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Abstract Let f be a function from the vertex séf (G) to {0,1,2}. For each edgew
assign the Iabe[ww. f is called a mean cordial labeling fif; (i) — vs (j)| < 1 and

ley (i) —er (j)] < 1,4,5 € {0,1,2}, wherev; (z) andey (x) respectively are denote the num-
ber of vertices and edges labeled with(z = 0,1, 2). A graph with a mean cordial labeling
is called a mean cordial graph. In this paper we investigate mean coroigiinig behavior of
double triangular snake, alternate triangular snake, double alternauteasnake.

1 Introduction

All graphs in this paper are finite, undirected and simple. The vertexidat@dge set of a grapgh

are denoted by (G) andE (G) respectively. Lep, ¢ denotes the number of vertices and edges
in G. Ponraj et al. defined the mean cordial labeling of a graph in [3]. Meadial labeling
behavior of path, cycle, star, complete graph, wheel, con®®, P,, U P,, P2, triangular snake
etc have been investigated in [3, 6]. Also, Albert william et al. [1] haveistlidbout the mean
cordial labeling behaviour of certain graphs like subdivision of a biStat,, ,,), particular type
of caterpillar, Banana tree and path banana tree. Here we investigateamecardial labeling
behavior of double triangular snake, alternate triangular snake, dalidxirate triangular snake.
The symbol[z] stands for smallest integer greater than or equal fberms and definitions not

defined here are used in the sense of Harary [4].

2 Preliminary Results
In this section we write some basic definitions and results which are needén:fnext section.

Definition 2.1. Let f be a function fronV (G) to {0, 1, 2}. For each edgev of G assign the label

[%] fis called a mean cordial labelinglify (i) — vy ()| < 1 andjes (i) — es (j)| < 1,

i,j € {0,1,2}, wherevy (z) andey (x) denote the number of vertices and edges labeled with
z (z = 0,1,2) respectively. A graph with a mean cordial labeling is called a mean caydiph.

Definition 2.2. The triangular snak&,, is obtained from the pat, by replacing each edge of
the path by a triangl€’s.

Definition 2.3. An alternate triangular snake(7,,) is obtained from a pathjus . . . u,, by join-
ing u; andu, 1 (alternatively) to new vertey;. That is every alternate edge of a path is replaced
by Cs.

Definition 2.4. A double alternate triangular snakeA (7,,) consists of two alternate triangular
snakes that have a common path. That is, a double alternate triangaierisrobtained from a
pathuius . . . u, by joining u; andu;.; (alternatively) to two new verticeg andw;.

Definition 2.5. A double triangular snak®(T,,) consists of two triangular snakes that have a
common path.

Theorem 2.6.[5] The triangular snak@,, (n > 1) is mean cordial ifin = 0 (mod 3).

3 Main Results

Theorem 3.1.Mean cordial labeling behaviour of Alternate triangular snaké,) is given
below:
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a. Mean cordial if the triangle starts from and ends with:,, ;.

b. Mean cordial if the triangle starts from, ends withu,, andn = 0 (mod 3.

c. Not Mean cordial if the triangle starts from, ends withu,, andn = 1,2 (mod 3.
d. Mean cordial if the triangle starts from, ends withu,,.

Proof. Case a.The triangle starts from, and ends with,, .

In this casep = 2272, ¢ = 2n — 3.

Sub case 1n =1 (mod 3.

Letn =3t + 1, t > 1. Assign the label 'O’ ta + 1 path verticesis, uy, ..., us 1. Then assign

'2’ to the nextt path vertices; assign '1’ to the remaining path vertices. Then we move to the
vertices of degree 2. Label the verticgswvs, ..., v;_2 by '0’. Then assign the label '2’ to the

verticesv;_1, vy, ..., vp_3. Finally assign the label "1’ to the vertices; 5, v _1,. .., v3_s.
The above vertex labeling, satisfies the mean cordial condition by table 1.

i 0 1 2
vi@) | 5 [ "] %
ef (Z) 2n§5 2n§2 2n§2

Table 1.

Whent = 1, the corresponding mean cordial Iagelingmif&) is given in figure 3.1.

AN

°
0 0 2 1
Figure 3.1

Sub case 2n = 2 (mod 3.

Letn = 3t+ 2. Assign the label 0’ to the vertices of the fikstriangles and then '1’ to the next

{ triangles. Then assign the label "2’ to the vertices of the remaigitrgangles. Finally assign
the label' 0, '2’ to the pendent verticeg andu,, respectively. In this case the vertex and edge
condition is given in table 2.

i 0 1 2
i) | 3 [ =2 3
ef(Z) 2n§4 2n§4 2n371

Table 2.

Sub case 3n =0 (mod 3.

Letn = 3t. Assign the labels to the vertices as in sub case 2 then relabel the veitlng2 and
the vertexu,,, 1, a vertex oft'” triangle by 2. The table 3 shows that the above vertex labgling
is a mean cordial labeling.

i 0 1 2
w@ | 5 | 3 |52
ef (Z) 2n§3 2n§3 2n§3

Table 3.

For the cases b & ¢ = 3 andg = 2n — 1.

Case bh.The triangle starts from;, ends withu,, andn = 0 (mod 3.

Letn = 3t. Assign the label0’ to the vertices of the firs} triangles. Theril’ to the vertices of
the next} triangles. Finally assign the lab@ to the vertices of the remainingtriangles. The
table 4 establishes that the above vertex labefingatisfies the mean cordiality condition.
Case c.The triangle starts from,, ends withu,, andn = 1,2 (mod 3).
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i 0 1 2
@) | 3 | 31 %
ef (Z 271,3—3 2_37)1 2_37)1

Table 4.

Sub case 1n =1 (mod 3.

Supposef is a mean cordial labeling, thery(0) = vs(1) = vs(2) = %. This forces the
maximum value ot (0) is | 22| — 1. Thatise;(0) < |25t | — 1. Since the size of(T},) is
2n — 1, f can not be satisfies the edge condition of the mean cordial labeling.

Sub case 2n = 2 (mod 3.

Supposef is a mean cordial labeling, then (0) = vs(1) = vf(2) = %. In this case;(0) <
-4 a contradiction.

Case d.The triangle starts from,, ends withu,,.

Herep = %,q: 2n — 2.

Sub case 1n = 0 (mod 3.

Letn = 3t, t > 1. Assign the labell’ to the firstt + 1 vertcesus, uy, . . ., us11 Of the path. Then
label the next — 1 verticeSus, o, usi3,...,up by ’1l and assign the labé&P’ to the remaining
vertices of the path. Now we move to the vertices with degree 2. Assign teE @ako the first
51 vertices and then the next! vertices receives the labdl. Finally assign the labéR’ to

the remaining’5* vertices. From the table 5, we can conclude that the above vertex labeling,
sayf, is a mean cordial labeling.

) 0 1 2

o) | 22 [t [t

ef(l) 2n§3 2n§3 Z?n
Table 5.

Whent = 1, the mean cordial labeling of(73) is given in figure 3.2.

Figure 3.2

Sub case 2n =1 (mod 3.

Letn = 3t + 1. Assign the label0’ to the first} triangles and then label the vertices of the next
{ triangles by'1’. Then assign the lab&’ to the vertices of the remainingtriangles. Finally
assign the lab€ell’ to the vertexu;. The vertex and edge conditions of the above labefing
given in table 6.

1 0 1 2
. 1 -1 -1
ve(i) | 5 | 5 |
. 2n—2 2n—2 2n—2
er(i) 5 5 5
Table 6.

Sub case 3n = 2 (mod 3.

Letn = 3t + 2. Consider the path vertices, uy, ..., u,. Assign the label0’ to the vertices
uy, up, ..., us+1 and label the next + 1 verticesu;, o, usy3, ..., uzxi2 by ’l’. Then assign the
label’2’ to the verticeSiy; 3, u2i14, - - ., uzr2. Then we move to the vertices of degree 2. These
are labeled in the following pattern.

wp w2 o...... We—1 W Wyl ovven W2t—-3 W2t—2 Wot—-1 +----- W3t—4
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Finally assign the labél’ to the pendent vertex. In this case the following table 7 shows that
the above vertex labeling, is a mean cordial labeling.

i 0 1 2
vy (Z) n;l nT—l nEl
ef(Z) 2n§4 2n371 2n371

Table 7.

O

A mean cordial labeling ofi(772) with the condition that the triagle starts frarp, ends with
un,_1 1S given in figure 3.3

0 0 1 1 2
. /\ /\ /\ /\ /\ .
1 0 0 0 0 1 1 1 2 2 2 2

Figure 3.3

Theorem 3.2.Mean cordial labeling behaviour of double alternate triangular shakér,) is
given below:

a. DA(T,)is mean cordial if the triangle starts framand ends with:,,_; andn = 0,2 (mod 3).
b. Not mean cordial if the triangle starts frar, ends withu,,_1 andn = 1 (mod 3.

c. Mean cordial if the triangle starts from, ends withu,,, n > 2. In this caseD A(T3) is not
mean cordial.

d. Mean cordial if the triangle starts from, ends withu,, andn = 1 (mod 3.
e. Not mean cordial if the triangle starts fram ends withu,, andn = 0,2 (mod 3).

Proof. Forthe casesa & by, = 2n — 2 andg = 3n — 5.
Case a.The triangles starts fromy, and ends with:,,_; andn = 0,2 (mod 3).
Sub case 1n = 0 (mod 3.
noindent Assign the label to the vertices of the fiystouble triangles by, next% double

triangles by 1’ and the last52 double triangles by2’. Then replace the label of the vertex.. 1
by '2". Finally assign the labép’ to the pendent vertices. The labelifigsiven in above is mean
cordial from table 8.

1
2n 2n—3 2n—3
3

ef(i) | n=1|n—-2|n-2

Table 8.

Sub case 2n = 2 (mod 3.

Label the vertices 0D A(T,,) as in subcase 1 and assign the label 2 to the vertices of the last
double triangles. Then replace the label of the veutex by '0’. The vertex condition and edge
condition of the labelingg is shown in table 9.

i 0 1 2
vy ( i ) 2n3— 1 271,3— 4 271,3— 1

ef(t) | n—2|n—-1|n-2

Table 9.

Case b.The triangles starts frona,, ends withu,,_1 andn = 1 (mod 3).
Supposef is a mean cordial labeling. Then(0) = vy(1) = vy(2) = 252, Butes(0) <
|322] — 1. This is a contradiction.
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Case c.The triangles starts from, ends withu,,.

In this casen = 2n andg = 3n — 1.

Consider the grapt A(7%). Supposef is a mean cordial labeling. Then we have two cases.
v7(0) = 2 oruvg(0) = 1. If vf(0) = 1 thenes(0) = 0, a contradiction. Supposg(0) = 2.
Note that the labeld’ should be assigned to the adjacent vertices (otherayi€® = 0). Then
ef(0) =ef(2) =1,ep(1) =3 o0res(0) =1,e5(1) = 4, er(2) = 0, a contradiction. Therefore
DA(T>) is not mean cordial.

Sub case 1n =0 (mod 3.

Assign the label to the vertices of the firstdouble triangles by0’. Put the label1’ to the
vertices of the next triangles. Finally assign the lab& to the vertices of the las} double
triangles. The table 10 shows thats a mean cordial labeling.

vy (i)
er(i) [ n

2
7n
3

0
7n
3

7n
3
n

1

Table 10.

Sub case 2n =1 (mod 3.

Assign the label0' to the firstt + 1 path vertices then assign the lat#lto the next: vertices
of the path. The remainingvertices of the path are labeled (8. The vertices; andw; are
labeled as given below.

v1T V2 ... Vg Vg4l Vg2 oveeen V2t V2t+1 U242 oo V3t—1
0O 0 ...... 0 1 1 ... 1 2 2 2
w w2 ... Wi—1 W Wl voeeen Wot—1 W2t W24+ voev e W3t—1
0O 0 ...... 0 1 A 1 2 2 2

The values of¢ (i) andey () are given in table 11

i 0 1 2
Uf(l) Zn?j-l Zn?j-l 2n372
ef(i) |n—=1] n n

Table 11.

Sub case 3n = 2 (mod 3.

Assign the label0’ to the vertices of first%2 double triangles then assign the label to the dext
vertices of the double triangles by and the lasg triangles by 2. Finally replace the labels of
the verticesu,, o, Wiz, Ut42, Wil by 1, 1, 1, 2 respectively. The following table 12 shows that
the above vertex labelingis a mean cordial labeling.

i 0 1 2
0) 2n_3+2 2n3—1 2n3—1
ef(i) | n—1

Table 12.

For the cased & e,p =2n — 1 andg = 3n — 3.

Case d.The triangle starts from,, ends withu,, andn = 1 (mod 3).

Assign the label0' to the vertices of the firs} double triangles’1’ to the vertices of the next
% double triangles ant?’ to the vertices of the lasf double triangles. Put the labé to the
pendent vertex.;. Table 13 establish that the labelifigyiven above is a mean cordial labeling.
Case e.The triangle starts from,, ends withu,,.

Sub case 1n =0 (mod 3.
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i 0 1 2
vy (Z) 2n3+1 2n52 Zn:;Z

ef(i) | n=1|n-1|n-1

Table 13.

Supposef is a mean cordial labeling. In this case, eitag(0) = % or 2.2, In both cases
er(0) < n — 2, a contradiction.
Sub case 2n = 2 (mod 3.

Herev;(0) = 2272, Butes(0) < n — 2. This contradiction proves that there does not exists a
mean cordial labeling. |

A mean cordial labeling oD A(T30) with the condition that the triagles starts fram ends
with u,, is given in figure 3.4

0 0 1 1 2
0 1 1 2 2

Figure 3.4

Theorem 3.3.The double triangular snake D(T;,) ismean cordial iff n > 3.

Proof. Case 1.n = 2.

Follows from case c of theorem 3.2.

Case 2.n = 3.

In this casep;(0) = 2 or 3. Ifvs(0) = 2 thene;(0) < 1 which is not possible. If;(0) = 3
then’0’ should be labeled to the vertices of any triangle. Otherwise the valkug@f lower than
3. In the case of0’ labeled in the vertices of the triangle, the valy€2) is not greater than 2.
This is a contradiction to the size. Henbg€T3) is not mean cordial.

Case 3.n > 3.

Sub case 1n =1 (mod 3.

Letn = 3t + 1. Assign the label0’ tov; (1 < i < t),’'T tovy; (1 <4 < t)and’2 to
vyri (1< i <t+ 1). Label the vertices; (1 <i <t+ 1) by'0, w1 (1 <i<t¢)byland
ugs 1145 Dy 2. Then we move to the vertex. Assign the labels ta; as inv;. The following
table 14 shows that the above labelifigs a mean cordial labeling.

1 0 1 2
vy (i) n |n—-1|n-1

er ( Z) 5n3—5 571,3— 5 5n3—5

Table 14.

Sub case 2n =0 (mod 3.

Letn = 3¢, t > 1. Assign the label0’ to the vertices:; (1 <i < ¢+ 1),v; (1 <i <t)and
w; (1 <i<t—1). Putthe labell’ to the vertices:; (t +2 < j < 2t),v; (t+1<j <2t)
andw; (t < j < 2t —1). Finally assign the labéP’ to the verticesu, (2t +1 < r < 3¢),

v (2t 4+1<r <3t—1)andw, (2t <r < 3t — 1). The table 15 given below shows that the
above labeling is a mean cordial labeling.

i 0 1 2
vy (i) n |n—-1|n-1

er (Z) 5n§6 5n:;6 5n§3

Table 15.
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Sub case 3n = 2 (mod 3.

Letn = 3t + 2. First we consider the path vertices. Assign the l&ieio u; (1 <1 < ¢+ 1),
"Vtou; (t+2<j<2t+2) and2tou, (2t +3 < r < 3t). Now we move to the vertices
v; (L <14 < n—1). The firstt + 1 vertices are labeled B9 and the vertices; (t +2 < i <
2t + 1) are labeled by 1 then the lasvertices ofv; are labeled by2'. The vertex labeling of
w; (1 <i < n—1)is given below.

wp w2 o...... Wy Wiyl W42 oeen e W2t W41 W2t42  cvvenn W3t—1

O o0 ...... 0 1 1 .. 1 2 2

Let f be the labeling defined above. The valag&) andv, (i) wherei = 0,1, 2 given in table
16 proves thaf is a mean cordial labeling.

1 0 1 2

vy (7) n |n—-1|n-1

. 5n—7 5n—4 5n—4
es(i 3 3 3

Table 16.
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