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Abstract In this paper, the Mellin transform and Mellin-Plancherel theorem are introduced
for vector-valued Boehmians and further, an isomorphism between L?(R) onto L?(R)has been
established. Moreover, we have investigated the results for the Mellin transform, invoking a
relation between Fourier and Mellin transform.

1 Introduction

The Mellin transform of a function f : R* — C, f € L;(R"), which is denoted by f , is defined
by [4, p. 194]

f) =M@ = [ o ), (1

where s € C",s = o + it and 0,7 € R". The inversion formula is

ﬂm:M“mwﬁ4hww/fﬁ@w. (12)

Egs. (1.1) and (1.2), which illustrates the relation between the Mellin and the Fourier transforms,
may be written in the following form

F(s)=F[e”  f(eN)(r) [cf. [4, p. 196, Eq. (3.5)]] (1.3)
F(s) = Flf(e¥)sis] (1.4)

i.e. -
fli) = [ senevay (1.5)

and 5

e”Vf(e?) = F'[flo+ir)l(y)  I[cf. [4,p.197]] (1.6)

ie. . -
fe¥) = E/, flis)e™*vds. (1.7)

The convolution [4, p.205, Egs. (3.24)-(3.25)], f V g, where f and g are functions from R"
(n -dimensional — Euclidean space) into C (the complex plane) (or f,g € L), is defined by

(FVoa) = | fOgl/t) dt, (1.8)
ie.
M(fVg] = M][f] Mlg], (1.9)
where M stands for the Mellin transform [4, p.207].

Using Eq. (1.3), the definition of the Plancherel theorem for the Mellin transform, where
Re(s) =1/2,x = Im(s) € R™, is given as under [4, p.207] :
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Let f € Ly(R%})and v € R%}. If

v
g(z) = limv_,oo/ v 2f(y)dy, z€R" (1.10)
1/v
then g € L,(R’} )and, the Parseval formula is
HfHLz(Rg): (277)_nH9||2- (1.11)
The inversion of which is given by
F) = (2m) Mmoo [y (), (1.12)
Q[-R,R]

where, Q[ R, R] = x [-R;,R;],R € R".
Jj=1
The Plancherel theorem, by using (1.5) and (1.7), can be stated as under.

Let f € Ly(R")

o0

fis) = (e”)e™dy. (1.13)

— 00

Then f(e*) € Ly(R" )and, the Parseval formula is

1G] gy = 2) (- (1.14)

The inversion of which is given by
Fle¥) = (2m)! / fis)e *Yds. (1.15)
The distributional Mellin transform f € D (the testing function space) is defined by

Flis) = (f(e¥),e),

and the distributional Parseval relations for the Mellin transform are given with respect to the
relations, as under [1, p.166-168]:

- (Flis). 85) ) = 27 (T, ole) ) (116)
(Flis), @lis)) = (f(e™), 3(e")) @) =p(e™®) (1.17)

ie.
(f(e®), @lis)) = (fis), o(e)) (1.18)

Here ¢ € D and f € D'(D’is dual of D). The testing function space and relations (1.16) and
(1.18) are also proved for the tempered distribution space S’ of the Mellin transform [1].

Karunakaran and Thiliga [5] proved the Plancherel theorem of Fourier transform for the
vector valued Boehmains. Loonker and Banerji [6] extended the results of the above citation
[5] to obtain the Plancherel theorem of the wavelet transform for vector-valued Boehmians.
Employing similar notations and terminologies, the Plancherel theorem of Mellin transform for
vector-valued Boehmians is developed in this paper.

Consider a space L(A) consists of A-valued Borel measurable functions on R such that [ . | f(x) ?
dr < oo and A is both a complex Hilbert space and a separable commuatiave Banach algebra,
with an identity e such that the norm induced by the inner product and the norm in the Banach
algebra are equivalent. The Plancherel theorem is, thus, developed. If A is a Hilbert space as well
as a complex algebra in which the left and right multiplications are continuous, then a Banach
algebraic structure is introduced such that the Banach algebra norm and the Hilbert space norm



162 Deshna Loonker and P. K. Banerji

are equivalent, which allows us to use the notation A for both the complex Hilbert space and the
complex Banach space [9].

We define the basic definitions of testing function space which are Banach space valued as
shown in [10]. Let Dx (A)is the linear space of all functions ¢ from R to A such that supp
o C K and, for every integer k, the kth derivative of ¢, namely go(k>, is continuous, where A be a
complex Banach space and K a compact subset of R. The topology generated by the collection
{7k(¢) : 0 < k < oo} of seminorms, where

Ye(p) = supp " @) , -

Let {K;}32, be a sequence of compact subsets of R such that K} C K> C ..., K; =R
and that every compact subset of [ is contained in some K;. We define D(A) = |J; Dk, to
be the inductive limit of Dy, (A). When A = C, D(C) = U, Dk, (A) = D is the space of
test functions. £(A)is defined as the largest p-type test function space containing D(A).When
A= C, &(A) = €& is called the space of smooth functions on R.

If B is any other complex Banach space, then [D(A) : B] is [A, B] - valued distributions, that
is the space of all continuous linear mappings from D(A) to B . Let 7z denote the translation
operator given by (1¢p)(x) = ¢(x —t). Then, fory € [D(A) : B], v € [€ : A], their convolution,
denoted by y * v, is defined as a B-valued mapping on D by (y * v)(p) = y(¢), where ¥ () =
v(T_1p), for all ¢ € D. It can be shown that ¢» € D(A) [10, pp.99-100] . Thus, y * v is well
defined and the mapping v — y * v is a continuous linear mapping of [ : A] into [D : B]. D(A)
can be identified as a subspace of [€ : A] and, in particular , if y € [D(A) : Bland v € D(A),
then y * v is well defined and, further, it can be identified with a smooth B-valued function
u € £(B) in the sense that

(y+0)(p) = /Ru<x>so<w>dx, Ve €D,

where u(x) = y(7,0) , v(t) = v(—t) .

Definition 1.1. Let A be a separable and commutative complex Banach algebra and R be the
measurable space, 1 < p < oo, such that

L,(A)=1[f] | f: R — Ais Borel measurable /R Ilf(2)]|” dm(x) < oo, (1.20)

where dm(z) = dx /2w, m(z) being measure of x and [ f | denotes the equivalence class con-
taining f with respect to the equivalence relation f ~ g if and only if f = g almost everywhere
on R with respect to the Lebesgue measure.

When f : R — A is Borel measurable, then f is a Bochner measurable (which is also true for
the mapping f : R x R — A).

Theorem 1.1. If f € L,(A),g € D(A), then

(f +g)() = / F( — y)g(y)dm(y) (121)

exists, and thus, it defines a Bochner integral. O

Proof . By Definition 1.1, indeed, the mapping f is Borel measurable. If we consider A to be a

separable Banach algebra over C and f and g be A-valued Borel measurable, then f(x —y)g(y)is

Borel measurable as well as Bochner measurable. If K = supp g and ||g||, = sup ||g(x)|| , then
reK

/ f(& - y)g(y)dm(y) = / f(x = y)g(y)dm(y).
R K

Now,
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/ 1F =)l llg@)lldm(y) < ”gHO/K 1f(z = y)ll dm(y) < Cllglly < o0,

where C' = ||f\|1 Jif p=Tand C = ||f|, m(K)"9 with § +1 =1ifp > 1.
Thus, [, f(z —y)g(y)dm(y)exists, for each x € R, as a Bochner integral.

Theorem 1.2. Let 1 <p < occ. If f € L,(A), g€ D(A), then f*g € Ly(A) and ||f * g]|,, <
£l lglly -

Proof . Let K =supp g and ||g||, = sup ||g(2)]|.
reK

I +ally= [ 1f + o)l dm(a) < [ (/ 1£@ = o)1 llg)ll dm(y ))pdmm. (1.22)

Using the Jensen’s inequality and considering A = [ [|g(y)dm(y)|| and du(y) = (1/X) [lg(y) | dm(y),
relation (1.22) yields

ir=atp= [ ([ 160 au) mo
=0 [ ot ([ st =)l dm(o)) d

= AT = 1711 gl -
Thus, [[ £+ gll, < 171, lgll;- 0

Definition 1.2. If f € L;(A), then

n

fis) = lim f(e)e™da.

n— oo —n

The Banach algebra norm in A is denoted by ||-|| , and the norm in A, induced by the inner
product (f, g), is denoted by ||-|| -

Definition 1.3. For f, g € L,(A), A- valued inner product is defined as

(f.9)= / (f (), g()) dm(z).

Theorem 1.3. L,(A) is a Hilbert space with respect to the inner product {f, g).

Proof . By virtue of [2, Theorem 3, p.16], it is justified that the space H*is a Hilbert space with
respect to the inner product space for Mellin transform. Similarly, here we say that since ||| ,
and |-||; are equivalent in A , the inner product defined in Definition 1.3 proves L,(A)to be a
Hilbert space with respect to the inner product (f, g).

Theorem 1.4. To each f € Ly(A) we can assign f (zs) € Ly(A) such that
() if f € L (A) N La(A), then || f(e*) |y = || F(is)]| -
(ii) f — f is a Hilbert space isomorphism of L,(A) ontoL,(A).

ZS)HLZ(R;L) = (2m)~!||f(e®)||, and in Theorem 1.3, Ly(A) is

proved to be a Hilbert space with respect to inner product (f, g).
Let f € L,(A) and f,, = X[—n,n)[ for all n, where x|_, , denotes the characteristic function on
[—n,n], fn € L1(A) (N L2(A)and || f,, — f|| 4 — 0 as n — oco. Since the norms ||-|| , and [|-]|
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are equivalent, ||f, — f||; — 0 as n — oo. From (i), f”H = || fll 4> because f, is Cauchy
sequence with respect to |- yand fnis Cauchy sequence with respect to [|-[| ;; .

Since L, (A)is complete, (f,,) converges in L,(A) to f with respect to ||-|| ,and, therefore, it also
converges with respect to [|-| ;. We have

The continuity of Mellin transform and tI}e Plancherel formula for the Mellin transform, where
f € Ly(A), imply that the mapping f — f is a Hilbert space isomorphism of L,(A) onto L,(A).
The theorem is, therefore, completely proved.[]

2 Mellin-Plancherel Transform for Boehmian Spaces B € (LQ (A), A) and
B € (L,(A),4)

To define Boehmian spaces, which may be referred to [3, 6, 7, 8] where G be an additive com-
mutative semigroup and S C G a sub semigroup (S is multiplicative commutative semigroup)
having a mapping x from G x S to G, and we consider A=C" for some n. Let G = L,(A4) and
S =D(A).For f € G,g € S, we define f * g (see Theorem 1.2).

Lemma 2.1. (i) If g1,90 € S, then g x g» € S.

(i) If f,ge Gand h € S, then (f+g)xh= f*xh+gx*h,
(i) fxg=g=x* f,forall f,ge S

(V) If f€G,g,he S, then (f*xg)xh=fx(gxh).
Proofs of (i)-(iv) are simple analogues of those given in [7].

Connection between convergence and multiplication are defined as
(i) iflima, = aand é € S, then a,,§d = af
(i) if lim o, = « and (01,2, ...) € A, then o, 0, =

Convergence in this space is the J - convergence, A is the family of delta sequence. Convergence
of delta sequence can be referred to [7] and defined as

A sequence of Boehmian z,, is /-convergent to a Boehmian x and we write A — limz,, = z if
there exists a delta sequence (dx) such that x,,0, 28y, € G forall k,n € N ananLH;O L0 = 20,

foreach k € .
A sequence of Boehmian z,, is A-convergent to a Boehmian x and we write —lim x,, = x if there
exists a delta sequence (dy) such that (z, — z)d,, € G for eachn € N and 1i_>m (xn, — )8, = 0.

Each delta sequence possessing these properties will be called A-convergence of the factor x,, .

Definition 2.1. A sequence of A — valued functions (6,,) € S is said to be in A if
() [ On(z)dz =e

(i) [ |60 ()| dm(z) < M, for some M € R and for all n,

(iii) supp 0, > 0asn — oo.

Theorem 2.1. Let f, g € G and (6;) € A be suchthat f x6; = g 0; foralli=1,2. Then f =g

Proof of this theorem is almost similar to the proof, that we write, for the theorem as under

We have f % §; — fin L,(A). Let supp §; C K for all 4. Let

2
IF+0-sB< [ ( [ 5= - @ ||5i<y>||dm<y>> dm(z).

Using Theorem 1.2, we have
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1 56— flI5 < M [ 18Il (Lfy = F113 dmy) < 2 for large i .

yl<n

Similarly, g * §; — g in Lp(A)as ¢ — oo. The proof of the theorem now follows by taking L,
limits in the equality f % §; = g x §;. O

Theorem 2.2. Let 6 = (61,02,03,...), € = (1,€2,€3,...) be in A. Then 6 x ¢ =(0; * 1,
0 % €2,03 x€3,...)€ A.

The proof of the theorem may be referred to [5, Theorem 3.4, p.1335].

Theorem 2.3. (i) If li_>m fn = fin Ly(A), then for § € S, 1i_>m fonxd=fx0.
(i) If lim f, = fin Ly(A), then for (6,) € A, lim f,, 0, = f.
n— oo n—00

Incidentally, proofs of (so called properties) (i) and (ii) of the theorem is a very straight forward
approach through Theorem 1.2 and Theorem 2.1 of this paper.

Thus, using Theorems 2.1, 2.2 and 2.3, respectively, we have the Boehmian space in the canoni-
cal sense, using L,(A)and A. This space is denoted by B(L,(A),A).

Theorem 2.4. The mapping f — [f * 6;/9;), where (§;) € D(A), is a continuous imbedding of
Ly(A) into B(Ly(A),A).

Proof. The mapping is one-to-one since [f % d;/d;] = [g*0;/d;] implies (f*6;)*d; = (g*8;) %0,
for all 4, j, and in particular , 6; * 6; = 63. Thus, we have(f * 52) (g * 62) Using Lemma 2.1
and Theorems 2.1 and 2.2, respectively, we have f = g.

Considering f,, — 01in Ly(A), we have x,, = [f,, * 0;/8;] 2. 0in B(L;(A),A). From Theorem
2.3, we have z,, * §; = f, * §; — 0in Ly(A). The proof is completed. [J

We follow the convention , that the set of all sequences (8;) such that (6;) € A, will be denoted
by A.

Lemma 2.2. If f € Ly(A),g € D(A), then M(f xg) = M(f)-M(g).

Using Plancherel theorem and the convolution formula for the Mellin transform, the lemma can
easily be proved, which is quite similar to [5, Lemma 3.7, p.1336] .

Consider another Boehmian space, which contains Ly(A)and S; = § = {6/6 € S}, where
S =D(A). For f € G,d € S; we define (f0)(z) = f(z)d(x),Vx € R.

Lemma23.If f € Gandd € Sy, then fé € G.

Proof. We know f4 is Borel measurable and

S dmee) = [ 1o 151 )

< /R LF@OIR NSO} dm(e)  Cve, 38|, < [3@)]],)

= | £1I3 16} < oc.
Hence f4§ € G. [l

Lemma 2.4. The mapping (f, ) — fé from G x S — G satisfies the following properties
(i) if 81,5, € Sy, then 6,0, € S|

(i) if f,g € G and & € Sy, then (f + g)§ = f6 + ¢é.

(iii) 5152 = 525] for 51,52 €Sy,

(iv)if f € Gand §,& € Sy, then (f8)& = f(82).
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Proof. Since A is commutative Banach algebra and properties defined in Lemma 2.1 proves the
results (i) — (iv). O

Lemma 2.5. Let f, g € G and (5;) € A such that {5; = gb; for all i. Then f = g in Ly(A).

Using the Plancherel theorem and the definitions of the Mellin and Fourier transforms and also
using [5, Lemma 3.8, Lemma 3.9 and Lemma 3.11, p. 1337-38] the lemma can easily be proved.
For A, refer to [7].

Lemma 2.6. (i) If f,, — fin Lo(A) and § € Sy, then f,0 — féin Ly(A).
(i) If fn — fin La(A) and (5,) € A, then f,6 — f5 in Ly(A).

Proof. (i) Since §(t) is function of ¢ is bounded, we have the result.
(ii) With the help of Theorem 1.4 and Theorem 2.3, we complete the proof. [

Lemma 2.7. The mapping i : [ — {fg—gi}, (8;) € A is continuous imbedding of L(A) into

Proofs of the above lemmas may be seen in [5, Lemma 3.12 and Lemma 3.13, p. 1338:39] .
The above lemmas show the convergence conditions of the space G and B(L,(A),A) can be
regarded true, as well, for a Boehmian space.

Definition 2.2. Let v = [fn/¢n] € B(L2(A),A). The Mellin transform of x is [f,/n] €
B(L?(A),A), which is denoted by 7.

The Mellin transform is well defined. If z = [f,,/pn] = [gn/&n], Where fr, g, € Ly(A) and
n,&n € A, then f, x {n = gn * . Invoking the Plancerel transform on both the sides and
using Theorem 1.4 and Theorem 2.3 and the Lemma 2.2, we get f,&,, = §, . Thus,

£/ @l = [3./€,) € B(Ly(A, D).

Theorem 2.5. Let F : B(Ly(A,A) — B(Ly(A,A) be defined by F(x) = &. Then F is a
continuous one-to-one map from B(Ly(A,A) onto B(L,(A),A).

Proof. Let (z,,) - 0in B(Ly(A,A), z,, = [fn.i/ils since #,, = [fn.i/Pi] %4 0in B(L,(A),A).
By hypothesis, for each fixed i as n — oo, (f,;) — 0in Ly(A) with respect to ||-||,. Thus, for
each fixed i, as n — oo, (f5,i) — 0in Ly(A) with respect to the norm ||-[| ;.

By Theorem 1.4, for each fixed i , as n — oo, (fn,;) — 0 in L,(A) with respect to ||| -
Therefore, for each fixed i , as n — oo, (fn;) — 0 in Ly(A) with respect to ||-||,. Thus,
(Zn) 5 0in B(Ly(A),A).

Now to prove the map F' to be one-to-one, consider #; = Z», which gives | Fn/@nl = [Gn/En],
and thereby, as a consequence, f,,&,, = 7, @n. By Lemma 2.2, we get (f,, % &,) = (Gn * $n)-
Since Plancherel theorem is one-to-one, (fy, * £,,) = (gn * n) implies x; = x,, which justifies
the map F is onto. Since Plancherel transform is an onto mapping, by Theorem 1.4, given
y = [gn/En] in B(Ly(A),A), if & = [f./¢n] , where f,, = g, and ¢,, = £,,, then it verifies that
x € B(Ly(A),A) and & = y. The theorem is thus proved. O

Lemma 2.8. If x|,2, € B(Ly(A),A), then
@) @ +3)=31+2.
(ii) (Ax) = A%, X € C, where addition and multiplication, for Boehmians, are defined as usual.

Proof . By virtue of the Definition 2.2, cited above, the lemma can easily be proved. [
Conclusion. The Theorems 2.1 to 2.5, of Section 2, indeed, show that theNPlancherel theorem is
one-to-one continuous linear mapping from B(L,(A),A) onto B(L,(A),A), i.e.,

(i) The function f € L,(A) can be identified with the element = = [f % 6;/8;] € B(L2(A),A),
where (4;) is any delta sequence in A. Its Plancherel theorem, as a Boehmian, is given by
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[M(f * 51‘)/51'] = [fgi/gi}'

The Boehmian B(L,(A), A)is simply the identification of fin B(L,(A),A). Thus, the Plancherel
theorem on B(L;(A),A) is, indeed, an extension of the Plancherel theorem on L, (A).

(i). Ifx = [fn/¢n] € B(L2(A),A) and y = [gn/E 0], gn € D(A), &, € A, then we define
z oy = [(f090)/ (0,56,

In this case M (z % y) = M (x)M (y) holds true due to Lemma 2.1.
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