (j)| ≤ 1,

i, j ∈ {0,1,2}, wherevf (x) andef (x) denote the number of vertices and edges labeled with
x (x = 0,1,2) respectively. A graph with a mean cordial labeling is called a mean cordialgraph.

Definition 2.2.The triangular snakeTn is obtained from the pathPn by replacing each edge of
the path by a triangleC3.

Definition 2.3.An alternate triangular snakeA (Tn) is obtained from a pathu1u2 . . . un by join-
ing ui andui+1 (alternatively) to new vertexvi. That is every alternate edge of a path is replaced
by C3.

Definition 2.4.A double alternate triangular snakeDA (Tn) consists of two alternate triangular
snakes that have a common path. That is, a double alternate triangular snake is obtained from a
pathu1u2 . . . un by joiningui andui+1 (alternatively) to two new verticesvi andwi.

Definition 2.5.A double triangular snakeD(Tn) consists of two triangular snakes that have a
common path.

Theorem 2.6.[5] The triangular snakeTn (n > 1) is mean cordial iffn ≡ 0 (mod 3).

3 Main Results

Theorem 3.1.Mean cordial labeling behaviour of Alternate triangular snakeA(Tn) is given
below:
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a. Mean cordial if the triangle starts fromu2 and ends withun−1.

b. Mean cordial if the triangle starts fromu1, ends withun andn ≡ 0 (mod 3).

c. Not Mean cordial if the triangle starts fromu1, ends withun andn ≡ 1,2 (mod 3).

d. Mean cordial if the triangle starts fromu2, ends withun.

Proof. Case a.The triangle starts fromu2 and ends withun−1.

In this casep = 3n−2
2 , q = 2n− 3.

Sub case 1.n ≡ 1 (mod 3).

Let n = 3t+ 1, t > 1. Assign the label ’0’ tot+ 1 path verticesu1, u2, . . . , ut+1. Then assign
’2’ to the nextt path vertices; assign ’1’ to the remaining path vertices. Then we move to the
vertices of degree 2. Label the verticesv1, v2, . . . , vt−2 by ’0’. Then assign the label ’2’ to the
verticesvt−1, vt, . . . , v2t−3. Finally assign the label ’1’ to the verticesv2t−2, v2t−1, . . . , v3t−5.
The above vertex labelingf , satisfies the mean cordial condition by table 1.

i 0 1 2

vf (i)
n
2

n−2
2

n
2

ef (i)
2n−5

3
2n−2

3
2n−2

3

Table 1.

Whent = 1, the corresponding mean cordial labeling ofA(T4) is given in figure 3.1.

b b b b

b

0 0 2 1

2

Figure 3.1

Sub case 2.n ≡ 2 (mod 3).

Let n = 3t+2. Assign the label ’0’ to the vertices of the firstt
2 triangles and then ’1’ to the next

t
2 triangles. Then assign the label ’2’ to the vertices of the remainingt

2 triangles. Finally assign
the label′0′, ′2′ to the pendent verticesu1 andun respectively. In this case the vertex and edge
condition is given in table 2.

i 0 1 2

vf (i)
n
2

n−2
2

n
2

ef (i)
2n−4

3
2n−4

3
2n−1

3

Table 2.

Sub case 3.n ≡ 0 (mod 3).

Let n = 3t. Assign the labels to the vertices as in sub case 2 then relabel the verticesu1 by 2 and
the vertexu2t+1, a vertex oftth triangle by 2. The table 3 shows that the above vertex labelingf

is a mean cordial labeling.

i 0 1 2

vf (i)
n
2

n
2

n−2
2

ef (i)
2n−3

3
2n−3

3
2n−3

3

Table 3.

For the cases b & c,p = 3n
2 andq = 2n− 1.

Case b.The triangle starts fromu1, ends withun andn ≡ 0 (mod 3).

Let n = 3t. Assign the label′0′ to the vertices of the firstt2 triangles. Then′1′ to the vertices of
the nextt2 triangles. Finally assign the label′2′ to the vertices of the remainingt2 triangles. The
table 4 establishes that the above vertex labelingf , satisfies the mean cordiality condition.
Case c.The triangle starts fromu1, ends withun andn ≡ 1,2 (mod 3).
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i 0 1 2

vf (i)
n
2

n
2

n
2

ef (i)
2n−3

3
2n
3

2n
3

Table 4.

Sub case 1.n ≡ 1 (mod 3).

Supposef is a mean cordial labeling, thenvf (0) = vf (1) = vf (2) = n
2 . This forces the

maximum value ofef (0) is
⌊

2n−1
3

⌋

− 1. That isef (0) ≤
⌊

2n−1
3

⌋

− 1. Since the size ofA(Tn) is
2n− 1, f can not be satisfies the edge condition of the mean cordial labeling.

Sub case 2.n ≡ 2 (mod 3).

Supposef is a mean cordial labeling, thenvf (0) = vf (1) = vf (2) = n
2 . In this caseef (0) ≤

2n−4
3 , a contradiction.

Case d.The triangle starts fromu2, ends withun.

Herep = 3n−1
2 , q = 2n− 2.

Sub case 1.n ≡ 0 (mod 3).

Let n = 3t, t > 1. Assign the label′0′ to the firstt+1 vertcesu1, u2, . . . , ut+1 of the path. Then
label the nextt − 1 verticesut+2, ut+3, . . . , u2t by ′1′ and assign the label′2′ to the remaining
vertices of the path. Now we move to the vertices with degree 2. Assign the label ′0′ to the first
t−1

2 vertices and then the nextt+1
2 vertices receives the label′1′. Finally assign the label′2′ to

the remainingt−1
2 vertices. From the table 5, we can conclude that the above vertex labeling,

sayf , is a mean cordial labeling.

i 0 1 2

vf (i)
n+1

2
n−1

2
n−1

2

ef (i)
2n−3

3
2n−3

3
2n
3

Table 5.

Whent = 1, the mean cordial labeling ofA(T3) is given in figure 3.2.

b b b

b

0 0 2

1

Figure 3.2

Sub case 2.n ≡ 1 (mod 3).

Let n = 3t+ 1. Assign the label′0′ to the first t2 triangles and then label the vertices of the next
t
2 triangles by′1′. Then assign the label′2′ to the vertices of the remainingt2 triangles. Finally
assign the label′0′ to the vertexu1. The vertex and edge conditions of the above labelingf is
given in table 6.

i 0 1 2

vf (i)
n+1

2
n−1

2
n−1

2

ef (i)
2n−2

3
2n−2

3
2n−2

3

Table 6.

Sub case 3.n ≡ 2 (mod 3).

Let n = 3t + 2. Consider the path verticesu1, u2, . . . , un. Assign the label′0′ to the vertices
u1, u2, . . . , ut+1 and label the nextt + 1 verticesut+2, ut+3, . . . , u2t+2 by ′1′. Then assign the
label ′2′ to the verticesu2t+3, u2t+4, . . . , u3t+2. Then we move to the vertices of degree 2. These
are labeled in the following pattern.

w1 w2 . . . . . . wt−1 wt wt+1 . . . . . . w2t−3 w2t−2 w2t−1 . . . . . . w3t−4

0 0 . . . . . . 0 1 1 . . . . . . 1 2 2 . . . . . . 2
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Finally assign the label′0′ to the pendent vertex. In this case the following table 7 shows that
the above vertex labelingf , is a mean cordial labeling.

i 0 1 2

vf (i)
n+1

2
n−1

2
n−1

2

ef (i)
2n−4

3
2n−1

3
2n−1

3

Table 7.

A mean cordial labeling ofA(T12) with the condition that the triagle starts fromu2, ends with
un−1 is given in figure 3.3

b b b b b b b b b b b b

b b b b b0 0 1 1 2

1 0 0 0 0 1 1 1 2 2 2 2
Figure 3.3

Theorem 3.2.Mean cordial labeling behaviour of double alternate triangular snakeDA(Tn) is
given below:

a. DA(Tn) is mean cordial if the triangle starts fromu2 and ends withun−1 andn ≡ 0,2 (mod 3).

b. Not mean cordial if the triangle starts fromu2, ends withun−1 andn ≡ 1 (mod 3).

c. Mean cordial if the triangle starts fromu1, ends withun, n > 2. In this caseDA(T2) is not
mean cordial.

d. Mean cordial if the triangle starts fromu2, ends withun andn ≡ 1 (mod 3).

e. Not mean cordial if the triangle starts fromu2, ends withun andn ≡ 0,2 (mod 3).

Proof. For the cases a & b,p = 2n− 2 andq = 3n− 5.

Case a.The triangles starts fromu2 and ends withun−1 andn ≡ 0,2 (mod 3).

Sub case 1.n ≡ 0 (mod 3).

noindent Assign the label to the vertices of the firstt
2 double triangles by′0′, next t

2 double
triangles by′1′ and the lastt−2

2 double triangles by′2′. Then replace the label of the vertexu2t+1

by ′2′. Finally assign the label′2′ to the pendent vertices. The labelingf given in above is mean
cordial from table 8.

i 0 1 2

vf (i)
2n
3

2n−3
3

2n−3
3

ef (i) n− 1 n− 2 n− 2

Table 8.

Sub case 2.n ≡ 2 (mod 3).

Label the vertices ofDA(Tn) as in subcase 1 and assign the label 2 to the vertices of the last
double triangles. Then replace the label of the vertexut+1 by ′0′. The vertex condition and edge
condition of the labelingsf is shown in table 9.

i 0 1 2

vf (i)
2n−1

3
2n−4

3
2n−1

3

ef (i) n− 2 n− 1 n− 2

Table 9.

Case b.The triangles starts fromu2, ends withun−1 andn ≡ 1 (mod 3).

Supposef is a mean cordial labeling. Thenvf (0) = vf (1) = vf (2) = 2n−2
3 . But ef (0) ≤

⌊

3n−5
3

⌋

− 1. This is a contradiction.
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Case c.The triangles starts fromu1, ends withun.

In this casep = 2n andq = 3n− 1.
Consider the graphDA(T2). Supposef is a mean cordial labeling. Then we have two cases.
vf (0) = 2 or vf (0) = 1. If vf (0) = 1 thenef(0) = 0, a contradiction. Supposevf (0) = 2.
Note that the label′0′ should be assigned to the adjacent vertices (otherwiseef (0) = 0). Then
ef (0) = ef (2) = 1, ef(1) = 3 or ef (0) = 1, ef(1) = 4, ef (2) = 0, a contradiction. Therefore
DA(T2) is not mean cordial.

Sub case 1.n ≡ 0 (mod 3).

Assign the label to the vertices of the firstt
2 double triangles by′0′. Put the label′1′ to the

vertices of the nextt2 triangles. Finally assign the label′2′ to the vertices of the lastt2 double
triangles. The table 10 shows thatf is a mean cordial labeling.

i 0 1 2

vf (i)
2n
3

2n
3

2n
3

ef (i) n− 1 n n

Table 10.

Sub case 2.n ≡ 1 (mod 3).

Assign the label′0′ to the firstt+ 1 path vertices then assign the label′1′ to the nextt vertices
of the path. The remainingt vertices of the path are labeled by′2′. The verticesvi andwi are
labeled as given below.

v1 v2 . . . . . . vt vt+1 vt+2 . . . . . . v2t v2t+1 v2t+2 . . . . . . v3t−1

0 0 . . . . . . 0 1 1 . . . . . . 1 2 2 . . . . . . 2

w1 w2 . . . . . . wt−1 wt wt+1 . . . . . . w2t−1 w2t w2t+1 . . . . . . w3t−1

0 0 . . . . . . 0 1 1 . . . . . . 1 2 2 . . . . . . 2

The values ofvf (i) andef(i) are given in table 11

i 0 1 2

vf (i)
2n+1

3
2n+1

3
2n−2

3

ef (i) n− 1 n n

Table 11.

Sub case 3.n ≡ 2 (mod 3).

Assign the label′0′ to the vertices of firstt+2
2 double triangles then assign the label to the nextt

2
vertices of the double triangles by′1′ and the lastt2 triangles by 2. Finally replace the labels of
the verticesut+2, w t+2

2
, u2t+2, wt+1 by 1, 1, 1, 2 respectively. The following table 12 shows that

the above vertex labelingf is a mean cordial labeling.

i 0 1 2

vf (i)
2n+2

3
2n−1

3
2n−1

3

ef (i) n− 1 n n

Table 12.

For the casesd & e, p = 2n− 1 andq = 3n− 3.

Case d.The triangle starts fromu2, ends withun andn ≡ 1 (mod 3).
Assign the label′0′ to the vertices of the firstt2 double triangles,′1′ to the vertices of the next
t
2 double triangles and′2′ to the vertices of the lastt2 double triangles. Put the label′0′ to the
pendent vertexu1. Table 13 establish that the labelingf given above is a mean cordial labeling.

Case e.The triangle starts fromu2, ends withun.

Sub case 1.n ≡ 0 (mod 3).
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i 0 1 2

vf (i)
2n+1

3
2n−2

3
2n−2

3

ef (i) n− 1 n− 1 n− 1

Table 13.

Supposef is a mean cordial labeling. In this case, eithervf (0) = 2n
3 or 2n−3

3 . In both cases
ef (0) ≤ n− 2, a contradiction.

Sub case 2.n ≡ 2 (mod 3).

Herevf (0) = 2n−3
3 . But ef(0) ≤ n − 2. This contradiction proves that there does not exists a

mean cordial labeling.

A mean cordial labeling ofDA(T10) with the condition that the triagles starts fromu1, ends
with un is given in figure 3.4

b b b b b b b b b b

b b b b b

b b b b b

0 0 1 1 2

0 1 1 2 2

0 0 0 0 1 1 1 2 2 2

Figure 3.4

Theorem 3.3.The double triangular snake D(Tn) is mean cordial iff n > 3.

Proof. Case 1.n = 2.

Follows from case c of theorem 3.2.

Case 2.n = 3.

In this case,vf (0) = 2 or 3. If vf (0) = 2 thenef (0) ≤ 1 which is not possible. Ifvf (0) = 3
then′0′ should be labeled to the vertices of any triangle. Otherwise the value ofef (0) lower than
3. In the case of′0′ labeled in the vertices of the triangle, the valueef(2) is not greater than 2.
This is a contradiction to the size. HenceD(T3) is not mean cordial.

Case 3.n > 3.

Sub case 1.n ≡ 1 (mod 3).

Let n = 3t + 1. Assign the label′0′ to vi (1 ≤ i ≤ t), ′1′ to vt+i (1 ≤ i ≤ t) and ′2′ to
v2t+i (1 ≤ i ≤ t+ 1). Label the verticesui (1 ≤ i ≤ t+ 1) by ′0′, ut+1+i (1 ≤ i ≤ t) by 1 and
u2t+1+i by 2. Then we move to the vertexwi. Assign the labels towi as invi. The following
table 14 shows that the above labelingf is a mean cordial labeling.

i 0 1 2

vf (i) n n− 1 n− 1

ef(i)
5n−5

3
5n−5

3
5n−5

3

Table 14.

Sub case 2.n ≡ 0 (mod 3).

Let n = 3t, t > 1. Assign the label′0′ to the verticesui (1 ≤ i ≤ t + 1), vi (1 ≤ i ≤ t) and
wi (1 ≤ i ≤ t − 1). Put the label′1′ to the verticesuj (t + 2 ≤ j ≤ 2t), vj (t + 1 ≤ j ≤ 2t)
andwj (t ≤ j ≤ 2t − 1). Finally assign the label′2′ to the verticesur (2t + 1 ≤ r ≤ 3t),
vr (2t + 1 ≤ r ≤ 3t − 1) andwr (2t ≤ r ≤ 3t − 1). The table 15 given below shows that the
above labelingf is a mean cordial labeling.

i 0 1 2

vf (i) n n− 1 n− 1

ef(i)
5n−6

3
5n−6

3
5n−3

3

Table 15.
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Sub case 3.n ≡ 2 (mod 3).

Let n = 3t+ 2. First we consider the path vertices. Assign the label′0′ to ui (1 ≤ i ≤ t+ 1),
′1′ to uj (t + 2 ≤ j ≤ 2t + 2) and 2 tour (2t + 3 ≤ r ≤ 3t). Now we move to the vertices
vi (1 ≤ i ≤ n − 1). The firstt + 1 vertices are labeled by′0′ and the verticesvi (t + 2 ≤ i ≤
2t + 1) are labeled by 1 then the lastt vertices ofvi are labeled by′2′. The vertex labeling of
wi (1 ≤ i ≤ n− 1) is given below.

w1 w2 . . . . . . wt wt+1 wt+2 . . . . . . w2t w2t+1 w2t+2 . . . . . . w3t−1

0 0 . . . . . . 0 1 1 . . . . . . 1 2 2 . . . . . . 2

Let f be the labeling defined above. The valuesef (i) andvf (i) wherei = 0,1,2 given in table
16 proves thatf is a mean cordial labeling.

i 0 1 2

vf (i) n n− 1 n− 1

ef(i)
5n−7

3
5n−4

3
5n−4

3

Table 16.
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